NPEANCJTOBUE

YuebHoe nmocobue npeacTaBiseT coO0M YTOUYHEHHBIM W PACIIMPEHHBIM Bapu-
aHT nocodus «OnTUMalbHOE YIPABJICHHE JJIEKTPOTEXHUUYECKUMHU OOBEKTAMU». —
N3natensctBo Tynl'V, 2004, Beineamiee moj rpudoM ydeOHO-METOAMYECKOTO 00Bhe-
JTUHEHUS B 00JIACTU PHEPTETUKU U 3JIEKTPOTEXHUKH U MOJTYYUBIIEE BTOPYIO MPEMHUIO
Ha KOHKypce y4eOHbIX u3JaHui TyJlbCKOTO TrOoCyJapCTBEHHOTO YHHBEpPCUTETa 3a
2004 rox. OtnuuurenpbHasi 0COOEHHOCTh MTOCOOMS COCTOUT B TOM, UTO OHO IJIABHBIM
00pa3oM TOCBSIICHO H3JI0KEHUIO OCHOBHBIX, IMOJYYUBIIUX PACIpOCTpaHEHUE Ha
MPAKTUKE METOJIOB CUHTE3a ONTUMAJIbHBIX 3aMKHYTBIX CUCTEM YIIPABIICHHUSI.

VY4eOHoe mocobue HamucaHo MO MaTepuaiaM JICKIUN, YUTAEMbIX aBTOpaMH IO
TUCITUTUTMHAM «DJIEKTPUICCKUN MPUBOT», « [€OpHsl aBTOMAaTUYECKOTO YITPABICHUS»,
«OnTuMaibHOE YIPABJICHUE JJICKTPONPUBOAAME» Ha (aKylIbTeTe KUOSPHETHKU
TynlY. B maHHBIX AUCHUIIIIMHAX BA)KHOE MECTO OTBOJMTCS BOIIPOCAM ONTHUMU3ALUN
JTUHAMUYECKUX XapaKTEPUCTUK IIEKTPUUECKUX MPUBOAOB. B 001ieM ciydyae mnpoek-
TUPOBAHUE DJIEKTPONPHUBOAA C YUYETOM HEJIMHEWHBIX XapaKTEPUCTHUK €r0 3BEHBEB
IpeiCTaBlIAeT cOO0N TPYIHOPA3PEIIUMYIO 33/lauy Aake C MOMOIIbI0 COBPEMEHHbIX
METOJOB CHHTE3a. B Hacrosiiee BpeMs MPU CUHTE3€ CUCTEM YIIPABICHHS DJIEKTPO-
OPUBOJAMHU IIHUPOKO HCIOIB3YIOTCS METOAbl TEOPUU ONTUMAIBHOTO YIPABICHUS U
TEOPUM AHATUTUYECKOTO KOHCTPYUPOBAHUSL ONTUMANIbHBIX perynsatopoB (AKOP). B
nocoOuu mpecienoBanach Ielb AOCTYITHO, C WUIIOCTPALMe Ha JOCTATOYHO OO0Jb-
IIOM 4YHCJIE€ IPUMEPOB H3JI0KUTh OCHOBHbIE MeToabl AKOP, xopomo cebs 3apeko-
MEHJIOBAaBIIUE B MPAKTUKE KOHCTPYHPOBAHUS JIEKTPOMEXAHUYECKUX CUCTEM — Me-
ton cunte3a JleroBa-Kanmmana, meton AKOP A.A. KpacoBckoro mo KpUTEpHIO
0000111eHHON padOThl, METOJIBI ONTUMAJIBLHOTO JAeMI(UPOBAHUS NEPEXOAHBIX TMPO-
neccoB B.U. 3y6ora u B.M. Kynnesuua, M.M. Jlpruaka. [1pu uznoxxennn marepuasna
Ipeanoarajoch, 4To CTYJEHThI CTaplIMX KypCOB, MarucTpaHThl OyAyT HCIOJb30-
BaTh MOCOOKE TJIaBHBIM OOpPa30M IPHU BBIMOJHEHUU KYPCOBBIX pabOT MO yKa3aHHBIM
y4eOHBIM JAUCIUIUIMHAM, a TAK)KE Ha JUIIIOMHOM IPOEKTUPOBAHUH.

[TocoOue BKOYaeT B ce0s TakyKe OPUTMHAIBLHBIE MaTepUAJIbI 0 CUHTE3Y OIl-
TUMAJIbHBIX CUCTEM YIPABICHUS METOJIOM MAaTPUYHBIX CTENEHHBIX PSIOB, pa3zpabdo-
TaHHBIA Tipu (uHAHCOBOM mozaepxke Poccuiickoro gonna GyHmamMeHTaIbHBIX HC-
cinenoBanuii mo mpoektam Ne 05-01-96707 «Pa3paboTka MeTO0B aHAIUTUYECKOTO
KOHCTPYHUPOBAHHSI ONTUMAJBHBIX PETYISTOPOB U MATEMATHYECKOE MOJIECIUPOBAHUE
ONTHUMAJIBHBIX TI0O TOYHOCTU U OBICTPOJCUCTBUIO HETMHEHHBIX CUCTEM YIIPABICHHS»
u Ne 07-01-96403 «Pa3paboTka METOJ0B MAaTEMAaTHUYECKOT'O MOJICTUPOBAHUS CJIOXK-
HBIX JUHAMUYECKUX OOBEKTOB, PaOOTAIOIINX B YCIOBUSAX HEOMPEAEICHHOCTH .

[TocoOue cocTouT U3 NATU ri1aB. B mepBoil rinaBe AaeTcsi MaTEMaTUYECKOE
onucaHue 0ObEKTOB YIPaBJICHUS UCCIEAYEMOro Kiacca, THITMYHBIM MPEACTaBUTEIEM
KOTOPOTO SIBJIIETCSA MPUBOJ MOCTOSTHHOrO Toka. OHO BKIIIOYAET B ce0s MaTeMaTuye-
CKHME€ MOJIEH JABUTATENs, AIEKTPOHHOIO MPeoOpa3oBaTesis-yCHINTENs, MEXaHUYECKO-
ro rnpeoOpazoBaressi, UMEIOIIEro HEKECTKHE KHHEMATUYECKUE CBSI3U.

Bo BTOpOIi IN1aBe M3NMararoTCs OCHOBHBIE PE3YJIbTaThl BAPUALIMOHHOTO HMCUHMC-
JICHUSI, UCTIOJB3YEMBIE B TIOCIEAYIOIMX TIIaBax MOCOOHS IPU CUHTE3€ ONMTHUMAThHBIX
CUCTEM YMpaBJeHUs 3JieKTponpuBoaamu. [IpuBoadTCsS OCHOBHbIE MOHSTHUSA, ONpeE/Ie-
JICHUSI U pe3YyJIbTaThl KJIACCUYECKOT0 BAPUALIMOHHOTO UCUUCIICHUSI, TPUHIIAIIA MAKCH-
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myma JI.C. TloHTpsirnHa, TMHaMHYECKOTo mporpamMmMmupoBanus P. bemmana.

B tpetbeii riaBe yrounsierca noctaHoBka 3agaun AKOP s snexktporpuBo-
OB C HCMOJb30BAHUEM KOHLENIMU BO3MYIIEHHOTO-HEBO3MYILIEHHOTO JIBHXKEHUS
AM. JlanynoBa. HamomMuHarOTCS OCHOBHBIE pE3yJNbTaThl TEOPUU YCTOMYUBOCTHU
INBIKEHUST JUHaMH4eckux cucreM A.M. JlsmyHoBa W u3naraercs METOAbl CHHTE3a
HenuHelHblx cuctem B.M. 3y6oBa u B.M. Kynnesuua, M.M. Jlpluaka c
UCIOJIb30BaHUEM (PYHKIUN JIAMmyHOBa, KOTOpbIE B JaJIbHEUIIEM MO3BOJISIET TIIyOXKe
noHATh 3a7a4y AKOP 1 moaxonpl Kk €e peleHuro.

B d4erBepToil riaBe paccMaTpHUBAIOTCS OCHOBHBIE, IMOJYYMBIIME LIMPOKOE
pacupoCTpaHEHUE HA MPAKTUKE METOJbl aHAJUTUYECKOTO KOHCTPYUPOBAHMS OITH-
MaJIbHBIX PETYISITOPOB KaK ISl IMHEWHBIX, TaK W JIJISI HETMHEWHBIX O0OBEKTOB — Me-
ton cuHte3a Jleropa-Kanmana, meroq AKOP mo kputeputo 00001eHHON padbOThI
A.A. Kpacockoro. OTMETHUM, UYTO YKa3aHHbIE€ METOJbI CBOJST pPEUICHHE 3aaad
AKOP x peuieHnio ypaBHEHUN B YaCTHBIX MPOU3BOAHBIX MEPBOTO MOPSIKA — COOT-
BETCTBYIOIUX ypaBHeHUU ['amunbroHa-SAko6u-bennmana unu JlsmyHnosa. B cBsizu ¢
TUM B TOCOOMHU PACCMOTPEHBI U METObI PEUICHUSI YKa3aHHBIX YpPaBHEHUMU, CpPEIH
KOTOPBIX Hambojee OOIMM ¥ METOJAMYECKH TPOCTHIM SBJSIETCS METOJ CTEIICHHBIX
psanoB. IIpuBoasTcs npuMepsl CUHTE3a ONTUMAIIBHBIX PETYJISITOPOB JJIS Pa3IUYHBIX
AIIEKTPOTEXHUUECKIX OOBEKTOB.

B niartoii rinaBe pacCMOTpPEHHBIE paHee METOAbl CUHTE3a ONTUMAJIbHBIX PEryJisi-
TOpOB 00001Ial0TCsA HA OoJiee MIMPOKUI KJIacC OOBEKTOB YIPAaBICHUS C MOJIMHOMU-
NTbHBIMU HEJIMHEHHOCTSIMU OT MX (ha30BbIX KOOPAMHAT, HA3bIBAEMbIH KJIACCOM IIO-
JUHOMHUAIBHBIX 00BEKTOB. [loguepkHeM, YTO MOIMHOMMAIIBHBIE MOJEIU MPUMEHS-
I0TCS HE TOJIBKO JJIsl ONUCAHUS JUHAMUKH 3JIEKTPOMEXaHUYECKUX CUCTEM, HO U 00b-
€KTOB CaMOM pa3nuyHON npupoibl: 1) 00bEKTOB XMMUYECKON TEXHOJIOTUHU (I HUX
XapaKTEepHbI KBAIPATUYHbIE HETMHENHOCTH, ONPEICISAIONINE B COOTBETCTBUU C 3aKO-
HOM JEHCTBYIOIIUX MAacC CKOPOCTh XMMUYECKOM pEaKIHUH JABYX HCXOJHBIX BEILIECTB
yepe3 MPOU3BEICHUE WX KOHIIEHTPALMiA); 2) IPOMBIIIEHHBIX 00BEKTOB C PELIMKIOM
(IapoBbIC MENBHUITBI, XUMHUECKHE PEAKTOPHI, 0OBEKTHI B METAJUTYPTHH, TOPHOM JIe-
ne u ap.); 3) 0ObeKTOB OMOJOTUN U KOJOTHH (B MOJEINAX WX AUHAMHUKH, MPEIIO-
xeHHbIMU JloTKoM 1 BonbTeppa, Takke MpuUCyTCTBYIOT MPOU3BEAEHUS (Pa30BBIX KO-
OpAMHAT CUCTEMBI). {151 maHHBIX OOBEKTOB pa3pabdOTaH METOJ CHHTE3a, MOJIYyYHB-
M Ha3BaHHWE METOJa MAaTPUUYHBIX CTENEHHBIX psAnoB. O000IIEHHE OCHOBAaHO Ha
HCIIOJIb30BaHUE TEOPUH MATPUL C KPOHEKEPOBCKUM (IIPSIMBIM) IPOU3BEICHUEM.

[TocoOue HanucaHo mpenoAaBaTeIsIMU Kapeapbl SJIEKTPOTEXHUKH U 3JIEKTPO-
o0opynoBaHus U Kadeapbl aBTOMAaTUKUA U TeJIEMEXaHUKH (akyabTeTa KUOCPHETUKU
TyJbCKOro rocy1apCTBEHHOTO YHUBEPCUTETA U MPEAHA3HAUYEHO B MEPBYIO OYEPEID
JUTSL CTYJIEHTOB M aCIIUPAHTOB YKa3aHHOTro (haKyJabTeTa, 00y4YaroUuXxcs Mo Crenualb-
HOCTSIM «DJEKTPOOOOPYAOBAHHUE U JIEKTPOXO3AMCTBA MPEANPUATHIM, OPTraHU3aAUN U
YyUpEXKIEHUI», «YIpaBieHne U UHPOPMATHKA B TEXHUYECKUX CUCTEMAX», HO MOXKET
MCIIOJI30BAThCS U IS APYTUX JIEKTPOTEXHUUECKUX crienuagbHocTei. Pabora aBTo-
pOB Haja mocoOueM pacmlpeenuaach CleayrmuM oopasom: riaBa | Hanucana b.B.
CyxununbiM, tnaBa 2 — E.. ®eopunoseim u B.U. JloBuakoBbiM, rinaBa 3 — A.A.
domuueBnIM, T71aBEI 4, 5 — B.W. JIoB4aKOBEIM.



INEPEYEHb COKPAIIIEHUI
AKOP - ananuTHyeckoe KOHCTPYUPOBAHUE ONTHUMAIIbHBIX PETYISITOPOB
J1 — nBurarenn
JATK3 — nByxtoueuHasi KpaeBas 3ajaya
MII — mexaHnuueckuit mpeodpazoBaTesb
OV — 00beKT yrpaBieHus
OC — oOparHas cBsI3b
PJIC — paauonokanMoOHHbIE CTAHIIUU
P — perynsarop
PII — perynsarop nosioxeHuns
PC — perynsitop ckopocTu
PO — penelinblii 37€MeHT
CAY - cucrtema aBTOMaTHYECKOr0 YIpaBiIeHUs
CII - cnensiue TpUBOIbI
CY — cucrema ynpaBieHUs
®OP - ¢ynkimonan o6o6menHoi padotsl A.A. KpacoBckoro
OBM — 351eKTpOHHBIE BRIUUCTUTEIHHBIE MAITUHBI
OMC — seKTpoMeXaHUYecKask CUCTEMA
OII — snexTponpuBoa

NEPEYEHHb OCHOBHBIX OFO3HAUYEHWI
U(t) = [u(t),ux(t),.. .,um(t)]T — BEKTOp YIPABJISIIOIIMUX BO3ACHCTBUI
X(t) = (x;(t), Xa(t),....Xs(D) " = BEKTOP COCTOSIHUSI OOBEKTa yIPABICHUS
Y(t) = [wi(t), wa(D),..., \|In(t)]T — BEKTOP COMPSIKEHHBIX KOOPIUHAT 00bEKTA
A() = [Mi(1), Aa(D),...., Aa(D]" — BexTOp MHONKHUTENEH Jlarparmka
L[X(t),U(t), A(t),t ] — bynkums Jlarparka (JrarpaHxuaH)
H[X(t),U(t),¥(t),t ]| - dyukuus ["'amuibToHa (raMUJIBTOHUAH )
S(X) — ¢ynkuusa bennmana
V(X) — pynkuus Jlsnynosa
C[a,b] — mpocTpaHcTBO HEPEPHIBHBIX (QYHKIUH, 3aJaHHBIX HA HHTEpBaje [a,b]
C,[a,b] — mpocTpancTBO rmagkux QyHKIMIA, 3aJaHHBIX HA HHTEpBaJIE [a,b]
Cy[a,b] — mpocTpaHCcTBO HEMpEpHIBHBIX (PYHKLIMMN, 3aJaHHBIX HA OTpe3ke [a.b]
U UMEIOIIMX Ha 3TOM OTpEe3Ke HENMpPEPhIBHbIE MPOU3BO/IHbIE 10 K-ro nmopsiaka
KC[a,b] — mpocTpaHCTBO KyCOYHO-HENMPEPHIBHBIX (PYHKIINMA
Ox(t) — Bapumanus GyHKIUH X(t)
Ov[x(t)] — Bapmarus pyHKIHOHANTA V[X(1)]
Szv[x(t)] — BTOpas Bapuanus GyHkimoHama v[x(t)]
HXH — €BKJIM0Ba HOpMa BeKTopa X, JAJIMHA BEKTOpa



1. MATEMATHUYECKOE OITMCAHUE CHJIOBOTI'O SJIEKTPOITPUBOJIA
IHIOCTAHOBKA 3AJTIAY YIIPABJIEHUSA

Yewm mporie MoJenb, TEM pexe OHa OOMaHeT.
(ITpuHIMT HAIEKHOCTH)

B nmocnennue rosibl B CBA3U C OypHBIM Pa3BUTHEM MOJYIPOBOJIHUKOBON TEXHU-
KM BCe OOJIbIIIEE Pa3BUTHE MOJYYAIOT JICKTPOMEXaHMYECKHE CUCTEMBI TUIA "yIpaB-
JsieMblii TTpeoOpaszoBaTeb — JABUTATENb", IPUYEM B Ka4eCTBE JIBUTATENsl UCIIOJb3Y-
FOTCS KaK JIBUTaTEIU MOCTOSHHOTO TOKA, TaK W JIBUTATENIM NMIEPEMEHHOIO TOKA: aCHH-
XPOHHBIC U CHHXPOHHBIE. B 3aBUCHMOCTH OT THIA YIpaBIsieMOTo mpeodpa3oBaTes,
CUCTEMBI YIPABJICHHS MPeoOpa3oBaTesieM W THUIA JBUTATENSI MU3MEHSIOTCS CTaThye-
CKME U TMHAMHYECKHE XAPAKTEPUCTHUKU SJIEKTPONPHUBOJA, A ICKTPOMEXAHUYECKAS
CUCTEMA MOXKET MPUOOPETaTh s/ JOMOTHUTEIBHBIX CBOMCTB, OTJIUYHBIX OT CBOWMCTB
HCHOJIb3yeMOro apurarens. [IpumepoM MOKET CIIyKHTh BEHTWJIbHBIN JBUTATEIb
(OECKOJIJICKTOPHBIN JIBUTATEIh IMOCTOSTHHOTO TOKA) HA OCHOBE CHHXPOHHOTO WIIH
ACUHXPOHHOTO JIBUTATEJI.

B riaBe npuBoauTcs 00001IEHHOE MaTEMaTHYECKOE OMMCAHUE DJICKTPOMEXaHU-
YECKUX CHUCTEM THIIa "yIpaBJsIeMbIi IpeoOpa3oBaTesib — JBUTaTelb'" U MOKA3bIBACT-
cs, YTO TaKHW€ CHCTEMBl MMEIOT HEIWHEHHOCTH ITOJIMHOMHAILHOro BHIa. Ecim ke
y4€CTh, YTO MPAKTUYECKHU JIIOObIE CUTHAJIBI MIPUBOJA UMEIOT KOHEYHBbIE MaKCHUMaJlb-
HbIC 3HAYE€HUA (30HY OTPAaHUYEHUS WA HACBIILICHUS), TO CTAHOBUTCS MMOHSITHBIM, 4YTO
CHUCTEMBI PACCMATPUBAEMOTIO KJlacca SIBJISIFOTCS CYIIECTBEHHO HEJIMHEUHBIMU.

1.1. CTpykTypHasi cxeMa CWJIOBOTI0 3JIEKTPONPUBO/IA

Co3nmanue COBPEMEHHOTO BBICOKOIIPOHM3BOAUTEIHBHOTO TEXHOJIOTHUYECKOTO 000-
PyIOBaHHSI KaK TEXHUYECKON OCHOBBI TOBBIMICHUS 3(P(HEKTUBHOCTH MPOU3BOICTBA
HEBO3MOXKHO PacCMaTpUBaTh OTACIBHO OT MPOOJIEMBI COBEPIICHCTBOBAHMS CHCTEM
ynpaBiieHHs dJeKTponpuBoaaMu. [IpoekTupoBaHue CUIOBOrO MPUBOJA OTHOCUTCS K
OJIHOM M3 BaXHEHIIMX 3aj]lay, OT ycCIiexa pelIeHus KOTOPOH 3aBUCHUT KauecTBO U 3(-
(EeKTUBHOCTH pabOThl MPOMBILIUIEHHOTO0 000pyaoBaHus. B To ke BpeMs npu mpoek-
TUPOBAaHUU CHUCTEM YIPABIEHUS 3JEKTPONPUBOIAAMU HEOOXOJIMMO YUYWUTHIBATH WH-
dbopmalio 0 XapaKTEPHbIX OCOOCHHOCTSAX MPOMBIIIJIEHHOTO O000OpYAOBAHUS U TEX-
HOJIOTMHM, B KOTOPOM JIJIEKTPOINPHUBOJA SBISETCA CAMOCTOATEIBbHOM MOJCUCTEMOM
HUKHETO YPOBHS, TapaHTUPYIOLIEH BBIIIECTOSIIIEMY YPOBHIO BBINIOJIHEHHUE BbIpa0O-
TaHHBIX UM KOMaH[a. OJJHaKO rapaHTUPOBAHHOE BBIIIOJIHEHUE ATUX KOMAH]I AJIEKTPO-
MPUBOJIOM B YCIIOBUSIX JCHCTBUSA JECTAOMIM3UPYIOMUX (PAKTOPOB CPEIbI SBIISCTCS
gacTo npobiaeMaTudHbM [ 1,2].

K nHambomnee CI0KHBIM B 3TOM OTHOIIICHUH CHCTEMaM, XapaKTepU3YIOIMHUMCS Ha-
JUYMEM YIIPYTUX 3BEHBEB U JTIO(TOB, IEPEMEHHBIMH MOMEHTAMH HATPy3KH W WHEP-
[IMY, TTUPOKUM JTUAMa30HOM M3MEHEHHUs Pab0uuX CKOPOCTEH, OTHOCATCS KUHEMATH-
YEeCKHUEe OpraHbl IPOMBIIIEHHBIX POOOTOB M MaHuNyJsTopoB [3]. Ha snexTponpuso-
IIbl ATUX YCTPOUCTB JEHCTBYIOT BHEUIHUE HArPy30YHbIE MOMEHTHI, U3MEHSIOLIUECS B
MIMPOKUX Tpesiesiax. ITO MOTYT ObITh MOMEHTHI KaK BHEUTHUX CHJI, ACHCTBYIOIIMX HA
UCIIOJIHUTENbHBIN OpraH, Tak U HEYPaBHOBEILIEHHBIX CUJI BECA UCIIOJIHUTEIBLHOTO Op-



raHa 1 IepeMeniaeMoro rpysa, T.€. CHJI, BEJIMYMHA KOTOPBIX B MPOILECCE padOTHI U3-
MEHSIETCSI IOBOJIBHO CIIOKHBIM 00pa3zoM.

K CI0HBIM 3JIEKTPOMEXAaHUYECKUM CUCTEMAM CIIELyeT OTHECTH caepsimue D11
AHTEHH paauoJIoKanHOHHbIX cTaHuui (PJIC) aBTOMaTH4ecKOro COIpPOBOXKIEHUS U
YIPABJICHHUS], @ TAKKE HEKOTOPBIX aCTPOHOMUYECKUX MHCTPYMEHTOB [1,2], 118 KoTO-
PBIX XapaKTEPHO OAHOBPEMEHHOE JEHCTBUE OOJIBIIOTO YKMCIa Pa3HOOOPa3HbIX JecTa-
Oounmmsupyomux (akropo. PannosiokallmoOHHBIE CTaHIMM, pabdoTalolue B MUILIH-
METPOBOM JMAIIa30HE, MO3BOJSAIOT YCIEIIHO PEIIaTh 3a4a4M CICKECHUS 3a HA3EMHBbI-
MU 00BEKTaMH B JIF000€ BpeMsI rojJla U CYTOK B CIIOXHBIX METEOYCIOBUSAX U MPH TIbI-
JeABIMOBBIX NOMeXax Ha JanbHOCTH 10 10 kM. OHM HaxXoAT NMPUMEHEHHE KakK B
CHELTEXHUKE, TaK U B 00BEKTaX IPaXKIaHCKOTO Ha3HAYCHHUS.

B o6miem ciyyae cuctema ynpaBieHHs] CUIOBBIMH 3JIEKTPOTIPUBOIAMHU BKIIIOYA-
eT B cebs aBuratens [, muraromuiics ot ymnpasisemoro npeodpasosarens [1 u npu-
BOJAILLIMI B JIBUJKEHUE MOCPEICTBOM MeXaHU4eckoro npeodpazosarens MII ucnon-
HurtenbHbIN opran MO (puc. 1.1).

Bosmymenus

X CC
L5 P 1 11 MIT 1O
- UITY
Cucrema ynpasieHUs DIEeKTPONPUBOL

Puc. 1.1. CtpykTypa CUI0OBOTO 3JIEKTPONPUBOIA

BbIxo/1HON KOOpAMHATON 3JIEKTPOMPHUBOAA YacTO ObIBAET CKOPOCTh WM Iepe-
MEIIECHUE HUCIOJIHUTEIIBHOTO OPraHa, 4TO IMPH KECTKUX KUHEMATUYECKHUX CBS3SX B
MII cOOTBETCTBYET CKOPOCTH W YTy moBopoTa apurarens. [IpeoOpa3zoBarens, 1BU-
raTelib, MEXaHHYECKHUIl MpeoOpa3oBaTeib U UCIIOJHUTEIBHBIN OpraH COCTABIISIOT CH-
JIOBYIO 4acCTh JJIEKTPOTIPUBOJIA U SBIIIOTCA 00BeKkTOM ympasieHuss OY B cucreme
aBTOMATHYECKOIo ynpasieHus. B mporecce padOThl Ha 3IEKTPONPUBOJ JEHCTBYIOT
BO3MYIIIECHUS B BUJIC M3MCHCHHI HAINPSDKEHUS MUTAHUS TIpeoOpa3oBaTeis, u3MeHe-
HUW MOMEHTA Harpy3Ku Ha JIBUTaTellb, KHHEMATUYECKYIO CBS3b M MCIOJIHUTEIbHBIN
opraH u ap. B pe3ynprare neicTBUs BO3MYIIEHHU MOSBIIAETCS OTKJIOHEHHE BBIXOI-
HOW KOOpAMHATHI OT 33JaHHOTO 3Ha4eHUsI X, . BeanuuHsl BBIXOIHOM U, €ciii HEOO-

XOAUMO, IPYTUX KOOPJAUHAT 3JIEKTPOIPHUBOJIA UZMEPSIOTCS C MOMOIBIO U3MEPUTEIIb-
HO-TipeoOpazoBatenbHOro yerpoiictBa UITY. Beixonnoit curnan UITY cpaBHuBaercs
cxemoit cpaBHeHus1 CC ¢ 3aJaHHBIM 3HAYEHUEM U PE3yJIbTaT CPABHEHUS MOJAETCA Ha
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perymsarop P. Perymsarop u HMIIY cocraBisior cucremy ynpasieHHs, KOTOpas, BO3-
JEMCTBYSl Ha JIEKTPONPUBOJI, OOECIIEUNBAET XKEJIAEMBIM XapaKTep U3MEHEHUs! KOOp-
JUHAT CWJIOBOTO IIPUBOAA.

3aMKHYTbIE CUCTEMbI aBTOMaTHueckoro ynpasieHust CAY nomxHel obecrnieun-
BaThb HEOOXOAMMBIE 3aKOHBI U3MEHEHUS NEPEMEHHBIX cOocTOsiHUS OY B MepexoaHbIX
pexuMax, HalpuMep, pa3srOH U TOPMOKEHHUE DIICKTPOABUIATEN C NOCTOSHHBIM YC-
KOpEHHEM, JINOO CTAOMIN3aLMI0 ATUX NEPEMEHHBIX Ha HEOOXOIMMOM YPOBHE C Tpe-
Oyemoil TouHOCThIO. J1JI peanu3anuu 3aJaHHbIX 3aKOHOB M3MEHEHHS yNpaBseMOn
IIEPEMEHHOM M KOMIIEHCALIMM BIIMSHUSA PA3JIMYHBIX BO3MYILAKOMIMX BO3ACHCTBUM Ha
OV mnopaercs ympapisioliee BO3AEUCTBUE, BhIPAOATHIBAEMOE YMPABISIOUIUM YCT-
POWCTBOM WJIM PETYJIATOPOM. YTPaBISIOLIEe BO3ACHCTBUE (HOPMUPYETCS PEryIsiTO-
POM Ha OCHOBAHUU AJITOPUTMOB, ONPEIAEIAEMBIX LIENbIO ypaBicHUsA. Pemenne Kom-
MIPOMUCCHOU 3a/1aun oOecreueHus 3a1anHoi ctatudeckoil TouHoctu CAY npu Tpe-
OyeMOM WJIM ONTUMAIBHOM B ONPEEIIEHHOM CMBICIIE KAUECTBE €€ MEPEXOAHBIX IPO-
LIECCOB JJOCTUTAETCSl BBEICHUEM CHELMAJIbHBIX OOpaTHBIX CBSI3€H, U3MEHSIOIUX JU-
HAaMUKY CHCTEMBl B HYKHOM HAIIpaBJICHHH. BO MHOrom pelieHue AaHHOW 3aadu
YIPABJICHHs 3aBUCHUT OT THUIIA MPUMEHSIEMOr0 B CUCTEME IPUBOJIA, TUIIA JJIEKTpHUYE-
CKOM MaIlIMHBI U UX MAaTEMAaTUYECKUX MOJIEIIEN.

KoppekTHas MocTaHOBKA 3a7a4M YIIPABICHUS MPEATIOAracT IOJHOE ONMCAHNE
(popmanuzanuio) cienyrommx (GakTopoB, ONMPEAEISIOUIMX CI0Cc00 (3aKOH) yIpaBiie-
HUS:

- ONKCaHuEe TUHAMUKH 00BhekTa ynpasieaus (OY);

- OINKCaHUE OrpaHUYEeHUN Ha iepeMeHHbie OY;

- (popmanuzanuio KpuTepust ONTUMAIbHOCTH JBMKEHHS OY.

PaccmoTpuM oTaenbHO yKkazaHHBIE (DaKTOPBI.

1.2. MaTtemaTudeckasi MojieJib 00beKTa yIpaBJIeHusl

B ocHOBe aHanmu3a ¥ CMHTE3a ABTOMATHUYECKUX CHUCTEM YIPABICHUS JIEKUT IO-
HSTUE MaTEMaTHYECKON MOJENM YMOpaBisieMoro rmpoiecca (Wi MPOCTO OOBEKTa
yIpaBJIEHUsI), KOTOpasi JOJDKHA OTpakaTh CBOMCTBA peaibHOrO 00bEKTa B Mpejenax
Tpedyemoi JyIsl ynpaBieHus TOYHOCTH. B nanpHeleM, cormacHo padore [4], 00bek-
TOM yIpaBjeHHusl Oy/ieM CUUTATh BBIJIEICHHYIO B peaIbHOM MPOU3BOJICTBEHHOM MpPO-
necce, PyHKIMOHUPYIOIIEM C ONPEACICHHON IENbI0 B YCIOBUAX JEUCTBUS BO3MY-
ICHUM, MAaTEMaTUYECKYI0 MOJIEIIb KaHajla YNPaBJICHUS C N BXOJAHBIMM M M BBIXOJ-
HBIMU NIEPEMEHHBIMU.

AHanu3 nuTepaTypHbIX UCTOYHUKOB [5-10] v mpoBeAeHHBIN aHATU3 MaTeMaTu-
YECKUX MOJEJEN Pa3IMUYHBIX TUIIOB JIEKTPOJABUTATENEH, JIEKTPOHHBIX U MEXaHUYE-
CKHX TIpeoOpa3oBaTeNei, BXOASIINX B COCTAB AJIEKTPONPUBOJA, Ta€T OCHOBAHHE YT-
BEPXKAaTh, YTO C JOCTATOYHOW TOYHOCTHIO peabHbIE OOBEKTH B AIEKTPOMEXAHUKE
MO>KHO OMHMCaTh BEKTOPHBIM HETMHEHHBIM TU(depeHIIMaTbHbIM YpABHEHUEM:

X(t) = AX) +BX)-U(1), (1.1)
rie A(X) = A X + Ay(X) — matpuna-cronoder ¢ anemeHTamMu  a;(X) = a;(Xy,Xz,. . .,Xq),
i=1,2,...,n, IpeACTABIAIONIMMU COO0H MOJIMHOMHUATBLHBIE (YHKIIUA OT COCTABJISIIO-
ITUX BEKTOPA COCTOSIHUS OOBEKTA ONPENCICHHOMN CTETICHH (:



q n n .
— 1 .
ai(X)_ZZ“' Z A5 iy g Xy Xy Xy (1.2)
pu=lj=1 j, =1
B(X) = B; + Bx(X) - marpuna ¢ sneMeHTaMu-QyHKIUAMHA bjj(X,Xo,...,X,), 1= 1,2,...,n;
j=1,2,...,m TakxKe NOJIMHOMHAJIBHOI'O BH/IA.

Bexrtop ympasienust U(t)=[u;(t), ..., Un(t)]" B 0OlueM ciiydae cymraercst mpu-
HaJJIeKALUM CJIeIYIOIEMY 3aMKHYTOMY MHOKECTBY:
U (O[S, j=12...m, (1.3)

OpUYeM, KaK MPaBWIO, MPEAINOIAraeTCs, YTO YIPABIAIONIME BO3ACHUCTBUS IPOHOP-
MHPOBaHbI H, cae10BaTeNbHO, Uj vox = 1, j = 1,2,..., m . Ob6nacte Q(U) nomycTumsIx
YIOpaBICHUN OMpeAessieTCs ABYMSI YCIOBHSIMU: KJIACCOM JOMYCTHUMBIX (HEMpPEPHIB-
HBIX WJIM KyCOYHO-HETPEPHIBHBIX) (PYHKIIUH M TOMOJHUTEIHLHBIMU OTPAHHYCHUSIMH
(1.3) skcrmyaTalMOHHOIO WJIM KOHCTPYKTHMBHOTO XapakKTepa, HaKJIaAbIBA€MbIMU Ha
U(t) BHyTpH JaHHOTO KJIacca.

MHoromMepHble CcTalMOHApHbIE OOBEKTHI, OMHUChIBaeMbie ypaBHeHueM (1.1),
NPEANOJIAraloTCS YNPaBISIEMbIMU. B COOTBETCTBUM C pe3ysibTaTaMU MU3BECTHBIX pa-
60T [9-11] HEOOXOUMBIM yCIIOBUEM YIIpaBiisieMocTH o0bekTa (1.1) B HEeKOTOpo# or-
paHu4YeHHOM 00JacTH (Ha30BOro MPOCTPAHCTBA, coepkailel Touky X =0, sBiseTcs
yIPaBIIIEMOCTb TUHEAPU30BAHHOTO 00BEKTA:

rank[B,,A B,,...,A]"B,]=n. (1.4)
B nanwsHeitmeMm ycnosue (1.4) cuutaercs BbIIOJTHEHHBIM.

s monrBepxAeHUsT CHOPMYITUPOBAHHBIX YCIOBUUA-OTPAaHUYEHUN Ha KJacc
MojieNiell UCClelyeMbIX OOBEKTOB YIpPaBICHUS PacCMOTPUM THUIIOBbIE MaTeMaTHYe-
CKHE MOJIENIM OTAEJIBbHBIX y3JI0B JJIEKTPONPUBOAA — JIBUTATEINs], YIPABISIEMOrO JJIEK-
TPOHHOTO MPE0OPa30BATENSA-yCHIIUTENS, MEXaHMYECKOTO MPeoOpa3oBaTeIs.

1.2.1. Moaeau TMHAMHKH ABHTraTe el MOCTOAHHOIO TOKA

B kadecTBe TMIIOBOrO ABUTATEINs YNPABISIEMOTO MPUBOAA PACCMOTPUM JBHUIaA-
T€JIb TOCTOSHHOTO TOKA MO CJIEAYIOIIMM MpUYrHaM. Bo-TiepBbIX, ABUTaTEIM MOCTO-
sHHOTO TOoKa (IIT) mupoko NpuMEHSAIOTCS B CIEAAIIUX MPUBOAAX BHICOKOW TOYHO-
ctu. Bo-BTophix, Moaenu auHamuku JIIT BBIBOASTCA OTHOCHUTEIBHO TMIPOCTO.
B-TpeTbux, W3BECTHO, UTO CTPYKTypa YPaBHECHUN AWHAMUKHU JBUTATEJICH NEpPEMEH-
HOT'O TOKa BO BpalIAIOIIMXCSl CUCTEMAX KOOPJIMHAT BO MHOTOM aHAJIOTHYHA ypaBHE-
Husim JIIIT [7-9].

Mojaenb TMHAMHMKY ABUTaTeNsl ¢ HE3ABUCUMbIM BO30YKIeHUEM
PaccmoTpenue nmpuMeHsieMbIX MOJENEN HAYHEM C JBUTATENS MOCTOSHHOTO
TOKa C HE3aBUCUMBIM BO30Y>KaeHHeM (puc.1.2).
[Ipenmnosioxkum, 4TO ABUTATEND YIPABISAETCS U3MEHEHUEM HANPSIKCHUS MUTa-
HUA U (t) SKOPHOH IEeTH U HAMPSHKEHUS BO30YKICHUS U,(t). BeixoaHbpIMu KOOpIUHA-
TaMU JBUTATENS SIBJSICTCS YroJ NMOBOpPOTa Bajia O(t) U CKOPOCTh BpAICHUS Baja
a(t) =doe/dt .



O ‘>t A
b (D)
ORI u(t)
A,
O OB

Puc. 1.2. O603naueHne ABUTATEIST TOCTOSTHHOTO TOKA: S, I, - BBIBOABI AKOPHOI
nenu; OB - 0O6MoTKa BO30YKIeHUS

[Tpuanun peunctus JIIT MoxHO onmcaTe clenyronen 1uarpaMMol IpUYUH-
HO-CJICJICTBEHHBIX CBSI3€H (CIEMYIONMM HaIllpaBIeHHBIM rpadom - puc. 1.3).

wt)—> ) — F — B > ©

|

w () — j (t) —» Fa M —> 0t — o)

-E
E <

Puc. 1.3. JlnuarpamMmma npuanHHO-CJICICTBEHHBIX CBSI3€H B JBUTATENIES

Ha nuarpamMme npuHsATE 0003HaYEHUS: 1,(t) - TOK OOMOTKH BO30YX/IE€HUS, KO-
TOPBIM CO3/1aeT HaMarHuyuBarouyt cmty F = w, 1,(t) 1aHHOM OOMOTKH U J1ajiee mar-
HUTHYIO0 MHAYKIMIO B 1 MarHuTHeI noTok @ MammHel (Ipeanonaraeres, 4ro peak-
U SIKOPSl CKOMIIEHCUPOBAHA JOIMOJIHUTEIbHBIMU MOJIOCAMHM WM KaTylIIKaMH Mar-
HUTHOU CHUCTEMBI ABUTATEN); i4(t) - TOK OOMOTKH SIKOpSI, KOTOPBIA NP B3aUMO/IEH-
CTBUU C MArHUTHBIM IIOJEM MAIIKMHBI B COOTBETCTBUHU C 3aKOHOM AMIIepa CO3/1aeT
cuty Amnepa Fp = B-1-I'sinQ, neiicTByrolyr0 Ha OpOBOAHUK IIMHOM 1 ¢ Tokom I B
nosie ¢ unaykuuend B. JlelicTBue mexaHuueckon cuiibl Amnepa F, Ha NpOBOJHHUKH
SAKOPHOW OOMOTKH OIpeJesieT BOSHUKHOBEHUE NPU HAJIMYME Tuleya |, Bpalaromero
MOMEHTA JIBUTaTeNIs

M =1,-F5 = 1'B-l-sinot-1; = Cy -1, (1.5)
rae Cy - MexaHudecKas MOCTOSIHHAs JBUTaTeNs, Ol — yrol MEeXAy HalpaBICHUSIMHU
MarHUTHOTO IOJIS ¥ IIPOBOJHUKA C TOKOM.

E — tak HaspiBaeMmas npotuBoD/IC nBurarens, KOTOpas BOZHMKAET BO Bpallaro-
Hieicst SKOpHOM OOMOTKE B MarHUTHOM IIOJIE CTaTOpa B COOTBETCTBUU C 3aKOHOM
ANEKTPOMAarHUTHOM MHAYKIMU (3akoHOM Papanes):

E =B-l-v sinf} = C- @, (1.6)
rae Cg - 2JeKTpuyecKas MOCTOSHHAS MAIIWHBI, 3 — yrol MEXay HarpaBlICHUSIME
MAarHATHOTO TOJII U BEKTOPA CKOPOCTH.

Otmetum, uto B cucteMe CU 3nauenus xoaddumuentoB Cy u Cg npubimsu-
TenbHO paBHbI Cy = Cg = Cyg.
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B coorBercTBUM ¢ nmarpaMMoOl MPUYMHHO-CIIEACTBEHHBIX CBSI3€U JJISL LIENU
BO30YXJI€HUSI MO’KHO COCTAaBUTh CJICAYIOIINE YPABHEHUS:

dd(t)

W —_—

B

+1, -1, () =u,(t); ©=1(F); F=w, 1,(1). (1.7)

[Ipu paccmorpenun monenu (1.7) monaraercs, YTO THCTEPE3UC B MATHUTHOM ILIeNH
OTCYTCTBYET, T.€. HAMAarHUYMBAIOIIAsl CHJIa OJTHO3HAYHO OMPEEIseT MATHUTHBIH TO-
Tok Kak QyHkiuo @ =f(F), cooTBEeTCTBYIONIYI0 N3BECTHOW KPUBON HaMarHU4HBa-

HUS. XOTs IBUraTeNb, KaK MPaBUIIO, paboTaeT B peKHUMe HEHACHIIIIEHHON MarHUTHOM
CUCTEMBI, U1 HanOoJee MOJIHOTO OTPAKEHHSI PEAIbHBIX AJIEKTPOMAarHUTHBIX IPO-
1eccoB B MatemMaTuueckyto mozens JIIT BBoguTcs GyHKIUS HACBIIIEHUS, KOTOpas
XOpOIIO allIPOKCUMHUPYETCS TOJTMHOMHAIIBHON 3aBUCUMOCTBIO.

Ha ocHoBe ypaBHeHMs BTOporo 3akoHa Kupxroda ans 3IeKTpUUecKol sKop-
HOMW LIENH JIBUraTeIs MOKHO COCTaBUTH ClIeyolee AM(PPepeHIInaIbHOe ypaBHEHHUE!

di_(t)

L +r -1 (t)=u,(t)-E,

NI

LH%+rﬂ-iﬂ(t)=u2(t)—CE-CID-(D(t). (1.8)
B cootBeTcTBHM CO BTOpHIM 3aKOHOM HbIOTOHA /7151 BpallaTeIbHOTO JIBUKEHUS
coctaBisieM nuddepeHITnanbHOE YpaBHEHUE IUTT MEXaHUYECKON YaCTH JIBUTATEIS
Jd—sz—ml, (1.9)
dt
rae J - MOMEHT MHEpIUH, B COCTaB KOTOPOTO IMPHU KECTKOW CBSI3M JBUraTelis U HC-
MOJIHUTEIFHOTO MEXaHU3Ma BXOSAT MOMEHTBHI MHEPIIUU JABUTATEIS W UCIIOTHUTEb-
HOTO MEXaHHU3Ma; M; - MOMEHT COMPOTHUBIICHUSI HATPY3KU JBUTATEIIsl, KOTOPBIN yUu-
THIBAa€T BCE MOMEHTHI, 00YCIIOBJIEHHbIC MEXAaHUYCCKUMU IOTEPSIMH, MPEACTaBIISAIO-
Ui B o01ieM ciaydae (QyHKIIMIO BpEMEHH, YIila MOBOPOTa M YIJIOBOM CKOPOCTH M=
m;(t,0,).
C yueroMm cootHomieHus: M = Cy-®-1; ypaBHEHHME MOMEHTOB IPUHUMAET BH/]L
Jd—msz-CI)-iH—ml. (1.10)
dt
Takum oOpaszom, guHamuueckas Mmojaenb JIIT omnuceiBaeTcs ypaBHEHUSIMHU
(1.7), (1.8), (1.10). BBeas nepeMeHHBIE COCTOSHUSA X| = @, Xo = O, X3 = 14, X4 = D, 110-
CJIe HEKOTOPBIX MPeoOpa30oBaHUM 3aMUIIEM ITH YpaBHEHHS B ()a30BOM IMPOCTPAHCTBE
(mpoctpancTBe coctossHuM) [13, 28]:

X1(t):X2§
X, () =(CpypX3Xy —m(X,X;,1))a,;
X3(0)=(u; —CypXyX, —azX3)asy;

X4 ()=, —ayf(xy4))ay,,

(1.11)
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rae ay = 1/]; a3; = 1y azy =1/L; ag; = 1/Wy; agp =1/wy; £1(D) - xapakTepucTuka Hamar-
HUYUBAHUS, Y KOTOPOU MO OCU a0CHMCC OTJIOKEH MOTOK BO30YKJIEHHUS, a [0 OCU Op-
JIUHAT - HaMarHuyuBawomas cuia. [loguepkHeM, 4To IBMKEHHE OOBEKTOB YIIpaBiie-
HUSL B IPOCTPAHCTBE COCTOSIHUM omnuchkiBaeTcs AuddepeHnaabHbIMI YpaBHEHUSAMH,
Ipe/ICTaBIICHHBIMU B Tak Ha3biBaeMoil popme Korm.

Takum 00pa3oM, ¢ TOYKH 3pEHHUS TEOpUM aBTOMatuyeckoro ympasienus 1T
NPEICTaBIIAECT HEITUHEHHBIM OOBEKT YETBEPTOTrO MOpSAJKA C ABYMS YIPaBISIOIMIUMHU
BO3JICHCTBUSIMU, ISl KOTOPOTO XapaKTEPHbI HEJIMHEMHOCTU TUIA MPOU3BEICHUS KO-
OpIVHAT W XapaKTEPUCTUKU HACHIMEeHUsA. TakuM oOpa3zom, moaenb (1.11) nqurarens
MOCTOSIHHOTO TOKa OTHOCHUTCH K Kiaccy (1.1).

Mojaenb TMHAMHMKY ABUTaTeNs ¢ HE3ABUCUMbIM BO30YKIeHUEM
NMPHU IKOPHOM CIIOC00€e yIpaBJIeHUS
Mogens (1.11) umeer ogHy peryiaupyemyio (BBIXOAHYIO) NEPEMEHHYIO X; U
NIBa YIPABJISAIOMIMNX BO3JEUCTBUS, KOTOPBIE UCIIOIB3YIOTCS HE3aBUCUMO APYT OT ApY-
ra. [{ns vuckiaoueHus: u30bITOYHOCTH KaHAIOB YIPABJICHUS B MPAKTUKE AJIEKTPOIPH-
BOJIa TOCTOSIHHOT'O TOKa HauOoJiee 4acTO MCMOJB3YETCS TaK HAa3bIBAEMBIN SIKOPHBIM
Ccroco0 yMpaBlieHUs CKOPOCTBIO JBUTATENIss M3MEHEHHWEM HarpsokeHus uy(t) mpu
u,(t) = const = Ug. C ydeTom nociennero yciosust ypaBaenus (1.11) mpeobpasyrorcs
K BULY
X () =X,;
X, (1) =(Cx3—my)a,; (1.12)

X3() =(u; —Cx, —azx3)az,
rae C= Cyg®, ® = const.

[Tonuepkuem, uro ecnu m; = 0, to JAIIT npu sikopHOM cnocobe ympaBieHHUs
OTIMCBIBACTCS JIUHEUHOU CUCTEMOUN TpeX nuddepeHuraibHbIX ypaBHeHUHN. JIMHEH-
HOCTh Mozenu (1.12) nBurarens npenonpenessieT NpocToTy aHaau3a U CUHTE3a CHUC-
Tembl ynpasieaus Jl1.

VYpaBuenue coctosiuusi apurarens (1.12) moxkHO 3amucaTh B CTaHAAPTHOM
MaTpU4YHOM hopme

X(t) = AX(t)+BU(t);

Y (t) = CX{(t),
a IMEHHO:
X, 1 0 X 0
. Cyve®
X, |=]0 0 — X, |+ (1) uy(t). (1.13)
X3 0 Cyve® 1, [\X3 L_g
L L
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Martpuist ko3 punueHToB A 1 B qaHHOTO BUraTess UMEIOT CTPYKTYpPY

0 0
A= RSV O
J 1
0 Cye® 1, L_g
LH L}I

Ecnau cunTaTh BBIXOAHOW KOOPIMHATOW ABUTraTens yroa @(t) = x(t), To ypas-
HEHUE HAOII0AeHNS (M3MEPEHHS) IPUHUMAET BUJ

o(t)

yt)=CX(t)=p(t)=(1 0 0) o(t) |=(1 0 0)-X; C=(1 0 0). (1.14)
i, (1)

Cuctemy muddepennuanbubix ypaBHeHuit (1.13), (1.14) MOXKHO CBECTH K OJI-

HOMY nHU(depeHIIMaIbHOMY YPAaBHEHUIO TPEThEro nopsiaka. JleicTBUTeNbHO, Ha UX
OCHOBE MOYKHO 3aIIMCaTh

o) _ Cpp- @,
dt J

L(D);

di Cyg @ d 1 (1.15)
b e 2 88 L )+ —u().
dt L, dt L, L,
. ] d%¢
W13 nepsoro ypasaenus (1.15) BepaskaeM TOK 1,(t) = ————. Iloncrasmus-
CyB dt
€M 3TOT pe3yJibTaT BO BTOpoe ypaBHeHue (1.15) u nosyyaem
3 2
J- Cyp®
J d(P+ Ty d (P+ ME .@:Lu(t),
W
3 2
d (3p+a2d Z)+a1 d(pzbou(t);
dt dt
) ) (1.16)
L. CME P . CM P
a,=—;a=——;b,= .
L, J-L, J-L,

B cootBercTBUM ¢ ypaBHeHHEM (1.16) MOKHO Takke 3amucaTh YpaBHEHHE CO-
crositnus JIIT B Tak Ha3pIiBaemoi kaHoHWYeckoi popme Dpobenunyca:

¢ 0 1 0 Yo 0
¢|={0 O I [ @[+] O [-u (D). (1.17)
) \0 —a; —a, \§) (b
B nocobuu ans onucanusa nuHamuku JIIT yacto OyayT mcnonb30BaThes Mo-
nemu (1.13), (1.16), (1.17), KoTOphIe TakkKe ABJISIOTCS noaMojiensiMu kinacca (1.1).
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Mopesb ABUTaTe sl ¢ NAPALJIENbHBIM BO30YKIeHUEM

Bo MHOTrHX TEXHMUYECKHX yCTPOMCTBAX MCIOJIb30BATh B IPUBOJE MOCTOSTHHOTO
TOKa J[BA HE3aBUCHMBIX MCTOYHMKA MUTAHUS U; M U, HELEIeCOO0pa3sHO € TOYKH
3peHus rabapuToB, MacChl YCTPONCTBA, €r0 HAJIEAKHOCTH, a TAK)KE CTOUMOCTH. B 3TuX
Cllydasx MPUMEHSIIOT MPUBOJ C OJHUM MCTOYHUKOM HEPTUU U JBUTATENIEM, UMEIO-
MM WO [ApajuleJbHOE, WM  IOCJENOBaTENbHOE, WIM  NapajljIesIbHO-
[IOCJIEI0BATENBHOE BO30YXKICHHUE.

Haubonee mpocTo mosyduTs MOJENb AUHAMHUKHI JBUTATENS MOCTOSIHHOTO TOKA
[IpU MapajieIbHOM BO30YKICHUH, KOT/Ia sIKOpHasi 0OOMOTKa U 0OMOTKa BO30YKICHHS
BKJIFOYAIOTCS MMAPAJUIEIbHO K OJHOMY HCTOYHUKY INHTAHMS, T.€. B JAHHOM Cllydae
u;(t) = uy(t) = u(t). lloncrasnsas 3to paBeHcTBo B (1.11), HEMOCPEACTBEHHO MOJTyYaeM
auHamuueckyto monens T ¢ mapannenbHbIM BO30YKICHUEM:

X (H)= X9,
Xy (1) = (CypX3Xy —my(X),X,,0))a,;
X3(0=(u—-CypX4Xy —a31X3)a3);
X4(t)=(u—ayf(x4))ay.

Hcnonp30BaHKue 3TOM HEIMHEHMHOM MOJCIH I aHanmm3a u cuaTe3a CAY aiek-

TPOIIPUBOJAOM IMPCACTABIIACT, B OTIIMYHUC OT npezu,mymeﬁ MOJICJIN, OIIPCACIICHHBIC
CJIOKHOCTH.

(1.18)

MoaeJb IBUTaTe s ¢ MOCJAeA0BATEIbHBIM BO30YK/IeHUEM
XapaktepHoit ocooenHocTeio JIIT ¢ mocnenoBarebHBIM BO30YK/ICHHUEM SIB-
JII€TCS TO, UYTO 0OMOTKA BO30YKACHUS HAXOUTCS B LIETIH SIKOPS M MAarHUTHBIN MTOTOK
OTIPENICNIICTCS TOKOM SIKOPHOM OOMOTKM M, CJI€IOBATEJIbHO, 3aBUCUT OT CKOPOCTH
nsuratens. B cBsa3u ¢ 3TuM, B cpaBHeHUU ¢ Moaenbio (1.11), u3aMensrorcs ypaBHe-
HUSI, ONMCHIBAIOIINE AJIEKTPOMArHUTHBIE MTPOIIECCHI B 0OMOTKAX CTaTOpa U SIKOPSI:

F=w, 1,(t); ®=1(F); (1.19)
LW 9RO by 0 =u) - Cd ). (120)
dt a y a y
[ToncraBuB cootHouenus (1.19) B (1.20), monyuum ypaBHEHUE
di, (t
(L, + LB)lg—t() +(r, +1,) -1, () =u(t)—Cg - f(w,i, (1) -o(t). (1.21)
C yuetrom ypaBHenuit (1.19) — (1.21) mogens (1.11) npuHumaeT Bua
X1 () =X,;
Xy (1) =(Cypf(WeX3)X3 —m(X{,X,,1))as; (1.22)

X3(t)=(u—Cypf (W, X3)X, —a3;X3)as,,
rae ap = 1/J; a3 =r,+1,; azp =1/(L;+ L) .
VYpaBuenus (1.22) npencrapisitor nuHamudeckyro monens JAIIT ¢ mocnenosa-
TEJIbHBIM BO30YKIEHUEM — HEJIMHEWHYIO MOJIENb TPEThEro nopsaka kinacca (1.1).
OObenuHsIs pe3ysbTaThl MOCIEIHUX ABYX PA3esiOB, HETPYIHO MOIYYUTh -
Hamuueckyro mozens JAIIT ¢ napamienbHo-11ocine10BaTeaIbHbIM BO30YKIEHUEM.
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1.2.2. Onucanue 3J1eKTPOHHOI0 NMPeodpa3oBaTesisi — yCHIUTEJIA

B npuBoax mocTossHHOro TOKa ABUTAaTENb MOIy4aeT MUTAHUE OT TUPUCTOPHO-
ro WIM TPAH3UCTOPHOTO yCcUluTeNsa MoinHocTu. Kak mpaBuiio, JaHHbIN peoOpa3oBa-
TeJlb KaK 3JIEMEHT CHUCTEMbl YNpPaBJICHUSI ONMUChIBaeTCA AudPepeHnanbHbIM ypaB-
HEHUEM MEPBOro nopsaka [2,3]:

du
T,—+u=k v, (1.23)
CBSI3BIBAIOIIETO YIPABJISAIONICE HANPSHKECHUE 1 IBUTATENI C BXOJHBIM HaIPsSHKCHUEM
V YCHJIHTEIsl MOILIHOCTH; 3/1€Ch Ty, ky — TIOCTOSIHHAsi BPEMEHU U KO3(POUITUEHT

nepenaun ycuwnurend. [Iutaroniee HanpsoKeHUE ABUTATEINSI HE JIOJKHO TMPEBBINIATH
HOMMHAIBHOTO 3HauUeHUsI Uy, , MOITOMY BXOJHOM CUTHAJ YCHJIMTENS OTPaHUYMBA-
OT BEJIMYUHOU

V()| <U,,, 7k, . (1.24)

HepasenctBo (1.24) saBnsercss oaHUM U3 000CHOBAaHUU BBEJEHHUS MHOXKECTBa Orpa-
HuueHu# (1.3) Ha cCUTHAJBI yIpaBJICHUS.

Heob6xoaumo OTMETUTh, YTO MJii MHOTHX 3JEKTPONPUBOJOB MOCTOSIHHBIC
BPEMEHU JBUTATENSI U MEXaHUYECKOT0 Mpeo0pa3oBarTesis 3HAaUUTEIbHO (Ha MOPSA0K U
Oosiee) MPEBBIIAIOT 3HAYECHUE T, IOITOMY 3HAYECHUEM [IOCTOSHHON BPEMEHH DIICK-

TPOHHOTO YCUJIUTCIIA 4aCTO HpeHC6p€FaIOT.

1.2.3. Moaenb ABHKeHHsI YIPYTOi IBYXMAaCCOBOM CHCTEMbI
Kak mpaBuiio, 31eKkTpoaBUraTeiab cBi3aH ¢ paboyruM OopraHoM (MalllWHOM) CO-

OTBETCTBYIOIIMM MexaHW4YeckuM npeoOpaszoBateieM (MII), cocrosum U3 peaykro-
pa, MaxOBHKOB, MEXaHMYECKUX Mepenad W T.n. MexaHudeckuil npeoOpa3zoBaTeib
yalle BCEro MpeacTaBlIIeT COO0OM MHOIOMAacCOBYIO B3aMMOCBSI3aHHYIO JHWHaMHYe-
CKYIO CUCTEMY, CIIOKHOCTb CTPYKTYpPbl KOTOPOW ONPEEseTCs COBOKYITHOCTBIO pea-
JIU3YyeMBbIX el (DYHKIHM, TUKTYEMbIX OCOOCHHOCTSIMH TEXHOJOTHYECKOro arperara u
peanu3yemMoro B HEM TEXHOJIOTMYECKOro IMpolecca, U K KOTOPbIM B OOIIEM Ciy4yae
OTHOCSITCSI:

— HW3MEHEHHE BEJIMYMHBI U 3HAKA MapaMETPOB CUCTEMBbI, HAIIPUMEpP, HAIIPABJICHUS
BpALEHUS BBIXOJHBIX OCEH, a TAKXKE MIIOCKOCTH ACHCTBUS YCUIIUM U1 MOMEHTOB;

— mpeoOpa3oBaHMs XapaKTepa [BIKEHHUS (BpallaTeIbHOTO B  BO3BPATHO-
NOCTYNaTEAbHOE U T.11.);

— COIJIaCOBaHME KMHEMATHYECKUX U CHJIOBBIX NapaMETpPOB JBUraTells C MapameT-
paMu TEXHOJIOTUYECKUX arperaTos;

— paszeneHue Wik 00beMHEHNE IOTOKOB SHEPTUH B IPUBO/IE;

— pAn Apyrux crneunpuueckux QyHKIUi.

Jlnnamuka MII Bo MHOTOM Ipenonpenesser [nHaMmudeckoe noseaenne OMC,

MIO3TOMY CO3JaHUI0 MAaTEMaTUYECKOH MOJENH JF0OON 3JEKTPOMEXaHUYECKON CUCTE-
MBI IPEJUIECTBYET CHHTE3 MOJIENIU €€ MEXAHUYECKOr0 MpeoOpa3oBaTeis.

MexaHU4YecKyl0 CUCTEMY 'MPHUBOJI — HArpyska' c ynpyroil mepegayeid JABU-
KEHUS MPUHATO, KAK MPABUIIO, MPEACTABIATh B BHUJE JABYXMAacCOBOM CHCTEMBI [3].
Cxema (pusnueckoit Mojenu nana Ha puc. 1.4. Yopyrue cBoiictBa MII xapakrepusy-
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-1
1o1cst ko3ppuuuentom xectkocth C (H-m-pag —) u xkoadpduureHToM noreps Ha
BHyTpeHHee Baskoe Tperue X (H-m-pax’'-c).

JY
O— Mc ) Mci
q\ 1 c, X
u — }
\ Jp Z(P c
oO— M M,

Puc. 1.4. ®duznueckas Moenb JByXMaCCOBOM MEXAHUYECKON CUCTEMBI

HamoMHuM, 4TO0 KO3((PUIMEHT KECTKOCTU NMPH KPYUEHUU ONPEIEISIETCS OT-
HOIIIEHHEM KPYTAILIEro MOMEHTa K YIJI0OBOH AeopMaluy ynpyroro 3BeHa

M
C=—
A
U MOXET OBbITh BBIPAKEH Yepe3 MOAYJb YINPYrOCTH MaTepuana U reoOMETPUYECKHe
pa3Mepsl 1eopMUPYEMOT0 dJIEMEHTA

4
Co Gnd ’
32L
rae G — Moaynb ynpyroctu casura, d — auamertp Bana, L — nnunHa gehopmMupyemMoro

y4acTKa.

CoOTBETCTBEHHO, KO3((PUIMEHT BHYTPEHHETO BSI3KOTO TPEHHUS ONPEEISIeTCS
OTHOLIEHUEM KPYTAILIEr0 MOMEHTAa K M3MEHEHHUIO YIJIOBOM CKOPOCTH Ha €IMHMIIC
JUTMHBI Baja

M
A e

CrpykTypHas cxema MaTeMaTUYECKOW MOJIENIM TAKOM CHCTEMbl MPHUBEACHA HA
puc. 1.5. Benuuuna J =Ja + Jp i peACTaBisieT cOO0ONW CyMMapHbIii MOMEHT UHEP-
U1 SIKOpS U PEAYKTOPA B MEPECUETE K BALy UCIOJTHUTEIBHOTO ABUTATENS OCTOSH-
HOTO TOKa C HE3aBHCHUMBIM BO30YXKJeHHEM. MOMEHT MHEpLMH HArpy3ku 00O3HAYEH
Ju. JIBuraTens xapakrepusyetcs kodhduruentamu k,, = Cy®, k= Cg®, @ = const
MHIYKTUBHOCTBIO L u comporuBienneMm R sxopHoit oOMoTku. Ha cxeme ykazaHbl
(yHKUIHOHAIbHBIE 0JIOKH (POPMHUPOBAHUS MOMEHTA CUJI CONPOTUBIIEHUS M (®) B Me-
XaHUYECKOM 1ENH "ABUTATENb — PEAYKTOP" U MOMEHTA CUJI COMPOTUBICHUS My ()
B Harpyske. YTIjioBasi CKOPOCTb BPAILLEHUs Bajla Harpy3ku o0o3HavaeTcss M, = @, yr-
JIOBasi CKOPOCTh BpAILEHUs Bajla JBUraTeNsl, IPUBEAEHHAs K BBIXOAY Mepenayu, 00o-
3HauYeHa (@ =1-®. B COOTBETCTBUU C 3TUM () €CTh YIJOBasi CKOPOCTb J0 PEAYKIIUH.
Ha cxeMe yka3zaH Tak)ke BHEHIHUM BO3MYIIAIOIIUNA MOMEHT My, (t), IPUIIOAKEHHBIN K
Harpyske.
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cC+Xp
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o
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MCH ((DH) I

Puc.1.5. CtpykTypHas cxema MOZAENIH NPUBOAA IOCTOSSHHOTO TOKA C YIPYTUM
MEXaHUYECKUM IpeodpazoBaTeieM

HNuddepenunanbuple ypaBHEHUS, COOTBETCTBYIOUIUE JIAHHOW CTPYKTYpHOMU
CXeMe MOJIETIN, UMEIOT BU/T

) 1 |
Ja):M—IC((P—%)—;ZG”_%)—MC((U),

Jo,=c(o-p)+x(@-¢)-M_(@)-M_,
L%+R1=u—kwa), M=k_I,

(1.25)

HepBbIC ABa YPAaBHCHUA OIIMCBIBAIOT IABHIKCHHC MEXaHUYECKOM 4YacTH CHCTCMBI, a
TPCTHC — NUHAMUKY BHCKTquCCKOﬁ LCIIHU AKOPS ABUTATCIIA.

MoOMEHTHI CUJT COMPOTUBIICHUSI B 3aBUCUMOCTU OT KOHCTpykuuu MII u ucnon-
HUTEJIBHOTO YCTPOMCTBA MPUBOJIA YACTO OMUCKHIBAIOTCS PEJICHHBIMU, TMHEHHBIMU WU
KBaIpaTUYHBIMU (PYHKIIUSMU 4acTOTHI [3, 8]:

M. (@) =msign(w), M_ (@,) =m_sign(®,),
M (@) =k, M_(®)=k_ 0, M (0)=K &, M_(®,)=K_a’. (1.26)
CrpyKTypa MOJIENIN JBUKEHUS HArpy3KHU MPEICTaBIseT OO0 3aMKHYTBIN KOH-
Typ, BXOJHOW IEPEMEHHOM KOTOPOro sBisercss ¢ (t) — yroj moBopoTa Baja MeXa-
HU3Ma Iepelayu, a BBIXOAHOM — @ 4(t). IlepenaTtounas ¢yHKUuUS 3TOro KOHTypa IO
YIPaBIIEMOU EPEMEHHON UMEET BUJ

C®(p) Ip’+(rEk,)p+c
rae @u(p), @(p) — nzodpaxenus no Jlamnacy pynkuuii @, (t), @(t). Jus npumense-

MBIX KOHCTpYKHI/Iﬁ CIIPaBCAJINBO COOTHOMICHHC kCH <X . C Y4CTOM 3TOTO Ha OCHO-
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BaHuH (1.27) nomyvaem cienyromue Gopmyibl Ajis1 COOCTBEHHOW 4acTOTHI {2,, M KO-
s dunmenta 3aryxanus &, KoieOaHHN B pacCMaTpUBAEMOM KOHTYpE:

¢ X
Q= | L=t 1.28)
Jy £ 2y/c], (

CooTHollleHUA MEXy TNapamerpamu, Bxoadmumu B (1.28), kak mpaBuio, TaKOBBI,
YTO MEXaHHUYECKas chcTeMma ''Tepenaya — Harpy3ka' sIBISETCs CYIIECTBEHHO KoJieOa-
tenbHOM (€, << 1). Takas 0COOEHHOCTh BBI3HIBAET U3BECTHBIE TPYIHOCTU IIPH IIPO-
€KTUPOBAHUHU CUCTEM aBTOMATHUYECKOIO YNPABJICHHUS HA OCHOBE TPAJMIIMOHHBIX ME-
TOJIOB.

CrpykTypa Mojzienid puc. 1.5 3IeKTponpuBoJa U COOTBETCTBYIONIUE € ypaBHe-
Hud (1.25) sBasroTcs HanboJyiee TUTTUYHBIMUA MOJICIISIMHU SJIEKTPOMEXaHUUECKUX 00b-
€KTOB paccmaTpuBaeMoro kiacca (1.1).

1.3. ®opmasm3anus KpUTEPHUs KavyecTBa GyHKIMOHUPOBAHHUS JJIEKTPONPHBO/IA

Jliist 3aBepLIeHUs] XapaKTEPUCTHKU UCCIEAYEMOTO Kilacca OOBEKTOB YIPaBICHUS
chopmynupyeM TpeOOBaHUS K UX JKEIAEMOMY JABWKEHHUIO. JTU TpeboBaHuUs 00y-
CJIOBJIMBAIOTCS OOIMMH TEXHOJOTUYECKUMH U SKOHOMUYECKUMH KPUTEPHUIMU (PYHK-
LIHOHUPOBAHMS PEATBHOTO NMPUBOJAA U B KAXJOM KOHKPETHOM Ciydae 3aJar0TcCs CO-
OTBETCTBYIOIIMMHU MMOKA3aTEIIMU KayecTBa padOThI CUCTEMBI yIIpaBieHus. B teopun
ABTOMATUYECKOI0 YIPAaBJIEHUSI MCIOJIB3YIOTCS TPU OCHOBHBIX crioco0a (opmannsa-
U1 TpeOOBaHMN K KayeCTBY NMEPEXOAHBIX MPOLECCOB CHHTE3UpPYEeMbIX cucteM. Mc-
TOPUYECKU MEPBBIM ObLI COCOO, OCHOBAHHBIM Ha 3aJlaHUU NPEJENIbHBIX 3HAYEHUM
ONPEIECICHHBIX BEJINYUH — NEPBUYHBIX IIOKA3ATEJIEH KayecTBa, XapaKTEPU3YHOLIUX
KPUBYIO MEPEXOJHOTO IMpoliecca MO BBIXOJHOM KOOpAMHATE (JUIs1 OJHOMEPHBIX 00b-
€KTOB): BPEMEHHU 3aTyXaHHUs IEPEXOJHOrO Ipolecca, JOMYCTUMOIO MepeperyInpo-
BaHUs, KOJIEOATEIbHOCTHU U T.II.

JlaHHbI crIOCOO OLIEHKM KadyecTBa MEPEXOJHBIX IMPOLECCOB, BO MHOI'OM COOT-
BETCTBYIOILMIA MH)KEHEPHBIM IPEACTABICHUSM O CYIIHOCTH 33/1a4d PEryJIUpOBAHMS,
HallesJl NPUMEHEHUE B OCHOBHOM JIMIIb JUIsl OJHOMEPHBIX JHUHEHHBIX U HEKOTOPBIX
HEJIMHENHBIX OOBEKTOB B ONPEIECICHHBIX pexumax ux awxenus [12, 13]. 3aTpya-
HEHUs C MPUMEHEHHEM IEPBOro crocoda BBIPAKEHUs TPEOOBAaHUM K KA4ECTBY MpO-
LIECCOB MHOTOMEPHBIX CUCTEM CBSI3aHbI CO CIAEAYIOIUMH MpUYMHAMU: 1) 9ucio nep-
BUYHBIX IOKa3aTeseld JUisi MHOTOMEPHOM CHUCTEMBI MOXET OBITh JOCTATOYHO OOJIb-
UM, 1 OOOCHOBAHHOE 3a/1aHH€ UX 3HAYEHUI NPEICTaBISIET CAMOCTOATEIbHYIO 3a/a-
qy; 2) 3a7aBacMble [T0Ka3aTEJIM Ka4yeCTBAa HAXOAATCS B CIOKHOM 3aBUCUMOCTH OT I1a-
paMeTpOB JlaXxe JTMHEHHBIX 0OBEKTOB; 3) /JIs HEJIMHEHHBIX CHUCTEM Ha3HAuY€HUE Mep-
BUYHBIX IOKA3aTeJIed OCIIOKHSETCS U3-3a 3aBUCHUMOCTH BUJA PELICHUI HEJIMHEHWHBIX
auQepeHInaIbHbIX YPaBHEHUM OT HAyajbHBIX YCJIOBUH CHCTEMBI M XapakTepa
BXOJIHBIX BO3JEUCTBUM.

Btopoit cioco6 3agaHus TpeOOBaHUN K KayeCTBY MPOIECCOB YMPABJICHUS CO-
CTOMT B MPEJCTABICHUU )KEIAEMOIr0 JBUKEHHSI CHCTEMBI B BUI€ TU(DPepeHInaIbHBIX
WJIM ONepaTOpPHBIX ypaBHEHUU. B paborax [16, 17] Ha ocHOBE KOHUENUUU PEIICHHUS
oOpaTHBIX 3a/1a4 JUHAMUKH pa3paboTaHbl 3(PPEKTUBHBIE MPUKIIATHBIE METOJbI CHH-
T€3a CUCTEM YIpPABJICHUS, Oa3UPYIOIIHECS HA YAOBJIETBOPEHUH JBUKEHUS CHHTE3U-
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pYyEMOW CHCTEMBI 3aJJaHHOMY ypaBHEHHIO0. OJHAKO OKa3bIBAE€TCS, YTO 3TOT CHOCOO
dbopmupoBaHus TpeOOBAHUN NMPAKTHUECKU HEMTPUEMIIEM MIPHU yueTe OrpaHUYeHUN BU-
na (1.3), B ocoOeHHOCTH ISl HEJTMHEWHBIX 00BEKTOB BhICOKOTo Topsiaka [12]. IIpu-
MEHEHHUE ke €ro K MHOTOMEPHBIM O0BEKTaM BCTPEUYAET CEePhE3HbIE TPYAHOCTH, CBS-
3aHHBIE C BBIOOPOM CTPYKTYpPBI CUCTEMBbI TU(DPEpeHIIMAIbHBIX YpPaBHEHUH, OMHUCHI-
BaIOILICH JKEJaeMble IMEPEXOJHBbIE MPOIECChl, U C 3aJaHUEM 3HAUYCHUU OOJIbIIOMY
YUCITy MApAMETPOB 3TUX YPAaBHEHUM.

Hanbonee yHuBepcanbHbIM, OCOOCHHO B MPUMEHEHHH K HEJTUHEUHBIM MHOTO-
MepHbIM OV, aBisieTcsa cnocod dhopmann3aii, OCHOBaHHBIN Ha BBEJACHUU ONTUMU-
3UpyeMOro (pyHKIMOHaJIa (KpUTEpUsl KauecTBa) MHTErpajgbHOro tuma. Mcnosb3oBa-
HUE MUHTETPAJIbHBIX KPUTEPUEB, B YACTHOCTH KBAAPATUUYHBIX (DYHKIMOHAJIOB, MO3BO-
JSeT ONpeNeinTh TpeOoBaHUs K nepexoaHbiM mnpoueccaM CY 3agaHueM 3HaYEHUUH
HEOOJIBIIOTO YKCIa UX BECOBBIX KOA((PUIMEHTOB, MPAKTUYECKU POU3BOJIBHBIN BbI-
00p KOTOpbIX oOecreynBaeT (PyHIaMEHTaIbHOE CBOMCTBO CHHTE3UPYEMOU CHUCTEMBI
— €€ ACUMITOTHUYECKYK YCTOMYMBOCTH. JlanpHENIIMKA WTEPALMOHHBIN, LIEJICHAIIPaB-
JICHHBIN 1epe0op BeCOBBIX KOA(PDUIIMEHTOB, KaK MPABUIIO, YAOBICTBOPSIET Pa3yMHbIE
TpeOOBaHUS K NEPBUYHBIM ITOKA3ATENSIM KaYECTBA EPEXOAHBIX IIPOLIECCOB.

['maBHOE NOCTOMHCTBO JAHHOrO crocoda (opManu3alMK 3aKIYaeTCs B TOM,
YTO OH MO3BOJISIET MCHOJB30BATh JJISi CHHTE3a YCTPOMCTB YIIPABJIEHUS CIIOXKHBIMU
00BEKTaMH PE3YNbTAThl TEOPUU ONTUMAIBHOTO ynpasieHus [14,18-22] u teopun
AHAJIMTUYECKOT0 KOHCTPYMPOBAHHs ONTUMAaIbHBIX perynsatopoB (AKOP) [23-31].
Bce Goinee mmpokoe npuMeHEHHE B MPUKIAAHBIX 337adax YIPaBJICHUS CIOXKHBIMU
IPOU3BOACTBEHHBIMH 00bekTaMu MeTo10B AKOP cBsi3aHO ¢ TakKMMH UX JOCTOMHCT-
BaMM, KakK OOIIHOCTh, TIpeaeibHas QopMaian3ainus, JOTUYeCKas 3aBepUICHHOCTD,
NPUHUUNHAIbHAS MaTeMaTUYECKasi IPOCTOTA.

Taxum oOpazom, nist 00bekToB yrpapienus (1.1) mpuxoaum K HEOOXOIUMOCTH
pewmenus 3agauu AKOP 1o cooTBETCTBYIOIIEMY UHTETPATBHOMY KPUTEPHIO.

B nanbHeiimeM npu BeiOOpe (PyHKIIMOHANIA KauecTBa ympaBlieHUs (MpU MOCTa-
HoBke 3amaun AKOP) mpeamosaraercs, 4To sl pacCMaTPUBAEMBIX HEJIMHEWHBIX
MPUBOJIOB, (YHKIIMOHUPYIOIIUX B YCJIOBHUSIX JEHCTBUS BO3MYILEHHUI 3HAYUTEIbHOU
aMIUTATYAbl (MOIIHOCTH), K€JaTelbHa CTaOWJIM3allMs BBIXOJHBIX TMEPEMEHHBIX Ha
ONPEAECICHHOM YPOBHE I YIYUYIICHUS UX TEXHOJIOTHUYECKHX U SKOHOMUYECKHUX MO-
Ka3aresieil. be3 morepu oOLIHOCTU peIlIeHUS 3a7au YIIPABICHUS] YPOBHU CTAOMIN3a-
LMY MOXHO CUMTATh HyJeBbIMU. KauecTBO cTabunmn3annu OyaeM OLlEeHUBAaTh HEKOTO-
PBIM UHTETPAIbHBIM (DYHKIIMOHAIOM

I=1[X(1), U(D)]= [ FX, (0, X, (8),.... X, (0.1, (0.0, (D,...u, (D)dt  (1.29)

OT BEKTOpa cocTosiHUA 00bekTa X(t) u BekTopa ynpasieHus U(t).

Bb160p KOHKpeTHOrO BHJla (DYHKIIMOHANA B 3HAUYUTEIBHON CTETIEHH 3aBUCHUT OT
HEJIMHEHHBIX CBOMCTB 0OBekTa. OOLIMX IpaBui BbIOOpa KPUTEPUEB KadyecTBa IS
Pa3IMYHBIX YIPABISEMbIX OOBEKTOB HE CYIIECTBYET, U HA3HAYEHUE KPUTEPUs ONTH-
MaJIbHOCTH B Ka)KJJOM KOHKPETHOM CJIy4ae SIBJISIETCS CaMOCTOSITEJIbHOM 3ajayei.
DYHKITMOHAT KaueCTBa JOHKEH BBIOMPATHCS TaK, YTOOBI OH, C OJHOW CTOPOHBI, HAH-
TydmuM 00pa3oM XapakTepu30Baj IIeNib YIpaBiIeHUs, a C APYrod CTOPOHBI Kela-
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TEJIHHO, YTOOBI KOHKPETHAs BapHWAIMOHHASA 3ajada ObLIa aHATMTUYECKUA Pa3pelu-
MOM.

B nacrosimiee Bpemsi B TEOpUU U MPAKTUKE ONTUMAJIBHOTO YIIPABJIEHUS ITUPOKOE
pacrpocTpaHeHHe MOJyYUSId UHTErpajibHble KBaJIpaTHYHbIE 0000IIEHHbIE (PYyHKIIHO-
HaJIbl KayecTBa [27-32] cuctemM aBTOMaTUUYECKOIO YIPABICHHUS:

1 2 n m
1, =2 j > q,(x; (1) + > r,(u, (1)’ pdt. (1.30)
o Li=l j=1
[lepBas cymma B Boipakenuu (1.30) mpexactaBnsieT coO0N B3BELIEHHYIO C IO-
MOIIBIO BECOBBIX KOA(PPHUIHUEHTOB (; CyMMY IUIOIIAAeH, OrpaHUYEHHBIX KBapaTaMH

OTKJIOHEHUH KOOPAMHAT UCTUHHOI'O JBHKEHHUS OT YCTAHOBHMBIIETOCS JIBHXKEHUS IO
KaXKJI0M TIepeMEHHON COCTOSTHMS. UeM MEHBIIEe 3TH IJIOMAI1, TeM TOUHee paboTaeT
MPUBOA U TeM OBICTpee MPOTEKAaeT MpOoIecC CTaduiIn3anuu. B criensieM 3J1eKTpo-
MPUBOJIC B POJIM TAaKUX MEPEMEHHBIX COCTOSHUSI BBICTYNAIOT HAINPSKEHUS U TOKHU
JIBUraTelis, CKOPOCTh U YTroJl MOBOPOTa poTopa U Ap. CMBICH 3TOW COCTaBIISIIOLIEH
KPUTEPHUS 3aKII0YAETCA B TOM, YTO OHA 34 CYET MUHUMM3ALMUA 3HAYCHUSI UHTErpaia
OT YKa3aHHOW CyMMbl (MUHUMH3ALUKM BEJIIMYUHBI, TPOMOPIUOHATILHON SHEPTUH OT-
KJIOHEHUW KOOPJMHAT) 3amlpeliaeT CyIIeCTBOBAaHUE OOJBIUX U JUIMUTEIBbHBIX OTKIIO-
HEHUM (Pa30BbIX MEPEMEHHBIX O0BEKTA yrpaBiieHus. BBenenue B GyHKIMOHAT KBa-
pPaTOB YIPABJISIIOUIUX BO3JIEUCTBUM TpeOyeT JOCTHKEHUS] ONTUMAIbHOCTU JABUKECHUS
IPUBOJA [IPY OIPAHUYECHUY 3aTPAT SJHEPTUH HA YIPABJIECHUE WIIA MPU BO3MOKHOM OT-
PAHUYECHHUH YHEPrETUUECKUX PECYPCOB CAMOM CUCTEMBI.

BaxHoi1 0COOEHHOCThIO KBaJApaTUYHBIX KpuTepueB kauectBa tuna (1.30) sBs-
eTcs BO3MOXKHOCTh cuHTe3a CAY, nonmyckaronmx HEOTPAHUYECHHOE YBEIIMYECHHUE KO-
s ¢uLmenHTa yCUIeHUsI CUCTEMBbl 0€3 MOTepHu YCTOWYMUBOCTH [2]. DTO ompenemnseT
OJIUH M3 BO3MOXKHBIX ITyTEH ydeTa IeJ0ro KOMIUIeKCa TPeOOBaHMI K CHHTE3UpYe-
MBIM ONTHMAJIbHBIM CHCTEMAaM, K KOTOPOMY, HAIPUMEP, MOTYT OTHOCUTBCS JKeae-
MbIe OBICTPOJICHCTBHE, KOJIEOATETHHOCTh MEPEXOIHBIX TPOIIECCOB, 33/JaHHAS CTETICHD
YCTOWYHMBOCTb CUCTEMBI YIIPABJICHUS, & TAK)KE OTPAHUYEHHUS HA €€ YYBCTBUTEIBHOCTh
K MMapaMeTPUYECKUM U KOOPJWHATHBIM BO3MYIICHUSIM. TpeOyeMbIii pe3ysabTaT MpH
TaKOM TOJXOJIe JOCTUTAETCS B MPEJeNie MPU YBEIMYCHUH KOIPDUIIMECHTA YCUICHUS
110 OECKOHEYHOCTH.

JlonoTHUTENbHBIE BO3MOXKHOCTH JIJISl pEIICHUs TPOOJIEMbl CHHTE3a CUCTEM JAeT
BBEJICHHE B (DYHKIMOHAT MHTEIPAHTOB MOJMHOMHUAIBHOTO BHJIA, COJAEPKALIUX Cla-
raeMble 4eTBEPTON CTENEHH, KOTOphIE, HApUMEp, MO3BOJIAIOT 00ECIEeUnuTh anepuo-
JTUYECKHE TIEPEXOJHBbIE MPOILIECChl C TOBBIIMIEHHBIM ObicTpoaeicTBueM [10]. s
ANEKTPOMEXAHUYECKUX CUCTEM (YHKUIHMOHAIBI CO CJIAraeMbIMH YETBEPTOM CTENEeHU
UMEIOT TIyOOKUN (PM3MUYECKUN CMBICT — CMBICT KBaApAaTUYHBIX OTKJIOHEHHUU COOT-
BETCTBYIOIIMX MOIIHOCTEN (SHEPTHil) OT UX 3aJaHHBIX 3HaueHuil. Harmpumep, mupo-
KHE BO3MOXXHOCTH B MPOIIECCE CHHTE3a PETYJISATOPA MOJIOKEHHUS 00eCIIeYnBaeT yIeT B

KBaJpaTUIHOM (PYHKITMOHAJIE 3amaca KHHETUYECKOW YHEPTUN

0)2

W=

HaKamjanuBacMou B ABMIKYHIUXCA 4aCTAX JICKTPOIIPHUBOJA.
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Taxum 06pazom, B 001IeM cilydae [J1sl OLICHKH KauecTBa JUHAMHUKU paccMaTpu-
BaEMBbIX CHCTEM OY/IeM HCIOJIb30BaTh (PYHKIIMOHAIIBI BH]IQ

I, = %QTEXT (H)Q,X(1) + Q,[X(t)] + UT ()RU(t)]dt — min, (1.31)

rac Ql’ R - 3apaHHBIC CUMMCTPHUYHBIC IIOJIOXKUTCIBbHO OIIPCACICHHBIC MAaTPHIIbI

pazMepHocTH nxn, mxm; Q(X) = XTQlX +Q, (X) — IOJIOKUTENIBHO ONpeaeIcCHHAs

(GyHKIUS MOJIMHOMMAJIBHOTO BUZA, COZEprallas cllaraéMble BTOPOM, 4eTBEPTON U
6onee Bbicokux creneHed. [Ipu Q,(X) =0 xpurepuii (1.31) nepexoauT B KBajapa-

TUYHBIN (YHKIIMOHAJ KaueCTBa.

C ucnonb3zoBanuem kpurtepus (1.31) 3amaua ynpaBiieHUs paccMaTpUBa€MbIMHU
00BbEKTaMH MOXKET ObITh CPOPMYTUPOBAHA CIETYIOITUM 00pa3oM.

3agaua AKOP 151 HeJIMHEHHBIX JIEKTPOMEXAHMYECKUX CIeASIINX CHC-
T€M: Ha MHOXECTBE JOMYCTUMBIX ynpaBiaeHui (1.3) cieayeT HalTH 3aKOH 0OpaTHOMN
cBs3u U(t) = Fl[X(t)], 00pa3yromuii COBMECTHO C UCXOJTHBIM HEJTMHEHHBIM 00BEK-

ToM (1.1) ycTOMYMBYIO 3aMKHYTYIO CHUCTEMY, OCTABIAIONIYI0O MHHUMYM (PYHKIIHO-
Hany (1.31) mpu mepeBoje O0OBEKTa yMOpPABICHHWS W3 HAYAIBHOTO TOJOKCHUS
Xx1(0) =X;9, X5(0) =Xy, ..., X,(0) = X,y B KOHEUHOE HYJIEBOE.

JlanHas 3ajauya ynpasieHus c(hOpMyJIMpOBaHa aHAJOTMYHO M3BECTHOM 3ajaye
JletoBa — KanmMaHa aHQIMTUYECKOTO KOHCTPYHPOBAHMS ONTUMAJIBHOIO PEryJsaTopa
(AKOP) [23], HOo B HEnMMHElWHOM TOcTaHOBKE. B padote [9] yTBepxkmaeTcs, 4To HEIH-
HeiiHas 3amgadya AKOP oTHocHUTCsS K LEHTpaidbHOW mpobiieMe COBPEMEHHOW TEOpHH
ABTOMATUYECKOI'O YIIPABIICHHUS.

Y4eOHoe mocobre MOCBSIIEHO U3JI0KEHUI0 OCHOBHBIX METO/IOB PEIICHUS yKa-
3aHHOM 3a/1a4d ONTHMAJIBHOTO YIPABJIEHUs, UMEIOIIEH Ba)XHOE TEOPETUYECKOE U
[IPaKTUYECKOE 3HadeHHue. M3mararoTcss MeTo[bl KJIIACCHYECKOrO0 BAPUALIMOHHOTO MC-
yucienus, npuHoun Makcumyma JI.C.IIoHTpsArmHa, MeTox IMHAMHYECKOrO Ipo-
rpammupoBanus P. bemnimana, meton AKOP no kpurteputo 006001eHHON padOThHI
A.A . KpacoBckoro, nosy4uBLIINE IMPU3HAHUE U JTOCTATOYHO IIMPOKOE PACIpPOCTpaHe-
HUE B IIPAKTUKE YIIPaBJICHUS.

KoHTpoabHBIE BONPOCHI
1. ChopmynupyiiTe 3aKOHBI MEKTpOMarHuTHOM HHIYKIMu Papanes u Amiepa,
Ha KOTopbiXx ocHOBaH npuHuun aectBus JAIIT. [ToscauTe nmpuHiun GyHKIMOHUPO-
BaHHUs JIBUTaTEJIs.

2. 3anumute quddepeHIranpHble ypaBHeHus, onucbiBaromue nuHamuky 10T ¢
HE3aBUCHUMBIM BO30YyxaeHueM. [losgcHuTe puznyeckuil CMbICI EPEMEHHBIX U Iapa-
METPOB 3TUX YPaBHECHHUH.

3. JlaiiTe onpenenieHre MOHATUSIM «BEKTOP COCTOSIHUS O0BEKTa», «BEKTOP YIpaB-
nenus». [logcaure ux cmeica Ha npumepe IIIT.

4. Onpenenure MOHATHS «HapajUIeNIbHOE, MOCIEA0BATEIbHOE, CMEIIAHHOE BO3-
oyxnenue» JIIT. Kakum 06pazom criocod Bo30yKIE€HUS OTpaXkaeTcsl Ha ypaBHEHUSX
auHamuku 11T ?
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5. Iosicaute moHsATHE «KOA(D(UIMEHT >KECTKOCTH» MEXaHMYECKOTo mpeodpazo-
Batens. OT Kakux nmapameTpoB rpeoOpazoBaTessi OH 3aBUCUT 7
6. Uto Takoe «ko3(pGUIMEHT MOTEeph Ha BHYTPEHHEE TPEHHUE» MEXaHHUYECKOTO
npeoOpazoBatens ? YKaxuTe ero eIMHUILY U3MEPEHHUS.
7. V300pa3ute U MOSACHUTE CTPYKTYPHYIO MOJENb NMPUBOJA TTOCTOSHHOTO TOKa C
YyIPYTUM MEXaHUUYECKUM MPeoOpa3zoBaTEeIeM.
8. llepeuncnure M MOACHUTE NEPBUYHBIE MMOKA3aTEIN KAYECTBA CUCTEMBI YIIPaB-
JIEHUSL.
9. Uto Takoe MHTErpaibHbIi (HYHKIIMOHAN KauyecTBa cucTembl ynpasnenus? [Ipu-
BEJIUTE MPUMEPHI TAKMX (PYHKIIMOHAIIOB.
10. Cdopmynupyiite 3ama4y aHATUTAYECKOTO KOHCTPYHUPOBAHKS ONITHMAIBHOTO
peryisTopa Juisl 3J€KTPONPHUBOIA.
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2. OCHOBbBI BAPUAIITMOHHOI'O UCYUCJIEHUA U TEOPUU
OIITUMAJIBHOI'O YIIPABJIEHUA

3HaHUE HEKOTOPHIX MPUHIIUIIOB JIETKO
BO3MEIIAeT He3HAHNE HEKOTOPBIX (PaKTOB.
K. I'enbBenuit

CdopmynupoBaHHas 3ajjaya ONTUMAJILHOTO YIPaBJICHUS OTHOCHUTCS K 3ajjayam
BapUalMOHHOro ucuucieHusa. Krnaccuueckoe BapualliOHHOE NCUYUCIICHHUE, CBA3aHHOE
¢ umeHamu Boiaromuxcst marematukoB X VIII — XIX BB. JI.Ounepa, XK.JI. Jlarpanxa,
P. N'amunbrona, K.I'. SIkoOu, m3-3a Hamuuus B 3ajlaue€ ONTHMAJIBHOTO YIPABJICHUS
orpaHu4eHuii B (¢GOpMe HEPABEHCTB, HE TO3BOJSET OMNPENCITUTH ONTUMAIBLHOE
yYIOpaBJI€HHE U ONTHUMAIbHYIO TPACKTOPHUIO. DTO MPHUBENIO K MOSIBICHUIO MPUHIUIIA
makcumyma JI.C. IloHTpsrnHa W MeToJa JMHAMHYECKOrOo MNpOorpaMMHpoBaHus P.
bennmana, KOTOphie COCTaBISAIOT (PyHIAMEHT COBPEMEHHOW TEOPHH ONTHUMAJIBLHOTO
YIIPABJIEHUS] — COBPEMEHHOT'O BAPUALIMOHHOTO UCYUCIICHHUSL.

B nmanHom paszmene B ckatod (hopMme HM3IAaraloTcsi OCHOBHBIE OTPENETICHUS,
MOHSTHUS, PE3YJbTAThl BAapPHAIMOHHOTO WCUYUCICHUS, 0€3 KOTOPhIX HEBO3MOXKHO
U3JIOKEHNE W TOHUMAHHE NOCJIEAYIOLIET0 Marepuana. MHOrue YTBEPKICHHUS U
TEOpeMbl NPUBOIATCA O€3 J0Ka3aTeabCTB, KOTOPHIE MOXHO HAWTH B H3BECTHBIX
yueOHukax [9,14,24]. OcHOBHOE BHUMaHHUE YIENsieTcsl (PU3NYECKOW M reoMeTpuye-
CKOM CYIIIHOCTH, MPAKTUYECKON 3HAUMMOCTU 00CYKIAEMBIX PE3YJIHTATOB U METOOB.

2.1. DyHKUMOHAJIbI, BAPUALIMM U UX CBOICTBA

OcHOBHOM 3a/ayeil BapHALlMOHHOTO HCUMCICHUS SIBISETCS OThICKaHUE (yHK-
1IUH, JOCTaBISIOUINX 3KCTpEeMaibHOE 3HAUY€HHE HEKOTOphIM (yHKuMoHanaM. [loHs-
THe (YHKIMOHANA SIBISETCS E€CTECTBEHHBIM pPACIIMPEHHEM, Pa3BUTHUEM MOHITHS
byHkuuu. [ osopsm, umo 6 kiacce QyHKyuii 3a0aH QYHKYUOHAL, eClu YKA3aHO npa-
8UTLO, NO KOMOPOMY KAHCOOU PYHKYUU U3 IMO20 KIACCA UIU KAACOOMY HAOOPY QYHK-
Yutl, uepanowux poib apeyMenmos, Cmasumcst 6 COOmeemcmeue HeKomopoe 4ucio.
[Tpumep ¢yHKIMOHANA: Yepe3 ABE MPOU3BOJIbHBIE TOUYKH Ha MJIOCKOCTH MOXHO MPO-
BECTH OECKOHEYHOE MHOYKECTBO KPHUBBIX, KOTOPOE OIPEAEISET COOTBETCTBYIOIIUN
Kjacc (pyHKUMH; AJIMHA IyTU KPUBOM, 3aKJIIFOUEHHOM MEXAY 3THMU TOYKaMH, €CTb
(yHKIIMOHAJ, 3a/laHHbI B yKa3aHHOM Kiacce QyHKIui. O4eBUIHO, YTO CpPEeaU BCEX
(yHKIUI-apryMEHTOB MHUHHUMYM JIaHHOMY (QYHKIMOHANY JOCTaBIseT (QYHKIIMS,
ONMCBHIBAIOLIAS MPAMYIO.

B Teopuu u npakTuKe ynpasieHUs NOJYYHIA IIUPOKOE PaCIpOCTPAHEHUE UHTE-
rpanbHble (yHKIEoHansl Buaa (1.29) — (1.31). UucnenHoe 3Ha4YeHHWE WHTETpaja
(1.29) 3aBucUT OT MOBEACHUS N+M BXOJHBIX U BBIXOJIHBIX (PYHKIMI O0BEKTa yIpaB-
aeHusi, T.e. BelpakeHue (1.29) sBusercs (QyHKIMOHAIOM OT yKa3aHHBIX (YHKIIHI
oObekra. [loguepkHem, yTO JaHHBINA (PYHKIIMOHAT €MKO, OJIHUM YHCJIOM OLICHUBAET
MOBE/ICHUE yMpaBisieMoro oobekta. [loaTromy B Teopun ynpasieHus: (pyHKIHOHAIIBI
4acTO HCIOJb3YIOTCA KaK KPUTEPUM KAauyecTBAa YIPaBJICHUS, KaK KPUTEPHUH OITH-
MaJIbHOCTH JIBUKEHUSI OOBEKTA, KOTOPHIE CTPOrO MAaTEMAaTUYECKU OINPEAEISAIOT LENb
YIPABJICHHUS.
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HeoOxoammo OTMETHTH, YTO YHCIEHHOE 3HAa4YeHUE (YHKIMOHATA, a TaKkKe
CJII0KHOCTh MPOLEIYPhI ONMPEAEIEHUS €r0 SKCTPEMAIIBHOTO 3HAYEHUSI HAIPSIMYIO 3a-
BUCAT OT KJlacca GyHKUUNA, HA KOTOPOM 3aJlaH (GyHKIHOHAN. PaccMOTpUM OCHOBHBIE
KJIACChI U MPOCTPAHCTBA (PYHKIMH, UCHIOJIB3YEMbIX B BAPHAIIMIOHHOM MCYUCIICHUH.

Kaxnyto pynkuuio x(t), mpuHaUIeKaIy0 ONpeaesIeHHOMY Kiaccy, Oyaem pac-
CMaTpuBaTh KaK TOYKY HEKOTOPOro MPOCTpaHCTBa. [Ipocmpancmeo, 2nemenmamu
KOMOPO20 A6AAI0MCsL PYHKYUU, HA3bIBACMCS (DYHKYUOHANbHBIM NPOCMPAHCIEOM.

DyHKyuoHanbHoe npocmpancmeo R Hazvieaemcsa mempuyeckum npocmpanHcm-
80M, ecliu medcoy e20 08yms noovimu d1emenmamu X(t), Xo(t)e R onpeodeneno no-
Hamue paccmosnus P(x;, xz). Ilpu 5TOM HOJKHBI BBITIOJHATHCA CICAYIOIIUE TPU aK-
CHUOMBI METPUKH (PaCCTOSHMUS):

1) p(xi, x2) 2 0;

2) p(Xy, X2) = p(X2, X1);

3) p(X2, X3) < P(Xy, X2) + P(X1, X3) .

[TocneaHi00 aKCMOMY MPUHSTO HA3bIBATh HEPABEHCTBOM TPEYTOJIbHUKA.

B BapuallMOHHOM HCYMCIEHHHM MCHOJB3YIOTCS, Kak MPaBUiio, TpU (YHKIIHMO-
HaJBHBIX MpocTpaHcTBa [ 14, 26].

IpoctpancrBo C. Ilpocmpancmeom C nazvigarom co80KYNHOCMb HeNnpepuvls-
HblX Ha ompeske [a,b] ¢hynkyuti x(t), mempura 6 KOMmopom 3a0aemcsi pageHCmMEoM

p(xl,xz)=r§i§\xl(t)—x2(t)\ : (2.1)

DTO MPOCTPAHCTBO HEMPEPhIBHBIX (YHKIUU Takxke obo3Hauyaror Cla,b]. Eciu
paccrosiaue (2.1) Mano, To TOBOPSAT, UTO PYHKIMH X;(t), X,(t) OJU3KU B CMBICIIE OJIH-
30CTH HYJIEBOT'O MOPSAJIKA.

IpocrpancrBo C,. [Ipocmpancmeom C; Hazvwiearom co80KYNHOCMb HENPepbls-
HbIX YHKYUL, 3a0aHHbIX HA ompeske [a,b] u umerowux Ha smom ompesKke Henpe-
DBIBHYIO NPOU3BOOHYIO, MEMPUKA 8 KOMOPOM 3A0aemcsl pAGeHCMBOM

P(Xx,,X,)= ggi)é‘xl (t)—x, (t)‘ + Egi)é‘xl (t)—x, (t)‘ . (2.2)

OTO MPOCTPAHCTBO TMAAKUX (QyHKIMH Takxke obOo3HauaroT Ci[a,b]. Ecou pac-
cTostHUE (2.2) Majo, TO TOBOPAT, YTO QyHKIHUH X(t), X,(t) OJMU3KK B CMBICIIE OIM30-
CTH TIEPBOTO MOPSIKA.

IIpoctpanctBo Cy. Ilpocmpancmeom Cj Ha3b186a10M COBOKYNHOCHIb HENPEPbIE-
HbIX DYHKYULL, 3a0aHHbIX HA ompe3Kke [a,b] u umeowux Ha 3mom ompesKe Henpe-
Pbl8HbIE NPOU3BOOHBIE 00 k-20 NOPAOKA GKIIIOYUMENbHO, MEMPUKA 8 KOMOPOM 3a0d-
emcsi pageHcmeom

k . .
p(xl,x2)=2ma)é‘xi(t)—x‘z(t)‘ . (2.3)
i=0 ast<

Ecnu paccrostnue (2.3) mano, To ToBOPST, 4TO PyHKIMH Xi(t), X,(t) OMM3KU B
cMmbIciie 61130cTH k-ro nopsiika.

Ha puc.2.1 uzo0paxkeHbl KpuBbie, OJU3KUE B CMbICIE OJIM30CTH HYJIEBOTO IO-
psizKa, HO He OJIM3KKE B CMBbICIIE OJM30CTH MEPBOIoO MOPSAKA, TaK KaK KOOPAMHATHI X
uX OJIM3KH, a HANpaBJIEHUs KacaTeJIbHbIX HE OJIM3KHU.

Ha pwuc.2.2 n3o0pakeHpl KpuBble, OJIM3KHWE B CMBICIE OJM30CTH TEPBOTO IO-
psaKa.
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W3 sTux ompeneneHuil cienyeT, YTO €Cd KpUBble OJM3KHU B CMBICIIE OJIM30CTH
N-ro MopsAJKa, TO OHU TeM OoJjiee OIM3KU B CMBbICIIE OJIM30CTH MEHBIIETO MOPSIIKA.

A

x1(t)

/

N x,(t)

Puc. 2.1. Kpubie 61m3octu
HYJIEBOTO MOPsIAKA

A

x1(t)

X2(t)

»
|

Puc. 2.2. Kpussle 0am3octu
MEPBOTO MOPSAIKA

Metonbl penieHus: BApUAMOHHBIX 33724 BO MHOTOM aHAJIOTUYHBI METOJIAM MC-
cinenoBanus GyHKIMA Ha SKkcTpemyM. [losTomy menecoodpa3Ho KpaTKO BCTIOMHHTH
OCHOBHBIC TTOJIOKEHUSI TEOPUH ONTUMU3AIMHN (YHKIIMA W MapauieIbHO BBECTH aHa-
JIOTUYHBIC TIOHSTHUS, ONpPEACIICHUs, TeOpeMbl s (GyHKIMOHaNOB. CrmenaemM 3TO B

dbopme Tabm. 1.

Taomuma 1

®YHKIUN

OYHKIIMOHAJIBI

1. [Ipupamiennem At aprymeHTa t
¢bynkun f(t) Ha3pIBaeTCA pa3HOCTD
MEXAy  JABYMS  3HAYCHUSIMU
NEPEMEHHON At =1t —t;.

3TOU

1. Ipuparnienuem, wim gapuayueil 0X ap-
rymenta x(t) dynkmmonana v[x(t)], Ha-
3BIBACTCSI PA3HOCTh MEXIY NBYMS (yHK-
masMu - OX = X(t) — x(t), mpuuem x(t),
xi(t)e Q.

2. Oynkuuda f(t) Ha3pIBa€TCS HEMPEPHIB-
HOM, eclii MajoMy U3MEHEHHIO t COOT-
BETCTBYET MaJlo€ HW3MEHEHUEe (QYHKIUU
f(t) unu 6onee crporo Qyukius f(t) He-
npepbiBHA IIpu t =1y, €CIM I JItO-
00ro MOJIOXKUTEIHHOTO € MOHO MOJ00-
patb Takoe 0=>0, 4uTO

| f()—f(ty) |<e mpu It-tI<8.
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2. @OyHkiuoHan v[x(t)] Ha3bIBaeTcs He-
IPEPBIBHBIM, €CIIM MajoMy H3MEHEHUIO
X(t) COOTBETCTBYET MaJIO€ HU3MEHEHUE
¢dbynkimonana v[x(t)] wim OGonee cTporo
dbyakuonan v[x(t)] HenmpepsIBeH MpH
Xo(t) B cMbIcie Omu3ocTy k-ro mopsiaka,
eciau s mroooro € >0 MOXHO 10I00-
patb Takoe 0> 0, uTo
v[x(t)-v[xo(D)]l <€

npu ‘X(t) — Xo(t)‘ <8, |x (1) — X'O(t)‘ <9,

k&Ko—x¢“aﬂs&




Okonyanue tadum. 1

®YHKIUU

OYHKIHMOHAJIBI

3. JluneiiHoW (QyHKIMEW Ha3bIBACTCS
dbyukusa f(t), ymaoBieTBopstomas cre-
nytommM ycnoBusim: f(C-t) = C-(t), raoe
C — npousBoJibHast KOHCTaHTa U f(t;+t;) =
f(ty) + f(ty).

Jluneiinas QyHKUHUS OAHON Tepe-
MEHHOHU UMEET BUJ
f(t) = k-t,
rae k — mocrostHHAS.

3. JIuHeHbIM (PYHKIIMOHAJIOM Ha3bIBACT-
cs pynkmonan L[x(t)], ynoBieTBopsito-
AN YCIOBUSIM:

LIC-x()] =C-L[x(V)],
rae C — npou3BoibHasA MOCTOSIHHAS U
L[x;()+x2(0)]=L[x1 (D) ]+L[x2(t)] -
[Tpumepom nuHeHoro GhyHKIIMOHAIA
ABJISIETCSA

LIx(0)]= [ (p(1) - x(1) +q(1) - X(1)dt

4. Ecnu mpupanienne QyHKIUN
Af = f(t+At) - f(t)

MOJKET OBITh NMPEJCTABICHO B BUJIE

Af = A(t)- At + B(t,At)- At,
rae A(t) e 3aBucut ot At, u B(t,At) =0
npu At—0, TO GYHKIUMS Ha3bIBaeTCs
audepeHuupyeMoi, a JTuHeHas 1no ot-
HOIIEHHI0 K At YacTb mpUpanieHus
A(t)-At HazpiBaeTcs auddepeHiuanTom
¢bynkun u o6o3navaetcs df.

5. Teopema 2.1.

Ecmu nuddepennupyemas gynkuus f(t)
JOCTUTaeT MHUHUMyMa BO BHYTpPEHHEH
TOYKE ty 001aCTH omnpeaesieHus: QyHKIUU,
to df =0.

4. Ecnm mpuparierue GyHKIIMOHaIA
Av = V[x(t)+0x]-v[x(t)]

MOYHO TIPEJCTaBUTh B BUJIC
Av=L[x(t),0x ]+B(x(t),0X)- p(x+0X,X),
rae L[x(t),0x] — JMHEHHBIA O OTHOILE-
HHUIO K OX (DYHKI[HOHAI, U

B(x(1),0x)—0 npu p(x+0x,x)—0,
TO JIMHEHHAsA 110 OTHOIIEHHIO OX YacThb
MIPUPALLECHUS ¢dyHKIIMOHATA, T.€.
L[x(t),0x],  Ha3bpIBaeTCs  Bapualuen
dbyHKIHOHaIa 1 0003HAYACTCS OV.
5. Teopema 2.2.
Ecou  ¢ynkuuonan V[x(t)], umeromnuit
BapuallMio, JIOCTUTaeT MHUHUMYMa IIpU
Xo(t), Tae Xo(t) — BHYTpEeHHsSI TOouka 00-
JacTU ompenesieHns (PyHKIHMOHANA, TO
ov =0.

Teopema 2.2 siBAsieTCsI OCHOBHBIM MHCTPYMEHTOM HCCIIEAOBaHUS (YHKIMOHA-

JIOB HA KCTPEMYM (MUHUMYM WJIM MAakCUMyM). B nanpHeinmeM B Ka4eCTBE OCHOBHO-
ro BapuaHTa paccMaTpUBAETCs] MUHMMH3alUg (DyHKIMOHANA, a 3a/laya MaKCUMM3a-
U (PyHKIIMOHANIA CBOJUTCS K 3a/lay€ MUHUMM3AIMM Ha OCHOBE MPOCTOTO0 COOTHO-
HIEHUS

max v[x(t)] =min(—v[x(1)]) .

Ilo onpeoenenuto, ¢hynkyuonan v[x(t)] oocmueaem na xKpusou xy(t) Munumyma,
eciu sHaveHue hynkyuonanra v[x(t)] na 1robot, docmamouno O1U3KoU K Xo(t) Kpueotl
He meHnblue, uem v[xy(t)], m.e.

Av =v[x(t)] - v[x(t)] =0.

JIaHHOE MOHATHE AKCTPEMYMA HYKIAETCS B YTOYHEHHH. ['OBOpS O MakCHUMyMe
WIM MUHUMyME (PYHKIMOHANAa, Mbl UMEEM B BUJly HauOOJbIlee WM HAUMEHbIIIEE
3Ha4YCHHE (PYHKIIMOHAIA TI0 OTHOIICHHWIO K €T0 3HAYCHHSIM Ha ONHM3KHX KPHUBBIX, HO
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OJIM30CTh KPUBBIX B Pa3HBIX (DYHKIMOHAIBHBIX MPOCTPAHCTBAX MOHUMAETCS Pa3Iny-
HO. Ecau 6 kxauecmse ¢hynxkyuonanvrno2o npocmparncmea R paccmampueaemcs npo-
cmpancmeo C, mo makou MUHUMYM HA3bIBAEMCS CUbHbIM, a4 eclu 6 kayecmee R
paccmampusaemcs npocmparcmeo Cj, mo MUHUMYM HA3bIBACMCS CIADBIM.
[TonuepkHeM, YTO CHJIBHBIM MUHMMYM SIBJIIETCS OJHOBPEMEHHO U cia0bIM, HO
HE HA00OpOT, TaK KaK cIadblil IKCTPEMYM ONPEIEIISAETCS 10 OTHOLIECHHUIO K OoJee y3-
KOMY KJIACCy KPUBBIX, U1 KOTOPBIX HE TOJBKO MOZYJIb PAa3HOCTU ‘x(t) — X (t)‘ Mall,

HO MaJl TaKX€ U MOAYJIb ‘X(t) — X, (t)], T.e. ©MeeT MecTO OIU30CTh (PYHKLUIN MEPBO-

ro, a HE HyJIEBOIr'O MOpsiiKa.

BBenenHnoe moHsTHEe BapualMM (PYHKIMOHANA, KaK TJIABHOM JIMHEWHOHN 4YacTu
€ro MpupalleHus, U3BECTHOE B MaTeMaTH4eckoil qureparype [33] Takke moj Ha3Ba-
HUEeM cuiibHOTO Auddepenunana Gpynkunonana wi auddepennuana Operie, OTHO-
CUTEJIHO CJIOHO BBIUUCIATH JUIsl HEKOTOPBIX (PYHKIIMOHANOB. B cBsi3u ¢ 3THM mos-
BWJIOCH TIOHATHE cinaboro muddepennmana pynkuonana, i auddepennuana [ a-
TO, OMPEIEISIEMOr0 C UCTIOIb30BaHUEM MPOU3BOIHON (PYHKIINH

ov= iV[x(t) +a -] oo (2.4)
da

I7I€ BBIpaXKEHHE O-T)(t) €CcTh Bapualnus apryMeHTa X(t) U NPUHAMIEKUT TOMY XKe
Kjaccy QyHKIUN, 94TO U X(t); O — mapamerp.

Jokazana Teopema [33], 9TO ecnu CymiecTByeT CHIIbHBIN quddepeHunan QpyHk-
IIMOHAaJa, TO CYIIECTBYET U clIadbii ero auddepeniyai, Ho He Ha000POT, MPUYEM B
3TOM citydae quddepeHinanbl CoBMaIaoT.

B paccmaTrpuBaeMbIX HUXKE 3a7auax ykazaHHble quddepenunanst Opemie u [a-
TO COBIIAJIAIOT, U TIO3TOMY MBI Oy/IeM IIMPOKO IMOJIb30BaThCA onpeneaeHueM (2.4), B
COOTBETCTBUM C KOTOPBIM Bapuaiusi (pyHKIIMOHAJA BHIYUCISIETCS] 3HAYUTEIBHO MPO-
1€ KaK MPOU3BOHAS YKA3aHHOU (DYHKITUH.

AHaJIOTUYHO BRIpAKEHUIO (2.4) BBIYUCISAETCS BTOpas Bapuanus GyHKIIMOHAIA

o’v= d VIx(O)+a-nO)] o= (2.5)
da

UCIIOJIb3yeMasl B aHaNIM3€ (PYHKIIMOHAIOB Ha SKCTPEMYM.
OyHKIMHM, HA KOTOPBIX JTOCTUTAeTCs 3KCTpEeMyM (PyHKIIMOHANIa, Ha3bIBAIOTCS
IKCMpemMaiamu.

2.2. OcHOBHBIE Pe3yJIbTATHI KJIACCHYECKOT0 BAPUALMOHHOT0 HCYHCIEeHHUS
2.2.1. Pemenne npocreiineil BapuanuoHHOH 3a1a4u, ypaBHeHHne Jiljiepa
BBenennbie omnpeneneHuss OMU30CTH (YHKIMA TO3BOJSIOT MaTEMaTHYECKH
CTporo chOopMyIUPOBATh MPOCTEHIIYI0 BapUAIIMOHHYIO 3aady, H3y4aeMyr B Kilac-
CUYECKOM BapHAIMOHHOM MCUUCIICHUH: 33JiaH ()yHKIIHOHAT

vix(t)]= tle[t, x(t), x(t)]dt (2.6)

C H3BCCTHBIMH IIPCACTIaMH HHTCTPUPOBAHHA to, ti, IMpUYEM IPCANOJIaracTcs, 4TO
(I)YHKHI/I}I F saBmsercs O,Z[HOBHa‘IHOI‘/’I 141 HCHpCpLIBHOﬁ BMECTC CO CBOMMH YaCTHBIMH
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MPOU3BOJHBIMU (T.€. SIBISETCS TJalIKON); TpeOyeTcss B Kiacce INIagKuX (PYHKIIHMA
x(t)e Cy[to,t;], yIOBIECTBOPSIOMIMX TPAHUYHBIM YCIOBUSIM

X(ty) =X, x(t;)=Xx,, 2.7)
HaWTH QYHKIHIO X(t), TOCTABISIONIYI0O MUHUMYM (QyHKIHOHANY (2.6). ['eomeTrpuue-
CKasl TPAKTOBKA 3a/1a4 IPUBEJECHA HA PUC. 2.3 — UCKOMasi KpUBas MPOXOIAUT 4epes
3agaHHble TOUKd A(ty,Xo), B(t1,x1).

X(t) A
X1 — —=
X —
x(t)
X0 B
t0 tl t

Puc. 2.3. 'eomeTpuueckas WJUTIOCTpAILIUs BapUAllMOHHON 3aa4H

Takas 3agava Ha3bBIBACTCS BAPUAYUOHHOU 3a0auell C 3aKpenjieHHbIMU cPaHUY-
HbIMU MOYKAMU.

[ToguepkHeM, 4TO B KJIACCUMYECKOM BAPUALMOHHOM HCYHUCICHHH ONPEIEISETCS
cnabplii MUHUMYM (DYHKIIMOHAJA, TaK KaK SKCTpeMalld OTHICKUBAIOTCS B MPOCTPaH-
cTtBe raaakux ¢pyakuui C; .

[lepexons K pemIeHUI0 BapualMOHHOW 3aJaud, AOIYCTUM, YTO €€ PELICHUE —
kpuBas X(t) HaiigeHa. PaccMotpum gonyctumyro kpuByro X(t)e C :

Xy (1) =x(t) + - (1), (2.8)
rae o -1M(t) — Bapuanus QyHkuuu; 1 (t) — MPOU3BOJBHAS JOMyCTUMAas (PYHKIIHS;
0L — MaJasi KOHCTaHTa.

Tak kak gonyctumasi Kpupas X;(t) JOJDKHA YIOBIETBOPSATh KPAeBbIM YCIOBUSM
(2.7), TO OUEBUIHO, YTO

n(ty) =n(t;) =0 (2.9)
Bcenencreue npunamiexsoctu x(t)e C,[ty,t;] Bo3MOXHO mnpoauddepeHIupoBaTh
JaHHYIO (DYHKLHUIO [0 BPEMEHU
X, ()=x(t)+a-n(t) .
Taxum o6pazom, Ha PyHKIHH X;(t) GYHKIIMOHAT IPUHUMAET 3HAUCHUE

t1
VIX(t)+ a-n(t)] = JF[t,i(t) +a-n(t),x(t) + a-np(t)]dt . (2.10)
t0
M3BecTHO, YTO HEOOXOIUMBIM YCIOBHEM SKCTpeMyMma (YHKIIMOHAA SBIISCTCS
oOpallieHre B HyJIb €ro Bapuaiuu oV :

5v=iv[f<(t)+a-77(t)] | _,=0. (2.11)
do a=0
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3ameuanue. Breipaxxenue (2.10) MOXHO paccMaTpuBaTh Kak (DYHKIHIO Tapa-
MeTpa O, Kotopas npu O =0 NmpuHUMaeT MUHUMAJIbHOE 3HaueHue. B aToMm ciydae
cooTHomieHue (2.11) MOKHO UHTEPIPETUPOBATH KaK YCIOBHE MUHUMYMa YKa3aHHOU
(GyHKITUHU TTO OL.
Ha ocnose (2.10), (2.11) ¢ ucnons3zoBanueM mnpasuia AudPepeHITupoBaHUs
CJIOKHOM (PYHKIIMM HAXOJUM BapHalvio PyHKIIMOHAIA

t1
ov=| £~ﬂ(t)+ai-ﬁ(t) dt=0. (2.12)
lox ox,
[locne uHTErpUpPOBaHUS BTOPOTO CJIATa€MOT0 MO YaCTIM UMEEM
t t 4ot
¢ OF | voof oF \ d oF
—n(t)dt=UV|' - |V-dU=—n(1)| - t) - ——dt .
tj 510 | f 5,70 fno-< X
OKOHYATENIBHO € YYETOM KpaeBbIX ycioBuil (2.9) Bapuanuio (2.12) 3anuiieM B BUae
t
¢ 0F d OF
ov=|{—-— —n(t)dt=0. 2.13
tj{axl a3 10 (2.13)

PaBenctBo (2.13) 10KHO UMETh MECTO JJIi MPOU3BOJLHON nuddepeHumnpyeMon
dbyukiuu N(t). 3T0 BO3MOXKHO, eciid GyHKIU T(t) YMHOXKAETCs Ha HYJIb, T.€. €CIU

BBITIOJIHACTCA PaBCHCTBO

oF ddF_ o _9% _¢ (2.14)

ox, dtox, ode M
OTO ypaBHEHHE TIONYYWIO Ha3BaHHE ypaBHeHHUE Oiiniepa (ObLIO yCTaHOBJICHO B
1744 1.).
MatemaTruecku CTpOTHI BBIBOJ] YpaBHEHHUs Dijiepa UCXOs U3 HHTETPaTbHO-
ro cootHolreHus (2.13) onupaercs Ha OCHOBHYIO JIEMMY BapHaIlMOHHOTO HCYHCIIE-
Husa (emmy Jlarpanaxa): eciu 0 Kaxcoou HenpepwvigHot gyukyuu M(t), yoosie-

meopsawowet ycrosuro N(t,) =n(t,) =0, unmezpan
[u®m(Hdt=0,
to

20e W(t) — Henpepvisnas Ha ompeske [tyt;] ¢pynxyus, mo W(t) =0 na mom dxne om-

peske.

JlaHHas1 1IeMMa MPOCTO JOKA3BIBAETCA METOAOM OT IMTPOTUBHOTO [27].

Takum 00pa3om, MBI TOKa3adM, YTO €CIU CPEIU JAOMYCTUMBIX (DYHKITHI Kiacca
C,l[ty.t;] cymecTByer (QpyHKIUS, NOCTABIAIOIAS MUHHUMYM (MakCHUMyM) (yHKIHO-
Hay V[x(t)], To oHa OyJeT pellieHreM ypaBHEHUS Dijepa, T.e. ypaBHeHue (2.14) sB-
nsieTcss HeoOXOAUMbBIM YCIIOBMEM €1ab0ro MUHMMyMa (MakcuMyma) (yHKIIMOHAa
(2.6) ipy rpaHUYHBIX YCIOBUSX (2.7).

OnHako ocCTaeTcss HESICHBIM, JIOCTaBIISIIOT JIM PEIICHUsT ypaBHEHUs Ouiepa
GbyHKIMOHATY MaKCUMyM Wi MUHUMYM? OTBET Ha 3TOT BOMPOC JaeT Teopema Jle-
skanapa [28, 29]: ona mozo umobwr ¢hynkyuonan (2.6) 6 3adaue ¢ 3axpenieHHbIMU
eparuyamu Ha Kpusou x(t) docmueanl MUHUMYMA (MAKCUMYMA), HeOOX0OUMO, YMoObl
800716 3MOU KPUBOU BbINOJIHANIOCH YCI08UE
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0xdx oxdx

DTy Teopemy, BBIPAKAIOIIYI0 BTOPOE HEOOXOUMOE YCIOBHE IKCTPEMYyMa, MPH-
MeM 0e3 JJoKa3aTeabCTBa, HO YKaXKeM, 4To ycioBue (2.15) HemocpeICTBEHHO ToTyYa-
eTCsl TOoCIIe PACKPBITHS BTOPOi Bapuarmn QyHKIHOHATA 87V, KoTopasi, 4To0b! (hyHK-
1y x(t) mocraBisiiia MUHUMYM (GyHKIHOHATY V[X(t)], TOmKHA OBITH HEOTPUIIATEITh-
HOM &°v > 0. 31ech HAGMIOIACTCA TOJTHAS AHAJIOTHS C 3a]a4eil MUHAMHU3ALUK (QYHK-
uu f(X), 11 KOTOpoi HEOOXOJUMBIE YCIOBUS MUHUMYyMa 3alKCBIBAIOTCS CIEAYIO-
muM obpasom: 1) df = 0; 2) d*f > 0. Ananornuno ycnoBus Ditnepa u Jlexanmpa
OTIPEIEISIOT HEeOOXOAMMBIE YCIIOBUS dKCTpeMmyMa (pyHKIroHana (2.6).

Ecin npoauddepennmposats 110 BpeMenu Bbipakenne dF/dXx, sBisomeecs

9”Flt,x(1), X (V)] >0 ( J°F Soj , (2.15)

dbyHKIIMEH TpexX MePEeMEHHBIX, t, X(t), X(t), ToO ypaBHeHHE Ditjepa MOKHO 3aNucaTh B
cienyrome pa3sepHyTon hopme:
OF 9°F 0°F. O°F .

—_—— - X — Xx=0, (2.14a)
0x Otdx 0JxdX oxdx
X(t)) =Xp; X(t)) =X
OTcroaa BUIHO, YTO ypaBHEHUE Dijiepa ABISETCS HeMMHEHHBIM Au(depeHInaIbHbIM
ypaBHeHHEM BTOporo nopsiaka. Ero pemenne x(t,C;,C,) 3aBUCUT OT ABYX MOCTOSIH-
HbIX uHTerpupoBanus C;, C,, KOTOpbIe HAXOIATCA W3 YCIOBHU MPOXOKACHUS (PyHK-
M x(t) yepes 3aJaHHbIe TPaHUYHbIE (KpaeBble) TOUKHU X(ty), X(t;). B cBsA3m ¢ aTUM
3amada (2.14a) HaspiBaeTcst aByxToueuHou kpaeBoi 3amaueit (JTK3). Ecam JATK3
JTUHEWHAs, TO €€ PEIICHHE JIETKO MOJyYUTh Ha OCHOBE MU3BECTHOTO OOIIETO penieHus
nuHenHoTo nuddepeHnuanibHoro ypaBHeHHs. CII0KHOCTD K€ PEIICHUs] HETMHEHHBIX
BapUAIlMOHHBIX 33]1a4 ONPEAEIAECTCS UMEHHO CIIOXKHOCTHIO pemenus JJTK3 [23].
IIpumep 2.1. Ucnonws3ys ypaBHeHue Diisiepa, HaljeM (YHKIUIO, JOCTaBJISIO-

Y0 SKCTpeMYM (DYHKIIMOHATTY

= T(XZ(‘[) +77%7 () Jdt = TF(X,X)dt (2.16)

pY rpaHuuHbBIX yCIoBUAX X(0) = Xg; X(e0) =0.
Boruncnum npon3BoAHbIE TOABIHTErPATbHON (QYHKIIUU
F =2x; iFX =i(2rzx) =27%%
dt dt

Y IIOJCTaBUM UX B ypaBHeHHue (2.14):

2x —27°% =0,
Pemenue sToro ypaBuenus Ditsiepa Kak JUHEHHOTO MU epeHnanbHOro ypaBHEeHUs
UMEET BUJ

x(t)=C,e™" +C,e"".

[TocTostnabie nHTEerpupoBanus C; u C, onpeneauM U3 rpaHu4HbIX yCaoBui. 13
ycioBus x(e0) = 0 HenocpeactBeHHo ciuenyet, uto C, = 0. Iloctosiunas C; ompe-
nenseTcss HadalnbHbIM yesioBueM X(0) = xo, Orcrona C; = Xo. OKOHYaTENbHO ypaBHe-
HUE SKCTPEMAIN UMEET BU]L
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x(t)=x,e™"". (2.17)
Hcnonb3ys ycnosue Jlexanapa
0’F
dXx0x
JIETKO yOemuThCs B TOM, 4TO dKcTpeManb (2.17) mocrtaBnser dyHkuumoHamy (2.16)
MUHHUMaJIbHOE 3HaueHue. CrieoBaTeNbHO, ONTUMAIBHOW B CMBICIE MUHUMYyMa KpH-
tepus (2.16) dyHKIMEeH SBASETCS SKCIIOHEHTA ¢ MTOCTOSSHHONW BPEMEHU T.

OTtmeTnM, YTO KBaApaTHUUHbIN QyHKIHOHAN (2.16) MHUPOKO MPUMEHSETCS s
OLICHKM KaudecTBa ABVIKEHHMM cucteM ympasieHus [38]. IlosyyeHHbli pe3ynpTar no-
3BOJISIET MOSICHUTh (PU3UYECKHI CMBICT KBaIpaTUYHOTO KPUTEPHUS KauecTBa yrpaBJie-
Hus (2.16): yem yrydine cuctemMa B CMBICHE moka3atens I, Tem Oike ee mepexoHbIe
mporiecchl K 3kcnorente (2.17). Yenuuenue koddduimenta Beca T npu GopMupo-
BaHUU MOKa3aTessi KauecTBa O3HAYAET MPEANOYTEHUE CUCTeMaM C 0ojiee MEIJICHHO
3atyxaromumu npoueccamu. [lo cymectBy, kputepuid I 03Ha4aeT NpuHITHE B BUJIE
ATajJO0Ha KauyeCcTBa CUCTEMBI ITIEPBOrO MOPSAJIKA C TOCTOSIHHON BPEMEHH T .

COOTBETCTBEHHO CHHTE3 CHCTEMBI yIpaBiieHus mo Oosee oOmeMy (QpyHKIIHO-
HaJly KayecTBa

=27 >0,

1, =j(x2(t) + % () + (D), >0
0

TpeOyeT NpUOIMKEHUS IEPEXOIHBIX MPOLIECCOB CUHTE3UPYEMOM CUCTEMBI K yKa3aH-
HOW PKCIIOHEHTE MPU HAJIMYUU OIPAaHUYEHHUS Ha MOIIHOCTH (paboTy) yIpaBIIsIOIIETO
curHazia u(t), KOTOpO€ YYMUTBHIBAETCS BEIMYMHOM BecoBoro kosgp¢duuuenta r > 0.
VYMeHblIeHHe BEIUYMHBI ' O3HA4aeT BO3MOXKHOCTh IPHUMEHEHUs 00Jee MOLIHBIX
CUTHAJIOB YIIPaBJIEHHUs, YTO B IOCJIEACTBUU NMPUBOJIUT K YBEITMUEHHUIO KOOPPUIIUEHTA
ycuJieHUus K KOHCTpyMpyeMoW CUCTEMBI (B IJIaBE€ 5 MOKa3bIBae€TCs, YTO B IIpENETe
npu r — 0 momyvaercsi k — o).

PaccMoTpuM HekoTOpble O0O0OIIEHHA MOJIYYEHHOTO HEOOXOIMMOTO YCIOBHS
sKCTpeMyMa (GyHKIIMOHAJIOB — YpaBHEHUS Diliepa.

2.2.2. YpaBHenue Jiiiiepa—Ilyaccona
B teopuu ynpaBneHus 4acTo HCIOMB3YIOTCS QYHKITMOHAIBI, TOIBIHTErPATbHAS
(GYHKIHSI KOTOPBIX COJIEPIKUT MPOU3BOTHBIC BBICIIIUX TOPSIKOB

t
J= jF(t, x(t), X(1), X(0),..., x ™ (£))dt. (2.18)
to
3nech npennonaraercs, uto pyHkius F saBusercs (n+2) paza quddepeHupyemMon no
BCEM apryMeHTaM, a TpaHUYHbIE€ YCIOBUS 3aJJaHHBIMU B (hopme
xV(t)=x; xV(t)=x";i=0,2,..n -1, (2.19)
T.€. B TPAHUYHBIX TOYKAX 3aJaHbl 3HAYEHUSI HE TOJIBKO (DYHKIIMH, HO M €€ TPOU3BO/I-
HBIE JI0 TTOpsJKa (n-1) BKIFOUUTENIBHO (BCErO 2n YCIOBHM).
Pemienne BapmanmonHou 3agaum uiercs B knacce Coplty,t;] rmagkux 2n pas
muddepeHnpyeMbix GyHKIMH. MeToauka MmojydeHus: He00X0IUMOTO YCIIOBHSI MU-
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HUMyMa (YHKI[MOHAIa OCTAETCs MPEKHEN: HAXOIUTCS MepBasi Bapuals KpUTepus U
NPUPABHUBAETCS K HYJIIO, UTO TOCIIEe TpeoOpa3oBaHuid MPUBOAUT K YPABHEHHIO

d d’ . da’
F —a . +Oh—2FX +...+ (-1 (h_anm) =0, (2.20)
KOTOpOE Ha3bIBaeTCs ypaBHeHHeM Jiinepa—IlyaccoHa.
B o6mem ciiyqae oHO mpencTaBiseT HenuHelHoe auddepeHInanbHOe ypaBHe-
Hue 2n-niopsinka. Ero pemenue x(t,cq,Ca,...,Con) COMEPIKUT 2N MOCTOSIHHBIX UHTEIPH-
poBanus. [locnenHre HaxOsATCS Ha OCHOBE TAKOTO K€ KOJIMYECTBA IPAHUYHBIX YC-

soBui (2.19).

2.2.3. DyHKIMOHAJIbI, 3ABUCSIINE 0T HECKOJIbKUX (PYHKIIH
Hpyrum o06001ieHeM TpOCTEHIel BapHallMOHHON 3a7a4M sBIISICTCS 3ajada
OTBICKaHUsI DKCTpeMyMa (PYHKIIMOHAJIA, 3aBUCAIIETO OT N (DYHKIUH

t
J= IF(t, X1 (£),eee, Xy (1), X (1),..., X, (1))dt (2.21)
to
MIPY 33JJaHHBIX TPAHUYHBIX 3HAYCHUSIX TSI BCeX (PYHKITUI
X;(ty) =X;9; X;(t;))=x5; 1=12,...,n. (2.22)
Tpebdyercs B knacce C[ty,t;] HaiiTu dynkuu x;(t), i=1,2,...,n, mpoxoasmIue yepe3
rpaHUYHbIC TOUKH (2.22) U JOCTABIAIONME MUHUMYM GyHKIIMOHATY (2.21).

Jist mosiydeHus: HEOOXOJMMBIX YCIOBHM 3KCTpEMyMa paccMaTpUBaeMOro
¢dbyHkimonana 6yzeM BapbUpOBaTh TOJIBKO OAHY U3 GyHKIUi X;(t), i=1,2,...n, ocTas-
7S BCE  OCTajmbHbie (GyHKIMM HEusMeHHbIMH. [lpm  »sTomM  (yHKIHOHAN
J[X{,X5,..., X, ] IpeBpaIaercsi B pyHKLUNOHAJ, 3aBUCSIIUN TOJBKO OT OJHON BapbH-

pyemoit (GyHKIUU, HarpuMmep, J[Xl,xz,...,xn]:T[X (O] ot x(t). CnenosarenbHo,

GyHKIHS, peanu3yromas dKCTPEMYM, JOHKHA YAOBIECTBOPATh ypaBHEHUIO Duiepa
F —-dF, / dt=0. Tak xak 3T0 pacCyXIE€HUE NMPUMEHMMO K 000K (QYHKIUH X,
]

]
j=1,2...,n, TO IpUXOAUM K CUCTEME ypaBHEHUI Dijepa

F _din‘ =0; j=12,..,n, (2.23)
t ]

Xj

KOTOpas ONpEEsieT COBOKYIHOCTh HEOOXOJMMBIX YCIOBHI 3KCTpEMyMa BapHallu-
oHHOM 3amauu (2.21), (2.22).

Pemenust cuctemsbl auddepeHnuaibubiX ypaBHeHu (2.23) (3KCTpemMasu) co-
Jep’KaT 2n MOCTOSHHBIX MHTErPUPOBAHUS, KOTOPbIE HAXOASATCS U3 3aJlaHHBIX Tpa-
HUYHBIX yCI0BUM (2.22).

B coBpemeHHOI auTeparype 1o TeOprUr ONTUMAIBHOTO YIPaBICHUS MOTYyYeH-
HBIM PEe3yNbTaT YacTO 3alKCHIBAIOT B MaTpU4HOU Qopme. BBemem B paccMoTpeHme
BEKTOP X(t)=(Xl(t),)(Z(t),...,xn(t))T u 3anumeM QyHkuuoHan (2.21) B ciemyro-
IIeM BUJIE:

J= TF[t, X(t),X(O)dt,  X(t)=(X,(t),...x, ()" .

to

32



Hcnonp3yst moHATHE MPOU3BOIHON cKaisipHON (pyHKIMH @(X) MO BEKTOPHOMY ap-
rymeHty X (TMOHSITHE IPaJIMEHTA)

do(X) _ T _ 99(X)
e (@, 5@ ) O ox
ycioBus (2.23) MOXKHO 3amucaTh B KOMITAKTHOM MaTpudHOi hopme
a—F—ia—l.:=0, (2.24)
0X dtoX

KOTOpasd ABJIACTCA IIOJTHBIM aHAJIOI'OM CKaJIIPHOT'O YPAaBHCHH Sﬁnepa.

2.2.4. BapuaunoHHble 33124 HA YCJIOBHbIA MUHUMYM

PaccMoTpeHHbIe BbIlIe 00OOIIEHHST OTHOCATCS K 3a/adyaM BapUallMOHHOIO HC-
quCJIEHUs] Ha 0e3yCJIOBHBIM dKCTpeMyM. B Teopun yrpaBieHHs 4Yallle BCTPEYAOTCS
3aa4M, KOra (PYHKIIMH, JOCTABJISAIONINE SKCTpEeMyM (YHKIIMOHATY, CAMH MOJAYUHE-
Hbl HEKOTOPBIM JIONOJIHUTEJBHBIM YCJIOBHUSM, HA3bIBAEMBIMH YPABHEHUSMH CBS3U.
Takue 3aga4n U3BECTHBI KaK 3a0ayu HA YCA08HbIU dKcmpemym. PaccMoTpuM cHavana
HauboJIee MPOCTOM BapuaHT BapUaLlMOHHOM 3a]]a4l HA YCIOBHBIN SKCTPEMYM.

3agaya Jlarpan:ka ¢ roJJOHOMHbIMU cBsI3sIMU. [IycThb 3aan pyHKIIMOHAT

5%
IX(D]= [FIL X)X g0 X2 Ky K g e X JdE (2.25)
ty
IIPU HAJIMYKUU YCIIOBUH
Q;(t,X{,X5,..,X,)=0, 1=1,....m, m<n (2.26)
"
X(to) =Xo; X(t)=Xis X =(X1,X2000Xn) (2.27)

Oy @Q; (t,X;,X,5,...,X,), 1 = 1,...,m npeanonararwTcs riaikuMU U HE3aBUCH-
MBIMH 10 IEPEMEHHBIM X, ..., Xy .

CdopmynupoBaHHas 3a/iaya Ha YCIOBHBIM SKCTPEMYM pEIIAETCs, KaK MPaBUIIO,
NyTeM CBEICHUS €€ K 0e3yCIIOBHOMY IKCTPEMYMY HEKOTOPOTo (hyHKIIMOHAJIa METO-
JIOM HEONpeeIeHHbIX MHOXKUTENEH Jlarpanxka. Jlokazana [34] cinenyroiias TeopeMa
2.3: ecru X(t) — sxcmpemanv ¢hynkyuonana (2.25), yoosnemeopsaroujas yCio8Uusim
(2.26), (2.27), mo ona yodosnemeopsiem YpagHeHusm uiepa, COCMAGIEeHHbIM OJisl
@yHKYUOHANA

ty m ty
G[X(1)] = j (F+Y A (0) - ¢;)dt = [Ldt, (2.28)
to i=1 to

ede A; =M\, (t)— coomsemcmeyowue pynxyuu (mMHoxcumenu Jlacpanica).

B coorBercTBUM C maHHOW Teopemoi, skcTpeManu (yHkiuoHana (2.25) u
byukmu A, (t), i=1,...,m MOJKHBI YAOBICTBOPATH ypaBHEHUAM Diliepa:

“94y 0, k=lL..n,
de

Xk

(2.29)

d :
LM _ELM E(pi =O’ 1=1""’m,
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m
rne L=F+ Z A; - @; Tak Ha3pIBaeMas Qyukyus Jlacpanoica.
i=1
YpaBuenun (2.29) poctaTodHO Ui ONpPENEIICHUS MHOXWTenen Jlarpanxa
Ai(t), i=l,....m # HUCKOMBIX QyHKIUH X, (t), i=1,...,n, €CI U3BECTHHI IPaHNY-
HbIe ycioBus. TakuM o0pa3oM, 3KcTpeMalb 3a1auu (2.25) — (2.27) onpenensieTcs: u3-
BECTHBIMHM METOJaMH MTOMCKa KCcTpeMalie pyHkunonana (2.28).

VYKa3aHHBIM CTAaHAAPTHBIM IIPUEM PEIIEHHs 331a4 HA YCIOBHBIM 3KCTPEMYM
pacupocTpaHsieTcs U Ha Cllydaid, KOrja ypaBHEHHS CBA3U COJEpXkAaT IPOU3BOJIHBIE
MCKOMBIX (DYHKIIUH, T.€. ABIAIOTCS Tu(HepeHIHaTbHBIMA YPaBHEHUSIMHU

Q;[t,x;(t),...,x, (£),x;(1),....,x, ()]=0, 1=1,...,m . (2.30)
B knaccnueckom BapHallMOHHOM MCUMCIIEHUHU 3TOT IPUEM HE UMEET CTPOroro o0oc-
HOBaHMsI, B CYIIIHOCTH, €r0 JOKa3aTeJbCTBO AAETCA B COBpeMeHHbIX pabotax JI.C.
IIoHTpsirMHA NpY U3JI0KEHUU IIPUHIUIIA MaKCUMyMa. B yka3aHHOM cilydae Bapuanu-
OHHad 3a/a4a GopMyJIUpYeTCs KakK 3a/aya ONpeneeHHs 3KCTpeMyMa (pyHKIMOHANa
(2.25) Ha pemeHusX cucTembl auddepeHnanbabx ypaBHeHud (2.30), ymnoBIeTBO-
PAIOLINX KpaeBbIM ycnoBusM (2.27). JlanHas 3agada Ha3bIBaeTCs ooueli 3aoadeti Jla-
epanxca. OHa siBIsieTcst HanOosiee OOIIel 3amavell BapUAIMOHHOTO HCUMCICHHS U
npyrue u3BecTHble 3a1aun (bonpua, Maiiepa, ndonepuMeTprudeckas 3aaada) MOKHO
paccMaTpuBaTh Kak €€ YaCTHbIE ciaydau [27,28].
HN3onepuMerpuyeckas 3agava, sSBILIIOLIASACS YAaCTHBIM CiydaeM 3axadu Jla-
IpaH)ka U MPEACTABIAIOAs CAMOCTOSITENbHBIA MHTEPEC, B MPOCTEHMILEM BapUaHTE
(dopMyIupyeTcs CIEeIYIOINUM 00pa3oM: ONPENEIUTh IKCTpEMYM (YyHKIIMOHAIA

Uk
Ty = [ Fit, x (), x()]dt
to
IIPU YCIIOBHUH, YTO APYro GyHKIIMOHAIT

Uk
Iy = [olt.x(0), x()ldt = C
to
coxpaHseT 3aaHHoe 3HauyeHue C, a AKCTpeMalb MPOXOIUT Yepe3 TOUKH: X(tp) = Xo;
X(tk) = Xk
Haszpanue nzonepuMeTpuuecKux TaKOTO POJa 3a1a4y MOJYYUIIM 10 Ha3BAHUIO
OTHOW M3 HUX: CPEIU BCEX KPHUBBIX PABHOM JJIMHBI (OIMHAKOBOIO IIEPUMETPA) HANTH
Ty, KOTOpasi OrpaHUYMBACT HAaWOOJBIIYIO TUIOMIA(b. JTa 3a/1aya Obljla M3BECTHA EIIIE
JPEBHUM I'pEKaM I10J1 Ha3BaHUEM «3a1ada J(uaonsr» [29].
N3onepumeTpudeckyro 3ajady JIETKO CBECTH K oO1ei 3anaue Jlarpanxka. [leii-
CTBUTEJIBHO, 0003HAUUB

t
v =] @[t x(0), X(0]dt
0

(MHTErpaj ¢ IEPEMEHHBIM BEPXHUM MPEAEIIOM), TOTYUYUM

Y(t) =@, [t, x(t), x(t)],
U MPUXOAUM K cliefayromen 3anade Jlarpanxka: Haitu QyHKkumu Xx(t), Wy(t), A0ocTaB-
JSIOIINE SKCTpeMyM QYHKIIUOHATY Jo TpY HAJTUYHK YPaBHEHUS CBSI3U
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V-0, =0.
CornacHo Teopeme 2.3, mJisi pelieHUsl 3TOW 3ajayul CielyeT AJis BCIoMOra-
tenbHOM QyHKIMKH L =F+ A(Y —¢,) cocraButh ypaBHeHUs Dilepa

d d d
L ——L _ =0; Ly,——L,/.,:——/"L(t):O.
dt dt dt
W3 BTOpOrO ypaBHeHHs Diiepa CieayeT, 4To A = const, T.€. JJIs H30MEPUMET-
puYecKoil 3a1aun MHOKUTENb Jlarpanka oOpaiiiaercs B MOCTOSTHHOE Yucio. B To xe

BpEMsl 3TO YpaBHEHHE HE€ JaeT HUKakoil nHopmanuu o GyHKUuM WY(t), OAHAKO B

ATOM M HET HEOOXOAMMOCTH: MBI JIOJDKHBI HAaWTH TOJNBKO ONHY (DyHKIHIO X(t), MOC-
TaBJISIOUIYIO0 SKCTpeMyM (yHKUMOHATY J, mpu Hamuuuu yciaoBus Ha J. J{ms atoro
JOCTaTOYHO OJHOTO YpPAaBHEHUsT — I[EPBOrO YpaBHEHHs Oiljiepa, B KOTOPOM
Ly =F =40, ; Ly =F —Apy;.

Takum oOpa3zoM, mojydyaem CJeayrollee MHEMOHUYECKOE MPABUIIO: JIJISi TOTO
yTOOBI HAWTU QYHKIUIO X(t), JOCTABISIOUIYIO SKCTPEMYM HMHTErpainy Jy mpu ycio-
BUM, YTO MHTErpall J; COXpaHsSET 3aJJaHHOE 3HAYEHUE, CIEAYET COCTABUTH OIHO
ypaBHEHHE Diinepa 11 MPOMEXYTOUHON (PYHKIINH

L =F[t,x()X()] + Ay - @, [t, x(1), X(1)].

B peuienue ypaBHenus Oinepa OyayT BXOAMTH TPU MPOU3BOJBHBIE TOCTOSH-
HbIe — JIBE MOCTOSIHHbIC MHTEIPUPOBAHHS U MOCTOsHHAS A . 1 ux ompexaencHus
MMEEM KaK pa3 TpU YPaBHEHHUS: JBA YPABHEHUS CIECIYIOT U3 YCIOBUM MPOXOXKICHUS
AKCTPEMAJIH Yepe3 JBE 3aJaHHbIE TOUKHU, a TPEThE — U3 YCIIOBHUS, YTO UHTErpan J, pa-
BEH 3aJlaHHOMY 3HaueHuto C.

IIpumep 2.2. [Ins aBuraresnst MOCTOSHHOTO TOKA C HE3aBUCHUMBIM BO30YXkjie-
HUEM, ONMCBHIBAEMOTO YPaBHEHUEM

da(t)
dt
(0603HaueHus cM. B 1.2.1) HEOOXOIUMO ONPEIETUTh ONTUMAJILHBIE IHarpaMMbl CKO-
poctu ®(t) 1 Toka i(t), JOCTABISAIOIIME MUHUMYM MOTEPh SHEPTUU B OOMOTKE SKOPS

szr-iz(t)dt

k_-1(t)+m, m=const,

(MUHUMAaJIbHBIA HarpeB SIKOPHOW OOMOTKH) IIPH 33JaHHOM YTJIe TIOBOPOTa BaJia JIBH-
raTens

Q= ]‘a)(t)dt
0

3a ¢ukcupoBanHoe Bpems T mpu HyneBbIX rpaHuyHbIX yeaoBusix @(0)=w(T)=0.

BBIpaBI/IB M3 YpaBHCHHA ABUKCHUA ABUIAaTCIIA TOK

— J . _m
1 =7 > mMy=-—

k

m m

i(O=Ja0+m; I

U TOJICTABHB €r0 B WHTETPal MOTEPb DHEPrUH, CBEIEM ONpeACICHHE ONTHMAIBHOW aHa-
rpaMMBbl CKOPOCTH K M30MIEPUMETPUUYECKON 3a1a4e: Tpedyercs Hath QyHKuuio o(t), odec-
MICYNBAIOIIYI0 MUHUMYM HHTETPAy
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T
P=r[(Ja(t)+m,) dt
0
[IPY 33JJaHHOM 3HAQYEHUH YIJ1a ¢, ONPEAEIISIEMOM COOTBETCTBYIOIIUM UHTEIPATIOM.
s perieHus: copMyIMpOBaHHOM BapHAIlMOHHOM 3a/laud cocTaBiisieM (DyHK-
uuto Jlarpanxa

L(@, &) =1(J,éXt)+m,)’ + A,o.

J{ns1 Hee ypaBHEeHUE Dilepa MIPUHUMAET BU/I
d .
L,——L,=4 —-2tJ}®=0.
dt
Obuee pemenue 3toro nuddepeHInaIbHOTO YpaBHEHUS UMeET (HhopMy

A

2
o(t)=—=t"+ct+c,.
2 1 2
4rJ;

Takum 00pa3oM, ONTUMAJILHOW JUAarpaMMOM CKOPOCTH SIBJISIETCSl Mapaboiia, a
COOTBETCTBEHHO ONTUMAaJIbHAs JUarpaMMa TOKa UMeeT JTUHEUHBIN XapaKTep

A

(t)=——t+{J,c,+m,).
21,
JlnarpamMma CKOpPOCTH 3aBHCHT OT TPEX MPOU3BOJIBHBIX MOCTOSHHBIX: A, C,C,.

T
Jlist ¥X onpeaeneHuss MMEEM TPU YPaBHEHUS: ¢(0)=0; o(T)=0; .[a)(t)dt =¢p. U3
0

MIEPBOT0 YPABHEHMS Cpa3y CIAEAYET, UTo C, = 0. Jlasiee u3 cucTeMbl OCTABIIMXCA JBYX
ypaBHEHUH C ABYMSI HEU3BECTHBIMU

/102T2+C1T=0; ’102T3+0.5-c1T2=¢
4rJ; 121];
HaXO0InuM
2411 6
20 = —T—;, C, = F .

OKOHYATENIbHO ONTHUMAJIbHBIE IUarpaMMbl CKOPOCTH U TOKa JBUTATENsI OMUCHIBAIOT-
Cs YPaBHEHHUSIMU

6p( : 12] 6J
a;(t)=T—(f o] == T;(pu le(p+ml.

(2.31)
3aMeTuM, ONTUMAJIbHbIE JUArpaMMbl HE 3aBUCAT OT BEJIUYHMHBI CONPOTUBIICHUS T
SAKOPHON OOMOTKH ABUTATEN. ITO MPOCTO OOBSACHAETCS: OCTOSHHBIN KO3(DPUIueHT
I MPpYU MUHUMH3UPYEMOM (pyHKIIMOHANIE P MOXXHO OBLIO OMYCTUThH — OH HE BIUSET Ha

9KCTpEMaAJIb (I)YHKHI/IOHaJIa, HN3MCHSA TOJIBKO €0 YHMCJICHHOC 3HAYCHUC.
2

Uccnenyem ycnosue Jlexxanpa: aaa); =2J? >0. Takum 00Opa3om, Ha KCTpeMa-
@

nasx (2.31) AeUCTBUTENHHO MOXKET JOCTUTAThCSd MHUHUMYM (DYHKIIMOHAIAa TOTEPh
sHepruu P.
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2.2.5. Kanonu4eckas popma ypaBHenuil Jilsiepa—Jlarpanxa
IS 32/1a4 ONTHMAJILHOTO YIIPaBJIEHUsI
[ToBTOpUM (OPMYIHMPOBKY 3aAaud ONTHUMAIBLHOTO YMPABICHHUS B HECKOJIBKO
000011eHHON TocTaHoBKe. IlycTh 00BEKT yIpaBiieHHs omuchkiBaeTcs AuddepeHIu-
QTBHBIMH YPaBHEHHUSIMU
x; () =£,(X,U,t), i=L2,...,n (2.32)

WM B MAaTPUYHOM (popMe ypaBHEHHEM

X(t) =F[X(1), U(t),t].
VYpaBuenus (2.32) sBusaroTcsa 06o0menrem moaenu (1.1) Ha ciiydalt HecTallMOHAPHBIX
00BEKTOB ¢ HETMHEHHOCTSIMHU OOIIIETO, a HE TOJIFKO MOJMHOMHAIBHOTO BHIA.
TpeGyetcs HaiiTi BekTop ynpasienuil U(t) 1 COOTBETCTBYIOIIYIO (pa3oByto

TpaekTopuio X(t) mepeBoaa 00bEKTa U3 HAYAJIbHOTO COCTOSTHUS

X(t()) = X() (233)
B KOHEUHOE

X(ty) = Xy (2.34)
C MUHUMAJILHBIM 3Ha4eHuEeM (yHKIIMOHAJA

tg
I= [f,[X(t), U(t),t)dt . (2.35)
to
OueBHIHO, YTO TaHHAS 3a/1a4a SIBJISETCA BapUALMOHHOM 3a/laueld U OTINYaeTCs
OT PAacCCMOTPEHHBIX paHEE 3aJlady Ha YCJIOBHBIM 3KCTPEMYM TOJIbKO TEM, YTO B HEE
BXOJIAT JBa BUJa (pyHKUMi: BekTopHas PpyHKuug X(t), XapaKTepu3yromias COCTOsTHIE
cuctemsl, u ¢pyHkus ynpasiernus U(t). Ho 9To oTnmuue He SBISICTCS TPUHITUTHATD-
HBbIM JUIS 3a7a4 BapHallMOHHOTO MCYUCIIEHUSA U JIETKO MOKa3aTh, YTO 33/1adya ONTH-
MaJIbHOTO YIIPABJICHUS, YAOBJIETBOPSIONIAs OCHOBHBIM ITOJOKEHUAM KIACCUYECKOTO
BapUAIMOHHOTO MCYHUCIIEHHS (OTCYTCTBUE OTpaHUYECHHUI Ha (Pa30Bble KOOPAUHATHI U
YIPABISIONINE BO3ACUCTBUS, NUPHEPEHIIMPYEMOCTh YIPABISAIOMIUX BO3ICHCTBUI),
sBisieTcs oOuien 3agadeit Jlarpanxka. JleficTBUTeNnbHO, uHTErpai (2.35) MOXHO pac-
CMaTpUBaTh KaK GYHKIMOHAJ, 3aBUCAIIUN OT n+m QYHKIUA Xi,...,Xp, Ug,...,Up,.
Ot QpyHKUIMM cBs3aHbl AU PepeHInaIbHBIMA ypaBHEHUSIMHU o0bekTa (2.32),
KOTOPBIE MOKHO 3allMCaTh B BUJI€ YPABHEHUI CBS3U
(pi(X,X,U,t) =x; — (X, U,t)=0,1=1,2,...,n. (2.36)
CrniemoBartenbHO, 1151 pELICHUST YKa3aHHOW 3a1a4M ONITUMAIbHOTO YIIPaBJIEHUS
MOYHO MCIIOJIb30BAaTh METOJI HEOTIPEIETIEHHBIX MHOXKUTENEHN Jlarpanika u 3anucarhb
HE0O0X0IMMOE yCIIOBHE IKCTpeMyMa (pyHKIIMOHAIA (2.35) mpu HAJITMYUU OTPaHUYCHUM
(2.36) B BuE cucteMbl ypaBHeHUM Disiepa—Jlarpanxka. CoriacHO METOIy Heomnpeae-
JIEHHBIX MHOKUTEJICH BBEJEM BCIIOMOTaTEIbHBIN (PYHKIIMOHAI

I = _rL[X(t), U(t), A(t), t)dt, (2.37)

rae

L(X,U,A,0) =£,(X,U,t) + anki(t)[xi —£.(X,U,0)] (2.38)

ecth Gynknus Jlarpamka. Torna ypaBHenus Ditnepa—Jlarpamka OyayT uMeTh BT
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L —EL)-L =0,1=12,...,n;
dt

X;

d .
Lﬂ1 _EL”% =0,1=12,...,n; (2.39)

L -3 =0 j=1.2...m.
j dt j

Pemas cucremy auddepeHunanbHbix ypaBHeHU (2.39), mpyu TpaHUYHBIX yCIIO-
BUsX (2.33), (2.34) MokeM onpeenuTh onTumanbHoe ynpasienue U(t) 1 COOTBETCT-
BYIOLIYIO €My ONTUMAJIBHYIO TpaekTOpuio X(t) ABUXKEHUSI 00BbEKTa.

B Teopuu onTUManbHOrO YIpaBieHUsl YacTO UCIOIb3YeTCsl KaHOHUYecKas: Qop-
Ma 3amucu ypaBHeHuW Oinepa—Jlarpanxka. [lns nmpuBenenus ypaBHeHuiu (2.39) k
aTOll (opmMe BBOAMTCS TaK HaszbiBaeMas @yukyus Iamunrvmona (eamurbmoHuaw)

[27,28]:
H(X,U,A,t)=—f0(X,U,t)+Zn:Xifi(X,U,t) =Zn:kifi(X,U,t), Ao=-1. (2.40)

i=1 i=0
Bripasum ¢dynkiuto Jlarpanxka (2.38) yepe3 ramuiabToHuaH (2.40):

LU A D =-HX U, A D+ S A 0%, (1), A=,k ). (2.41)
i=1

3anumem ypaBHeHus OJiniepa—Jlarpamka (2.39) ¢ ucnonb3oBaHueM (QYHKIIHH
I'amunprona. i1 mpoW3BOAHBIX, KOTOPBIE BXOIAT B ypaBHeHus (2.39), cormacHo
(2.41) umeem

LM
e ) SR ) & fooX;

oL JH oL
L,=2=-2" 4k L, =—2=0,
YT oa U AT
b du;  du b du;

[ToncraBnsiem naHHble BbIpaxkeHus B (2.39), mnosiydyaeM ypaBHeHUs Oilnepa—
Jlarpanxa B kKaHOHUYECKOH (hopme:

(3 2-ro ypaBHEHUS) X; = ﬂ i=L2,..,n, (2.42a)
(u3 1-ro ypaBHEHUS) i oH . 4
yp :—a—, i=1,2,....n, (2.424)
Xi
(u3 3-ro ypaBHEHUS) oH
B_ZO’ j=1,2,...,m. (2.422)
u

YpaBuenus (2.42) umeror riayOokui duzumdeckuii cMmpici. Bo-mepBbiX, Hemo-
cpeacTBeHHbIM auddepeHIIupoBaHueM yOexKaaeMcs, 4To ypaBHeHuUs (2.42a) sBis-
IOTCSl  ypaBHEHMSIMU HMCXOJAHOTO oO0BekTa (2.32). COOTBETCTBEHHO, YpaBHECHHS
(2.420), 3anMcaHHBIE OTHOCHTEHFHO BCIIOMOTATENIFHBIX MMEPEMEHHBIX A;(t), oOpa3y-
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I0T TaK Ha3bIBAEMYIO COMPSDKEHHYIO K 00bekTy (2.42 a) cucteMy ypaBHeHui. OHu,
corjiacHo (2.40), uMeroT BU

_of (X, U, of; (X, U, t
Aty=— E)H ( t) Z ( t)

[lepemennbie A, (t), B OTJIMYHE OT KOOp,Z[I/IHaT 00beKTa yMNpaBJICHMS, HA3BIBAIOT

A, 121,200 (243)

CONPAINCEHHBIMU KOOPOUHAMAMU.
Bo-BTOphIX, 3amMedaeM, 4To ypaBHEHUS (2.42B) SBIAIOTCS anreOpandecKuMu

n

oH __d(X.U,0 +> of X.U, t)ﬂk (t)=0, j=1,2,...,m, (2.44)

du; du; o du;
YCTaHABIMBAIOIINMH YCJIOBHUS PABEHCTBA HYJIIO TpagueHTa GyHKIuu ['aMiIIbTOHA 110
BekTOopy U — yCIOBHS BO3MOYKHOIO MakCMMyMa raMWJIbTOHMaHA. Kak M3BECTHO U3
pabotsl [9], pynkuusa ["amunpToHa onpeAenseT MOIHYI0 YHEPTHIO CUCTEMBI, OMHUCHI-
BaeMol ypaBHeHusMH (2.42 a) u (2.42 6). CinenoBarenbHo, ypaBHeHUS (2.44) yKasbl-
BAIOT, YTO TOJIHAS DHEPTHSl CUCTEMBI TIPU ONTUMAILHOM YIPABICHUU JTOJDKHA OBITH
HauOOJbIIEH MO CPABHEHUIO C IPYTUMU BO3MOKHBIMU YTIPABIICHUSMH.

VYpaBuenus (2.44) mo3BOJISIOT ONPEACIUTh ONTUMAIBLHOE YIPABICHUE B BUJIE

byHKIMK TepeMeHHbIX X U A:

U=UX,A,t) . (2.45)
IToncraBuB Beipakenue (2.45) B (2.42 a) u (2.42 6), nonyuum cucremy 2n nudde-
PEHITMATBHBIX YPaBHCHUI:

%, (1) = £,[X(0), UX (1), A(D), 0], i=1,2,...,n,

A(t)=— , afj[X(t)’U(X(t)’A(t)’t)’t]/lj(t), i=1,2,...n, (2.46)
=0 dx;
X(ty) =X, X(t)=X,.

OO61iee pelieHUe TakOW CHUCTEMbI, KaK M3BECTHO, 3aBUCUT OT 2n HadaJbHbIX (Kpae-
BbIX) ycJ0BUi. B 3aiaue ynpaBieHus ¢ 3aKpEIJIEHHBIMU KOHLIAMH N HaYyaJbHBIX yC-
JIOBH 3a7]aHO Ha JIeBOM KoHIIE ($a30Boil TpaekTopun (X(ty)) = Xp), ¥ n yCIOBHUI —
Ha npaBoM KoHIle (X(ty) = Xy). 3amaua (2.46), Kak U3BECTHO, HA3BIBAETCS IBYXTOUEU-
HOU KpaeBoil 3anaueit (JITK3).

Takum o0Opazom, 3aadya ONTUMAIBHOTO YNPAaBICHUS OKaszajach CBEACHHOM K
pemenuto JITK3 (2.46). [loguepkHeM, 4TO B CHIIy TOJIBKO HEOOXOIMMOCTH ypaBHE-
Hui Diinepa—Jlarpamka pemieHue cucteMbl (2.42) He 0053aTeIbHO OMpPEACIIsIeT OIl-
TUMaJIbHOE YNPABJICHHUE, HO TOJBKO PEIICHUE CUCTEMBI (2.42) MOXKET MPETEHI0BATh
Ha pOJb ONTUMAJIBHOTO yrpasiieHHs. C MOMOILIBIO ypaBHEHWH Ounepa—Jlarpanxka
OOBIYHO YJAeTCsl HAUTU ONTUMAJIBHYIO TPAEKTOPHUIO CUCTEMbI, OCKOJBKY CYIIECTBO-
BaHHUE M XapaKTep dKCTpeMyMa (pyHKIMOHAJIa B pealbHOW 3ajjaue YNpaBJICHUs, Kak
paBUJIO, U3BECTHBI U3 €€ PU3NYECKON CYIIHOCTH.

VYkazaHHbIl pe3ynbTat (ypaBHeHUs ['amuiibToHa (2.42)) MOXKHO CUATATh OCHOB-
HBIM JIOCTHKEHUEM KIIACCUYECKOIO BAPUALIMOHHOI0 UCUHCIEHUs. JlaHHBI pe3ynbTaT
ob11 pa3But u 0000m1ieH JI.C. IIoHTpSATUHBIM B IPUHIIUIIE MAKCUMYMA.
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2.3. llpunuun makcumyma JI.C. IlonTpsiruaa

[IpyHIMIIOM MaKCHUMyMa Ha3bIBalOT MAaTEMaTHUYECKUU METOJl, KOTOPHIH ObLI
pa3BuT akaaeMukoM JI.C. [IOHTpSITMHBIM U €r0 YYEHHKAMU JJIsl PELICHUs 3a7a4 OIl-
TUMaJIbHOTO YIIPABJICHUS NP HAJIMYUU OTPAHUUYEHUM Ha BEKTOp ympamieHUs B Ghop-
M€ HEPaBEHCTB.

JlanHasg 3amada ympaBlIeHUsA, KOTOPYIO YCJIOBHO MOKHO Ha3BaTh 3ajayei
JI.C. TloHTpsiruHa, B 1IEJIOM aHAJIOTHUYHA PacCMOTpeHHOM 3anaue (2.32) — (2.35), Ho
OTJIMYAETCS OT HEe CICAYIOMUMHA OCOOSHHOCTSIMHU.

1. Kpurepuii kauecTBa 1 OOBEKT YIIPaBICHUS

X(t) =F[X(1),U(t)] (2.47)

CUMUTAIOTCS CTAIIMOHAPHBIMHU.
Cpasy orMmeruMm, uTo He3aBucuMmocTh pyHkumi f, f;, i=1,2,...,n xpurepus
1 00bEKTa OT BPEMEHU t HE CHUKAET OOIIHOCTH 3a/1aud YIpaBJeHUs, TaK Kak B Mpo-
TUBHOM CJIy4ae, BBOJSI HOBYIO IIEPEMEHHYK X .= W JIONOJHAA cuctemy (2.32)

ypaBHEHHEM XnH: 1, mosryduM OOBEKT, MpaBasi 4aCTh KOTOPOT'O HE 3aBUCUT SBHO OT
BPEMECHH.
2. Ilpeanonaraercsi, YTO KOMIIOHEHTBI BEKTOpa YIpaBieHUs U (t),...,u  (t)
IpyU KaxJAOM t NPUHUMAIOT 3HAYEHUS M3 HEKOTOPOro 3aMKHYTOTO MHOKECTBA
Q(U). B kauecTBe TakOoro MHOXKECTBA B MPAKTUUYECKUX 3ajadaX YacTO BBICTYIACT
MHOKECTBO YIIPABJICHHUM, OTPAaHUYEHHBIX 110 MOJYJIIO:
Ue QU); |u, (1)|<U k=1,2,..,m. (2.48)

IIpy  5TOM  ymOpaBidIOIIME  BO3JCUCTBHUS  CUMTAIOTCA  MPUHALICKAITUMU
(YHKITMOHATLHOMY MPOCTPAHCTBY KYCOUYHO-HEMPEPBIBHBIX (PYHKIHUN C METPUKOM
(2.1), xotopoe ycioBuMcs o0o3Hauath cumBosiamMu  KC[ty,t]. VYkazanHbie
BO3/ICICTBUS HA3BIBAIOTCS IOMYCTUMBIMH YIIPABICHUSIMU.

Ecnu B mpouecce ontumansHoro ympasieHus ¢yskouu u, (t), k=1,2,...,m

kmax ?

HE JIOCTUTAIOT IpaHull MHOXeCTBa (2.48), TO AJisi HUX BBINOJHSIOTCS COOTHOIICHUS
(2.42B). OnHAKO YacTO ONTHUMAJIBHOE YIPABICHUE MPUHUMAET IPAaHUYHbIC 3HAUYCHUS
Uiaxe oo -U, .., k=1,2,...,m, u 6onee TOro, onTUMaabHOE YIpPaBICHUE

MOKET CKauKOM IEPEXOUTh C OJHOM IpaHMIlbl Ha Apyryto. Takue ynpaBlieHUs yxe
OyIyT ABJISITHCS KYCOUHO-HENPEPHIBHBIMU (PYHKIIUSIMHU BPEMEHH.

[Ipy momagaHuM yMpaBiSIIOMIUX BO3JIEUCTBUN Ha TpaHuily MHOxecTBa Q(U)
cooTHomieHus (2.42 B) HapymarTcs. B 3ToM ciiydae onTUMalibHbIE YIpPaBIICHUS
yaoBieTBopsitoT npunanuny mMakcumyMma JI.C. TlorTpsruna, popmynupyemMoro B Buje
cienyromiei Teopemsi [18, 27].

Teopema 2.4. I[lycms U(t), X(t), te [to,tk] peuienue 3a0ayu ynpasieHust
(2.33)—(2.35), (2.47), (2.48). Tocoa cywecmseyem HenpepwviéHas BeKMOP-QDYHKYUS
Y(t) = A(t) u nocmosinnasn ¥, = \,, maxue, 4mo:

1) W(t) sasuiemca pewenuem  conpsdceHnou — cucmemvl  (2.426),
coomeemcmeyrouel paccmompernnomy peuwtenuro X (t), U(t);
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2) npu Kaxcoom te [to,tk] pyuryus  Tamunomona H|[y,, ¥, X, U]
nepemennoco Ue Q(U) docmueaem 6 mouxe U(t) makcumyma:
H[y,,¥.X,U] :rgaécH[\po,‘P,X,U] =M|vy,,¥,X], (2.49)

3) eciu W(t), X(t),U(t), yooeremeopsrom (2.42a), (2.426), (2.49), mo
dyuryuu - Ay (t)  u M|y, P(0),X(t)] nepemennozo te [to,tk] AGNAIOMCS
NOCMOSHHbLIMU, NPUYEeM 7»0 <0, a M[\uo,‘P(t),X(t)]: 0.

Takum 00pa3oMm, CcOrJIacCHO TMpPUBEICHHONW TeopeMe, ympasieHue U(t),
nepeBojdlee OOBEKT U3 33JaHHOIO HAuyalbHOTO COCTOSHUS X B 3aJaHHOE
KOHEYHOEe X, TOJBKO B TOM CIIydae OKaXeTCS ONTHUMAJIbHBIM, €CIH HaWAyTCs
IIOCTOSIHHAs. Y, U OTIMYHOE OT HyJs pelleHue cuctemsl (2.42 0), mpu KOTOPBIX
BJIOJIb paccMarpuBaeMon Tpaektopuu (QyHkius H Bce Bpemst Oyner IOCTHTaTh

HauOoIbIIEro (HyJeBOro) 3HaueHus mno nepeMenHon U: M =ma xH.
UeQ

LleHTpanbHOE MECTO B 3TOI TEOpeMe 3aHUMAET YCJIOBUE MaKCUMyMa (DYHKIIMU
['amunbTOHA,  BCIEICTBHE 4YE€ro  HEOOXOAMMOE  YCIOBUE  ONTUMAJIBHOCTH,
c(hOpMyIUPOBAHHOE TEOPEMOM, HA3bIBAETCS PUHLIUIIOM MAaKCUMyMa.

JloKa3aTenbCTBO TEOPEMBI SIBJIIETCA JTOCTATOYHO CIIOKHBIM, U MBI HE OyJeM
ero npuBoauTh. OTHAKO MOAYEPKHEM, YTO MPHUHILIMI MaKCUMyMa yCTaHaBJIMBAET He-
00X0/IMMBbIE YCIIOBHS CHJIBHOIO 3KCTpEMYMa (PyHKIIMOHANA, T.€. SKCTpEMyMa B KJjac-
c€ KYCOYHO-HENpPEPBIBHBIX (PYHKIMI. ODTO cleayer U3 TOro, 4YTo B MPUHLIHIIE
MaKCUMyMa BapbUPOBAaHUE YIPABICHUN OCYLIECTBISIETCS HAa OECKOHEYHO MajoM
UHTEpBaJle T-£€<t<7T, t,<T<t, W Bapualus NPEACTaBIICT UMIYJIbC OECKOHEUHO
MaJioil IJIUTENBHOCTH €, aMIUIUTYAa KOTOPOTO MOXET OBITh JH000I, HO HE JOJIKHO
BBIBOJAUTH YIIpaBiI€HUE 3a OOJACTh CYIIECTBYIOIIMX OrpaHuYeHuil (puc. 2.4).
[TonoOHas Bapuaiusi Ha3bIBaeTCA Ueorbyamou. TakuM 00pa3oM, IPOBAPHLUPOBAHHOE
VIPABJIEHUE SABISIETCS KYCOYHO-HEIPEPBIBHBIM C pa3pblBaMU MEPBOrO POJA, YTO
00ecreynBaeT yCTaHOBJIEHHE YCIOBHI CHIIBHOTO SKCTpeMyMa (pyHKIHoHana (2.35).

u(t)

Umax

-

Puc. 2.4. UronpuaTas Bapuaius yrnpapieHuUs
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JIns MOATBEPKIEHUS CIIPABEMIMBOCTH TEOPEMBI MTOAYEPKHEM, YTO BO BHYT-
peHHux Toukax MHOxkectBa 2(U) mId ONTHMAIBHOIO YIPABJICHWS BBIIOJHSAIOTCS

ycioBus (2.42B), KOTOpBIE SIBISIOTCA HEOOXOJMMBIMHU JUISl BBIIOJHEHUS YCJIOBHS
MakcumyMa (2.49). Ycnosue (2.49) M0kHO paccMaTpuBaTh, Kak pa3BUTHUE, YCUIICHUE
ycinoBus (2.42 B) makcumyma ¢yHkunn H mnpu orcyrcTBum orpanmdyeHuil. Takum

O6pa30M, [MPpUHOUIT MaKCUMYyMa ABJIACTCA HCIIOCPCACTBCHHBIM, IIPAMBIM PA3BUTHCM
KJIACCUYCCKOI'0O BaApHMAlIMOHHOT'O HCUNCIICHU .

Ipumep 2.3. [IlpumMeHUM TPUHIUIT MAKCUMYMa K OIPECICHUI0 ONTUMAJIBHOTO
yIpaBjieHUs] 00BEKTOM IEPBOTO MOPSIAKA

Tx()+x(0=K-u() mm x(t)=-a-x()+b-u(), [u®|<U,,  (2.50)

MEPEBOASAILETO €ro U3 HauanbHOro coctosiHus X(0) = Xy B KOHEUHOE X(o0) = 0 ¢ mu-
HUMaJIbHBIM 3HAYE€HHUEM KBaJIPaTUYHOTO (PYHKIIMOHAJIA

3%
J= I(qx2 (t) + ru’(t))dt, (2.51)
to
raie a= 1/T; b= K/T; T, K — mocrossHHas BpeMeH! 1 KO3PIULIMEHT yCUIeHUs 00b-
€KTa; q, I — MOJOXUTEJIbHbIC BECOBbIE KOA(PDUIIMEHTHI KPUTEPHUSI.
Jlns naHHOM BapuallMOHHOM 3a7a4M cocTaBisieM QpyHkuuio ['amMmuiabToHA

2 2
H(x,u,A)=—qx’ —ru’ + M—ax + bu) = —r(u — ;X) + 4—7»2 —qx’ —akx. (2.52)
r r

OntumanbHOE YNPABIEHUE B COOTBETCTBUU C MPUHIIMIIOM MaKCUMyMa OMPENETUM U3
yCJIoBUsl MakcumyMma GyHKuuM (2.52) no nepemeHHod u. Bo3MokHbIe citydau J1oc-
TUKEHUSI KBAaJpaTUYHOW (yHKUMEH (2.52) MAKCMMAJIbHOTO 3HAYEHUS MPU HATMYUU

OTpaHUYECHHUS ‘u(t)‘ < U _ npencrasieHsl HA puc. 2.5.

A
\ H . ”A
i Un i \ i
i | H, ;
a : .............................. Hm i 6
mi i Um
B

Puc. 2.5. Onpenenenne makcumyma GyHkiuu ['aMuiibToHa

42



CornacHo puc. 2.5, B ciiyyae “a” raMHJIbTOHHUAH JIOCTUTAaeT MakCUMyMma IpHU
ynpasnenmn u(t)=U, = (b/2r)AM(t); B caydae “6” — u(t)= Uy, ; B ciydae “B” —
u(t) =-Up,

Takum 00pa3oM, ONTUMAIBHOE YIPABICHUE ONKUCHIBAETCS BHIPAXKEHUEM
U, ecm U, (t)>U_,
u() =<U, () =(b/20)M(1), ecmm |U,(0)|<SU,, (2.53)
-U_, eecmm U, (t)<-U_.
BBenem B paccMoTpeHue cTaHAapTHYIO QYHKIMIO Y(X) = sat(X), KoTopas omnpe-
JeNsieTCs CAEIYIOIUM 00pa3oM:
1, ectm x>1,
y=4 X, €CliH ‘x‘ <1, (2.54)
-1, ecim x<-1.
C ucnonp3oBaHueM AaHHOW (yHKIHMHU yrpaBiieHHe (2.53) KOMIAKTHO OINMHUCHIBACTCS
BBIPAKEHHUEM
u(t) = U_sat[(b/2rU_ JA(t)] . (2.55)
JIis MOMHOTO OmpeleNieHHus] ONTUMAJIBHOTO yrpaBiieHus (2.55) HeoOXxoaumo
HAWTH COMPSUKEHHYIO KoopauHaty A(t). Ha HayampHOM 3Tare pemieHus 3a1a4un mpe-
MOJIOKUM, YTO 3HAYEHUS IaHHON KOOPAMHATHI HAXOASTCS B 30HE JIMHEWHOCTH (PYHK-

uu (2.55). B aTom cnydae ayis  onpeneneHus GpyHKimuu A(t) BO3MOXHO HCIOIb30-
BaTh ypaBHEHUd Jiepa—Jlarpanxka

de—Hz—ax+bu, /iz—d—H=2qx+al,
dA d

- Xb (2.56)
— =2ru+bl=0 > u=—A~
du 2r

IToncraBinds onTUMaIbHOE YIIPABJICHUE W3 MOCIEAHET0 YpaBHEHUS cUCTEMBI (2.56) B
NEepBbIC ABA YPaBHEHHUS, TPUXOAUM K HEOOXOJUMOCTH PEIIATh CIEAYIONIYIO IBYXTO-
YEUHYIO0 KpPaeByIo 3aauy:

b2
x(t) =—ax(t) + — A(t);

2r
A(t) =2gx(t) + ad(t); (2.57)
x(0)=x;, x(0)=0.

Cuctembl ypaBHeHui (2.57) cBeneMm k ogHoMy auddepeHImaIbHOMy ypaBHe-
HHIO BTOPOTO MopsiaKa. J[JIst 3TOro U3 MepBoro ypaBHEHHUS BhIpaKaeM KOOPAUHATY A

2
A=+ ax)b—ir
Y TIOJICTABIIIEM €€ BO BTOPOE YPaBHEHUE
2 2
(X + aX)b—g =2gx+a(x+ ax)b—;r .

OKOHYATENIbHO ATO ypaBHEHHE IOCIE MPUBEACHUS MOJOOHBIX UYJICHOB MPUHUMAET
BHU/I
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2
(0 — (a2 + 2 Dyx(0) =0, (2.58)
r

Pemenriem nanHoro aqudGepeHIraib,HOr0 ypaBHEHHS SIBIIETCA QYHKIUS
2
t —at 2 b
x()=Ce® +Cre ™, a=,la’ +—3 | (2.59)
r
IMOCTOAHHBIC UHTCTPHUPOBAHUA C1 n C2 KOTOpOﬁ OIPCACIIAIOTCA U3 I'PAHUYHBIX YC-

noBui. Tak kak X(°°)=O, TO AJIS1 BBIIOJIHCHHA 3TOI'O KpacBOI'O YCJIOBHA ITOJIaracm

C;=0.Tlput =0 umeem C, e’+C, e’ =X, | /I BBINOJHEHUS JAHHOTO PABEHCTBA

JIOJDKHO OBITE C; = X,.

Taxum o6pa3om, onTHMaIbHOE ABUKEHUE O0BEKTA ONMHUCHIBAETCS SKCIIOHEHTON

x(t)=x,e ™ . (2.60)
Hcnonb3yss ypaBHeHHE 00bekTa (2.53), HaX0auM ONTHMAJIBHOE IPOTrPaMMHOE
yIpaBJICHHUE
=% e (2.61)
b

Ha ocnoBe cootHomenui (2.60) u (2.61) nerko omnpeaenutbs ynpaBi€HHE B

dhopme 0OpaTHOM CBA3H

ot

1 N - —at
u(t)=g(ax+x)=g(axoe —0x,e )=

a—o

u(t) =

3aMeTuM, 4YTO BbIpakeHHE (2.62) ONUCHIBAET ONTUMAJIBHOE YIPaBICHUE IMPU
OTCYTCTBUHU OTPaHUYCHHUU ‘u(t)‘ < U, . IIpu ux Hanmuuuu B cooTBETCTBUU C (2.55) 3a-

x(t). (2.62)

KOH ONTUMAaJIbHOW 0OpaTHOM CBA3U NPUHUMAET BUJ

u(®)=U_sat| 2%

x(t) | . (2.63)

m

O06ocHOBaHME 3TOr0 YTBEPKICHUS UMeeTcs B padote [9].

2.4. lnunamMuvecKoe NporpaMMHUpPOBaAHHE

JlpyrumM HM3BECTHBIM METOJIOM PEILIEHUs 3aJayd ONTUMAJIBHOTO YIpaBICHUS
(2.32) — (2.35) nipu HaTUYUK OTPAHUYCHUN Ha YIIpaBISIONINE BO3AeHCTBHS U (a3o-
BbIE KOOPJMHATHI OOBEKTa SIBIAECTCS METOJ JUHAMHYECKOTO MPOrpaMMHUpPOBAHMUS,
NPEAJIOKEHHBI aMEpUKaHCKUM yuyeHbIM P. bemnmanoM. B ero ocHoBe JiexuT cie-
IYIOIIMA TTPOCTOW, HA MEPBBIA B3I, HPUHUUN ORMUMANbHOCIU: "OnmumanbHoe
ynpasenenue obaaoaem mem C8OUCMBOM, YUMo 0/ 1100020 HAUAIbHO20 YCLOBUS U UC-
NOJIL30BAHHO20 HAYAILHO20 YNPAGIeHUsl Nocledyloujee ONMuMalbHoe YNpasileHue
cognaoem ¢ UCXOOHBIM ONMUMAILHLIM YNPAGIeHUueM OMHOCUMENbHO COCMOSHUS, NO-
JIy4arnwe2ocs 8 pe3yibmanme npumMeHeHus HauaioHo2o ynpasienus' [19].

JlpyruMu cioBamMH, MPUHIUI ONTUMAIBHOCTH YTBEPKIAET, UYTO JIF0O0OM OTPE30K
ONTUMAJILHOM TPAEKTOPUH, IPUMBIKAIOIINNA K KOHEYHON TOUYKe X(ty), TAKKE SABISET-
Csl ONTHUMAJIBbHBIM. [lomuepkHeM, 4YTO B TPHUHIMIE TOBOPUTCS 00 ONTUMAILHOCTH
TOJIbKO KOHEYHOI'0 Yy4acTKa ONTUMAIbHON TPaeKTOPUH, & HE KaKOro-IH00 MPOMEXY-
TOYHOI'O Y4aCTKa.
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[IpuHIMIT ONTUMATIBLHOCTH OMpPENENSeT JOCTaTOYHO o0lee He0OX0UMOE yCIIo-
BH€ ONTHUMAJILHOCTH JUHAMUYECKHX cucteM. OZHAaKO OH HE SIBISETCS BCEOOIUM —
OPUHIUI CHPABEIJIUB TOJBKO JJIi CUCTEM, Y KOTOPBIX ONTHUMAaJIbHAS TPACKTOPUS HE
3aBUCHUT OT MPEABICTOPUM CUCTEMBI, a LIETUKOM OIPEACIISIETCS] UCXOIHBIM €€ COCTOS-
HueM. Hanpumep, npuHIUI ONTUMAIBLHOCTH HE CIIPABEIJIUB JIJIs OOBEKTOB yIIpaBJe-
HUS IPU HAJIMYUU 3ara3AblBaHus B (ha30BbIX KOOPAMHATAX.

HecMoTpsi Ha MOYTH OYEBHJIHBINA XapakTep MNPUHIIMIIA ONTUMAJILHOCTH, OH
CBOMM CJICZICTBHEM MMEET JAJEeKO HEe O4YeBHUIHOE (PYHKIMOHAIbHOE ypaBHeHue. Ile-
pPEXOJs K €ro BBIBOMY, MPEANoIoKuM, uTo 3anada ymnpasienus JI.C. Ilortpsaruna
(2.33)—(2.35), (2.47), (2.48) peuieHa U HaiiieHbl ONTUMAJILHOE YIPABICHUE U(t) u
COOTBETCTBYIOLIAs €My TPACKTOPHUs ABMKeHHs o0bekta X (t). Munumanshoe 3naye-
HUue Kpumepus, coomeemcmeyioujee OnmumMalbHOMy YAPAGIeHUulo, 0003HAYUM CUM-
80710M

S(X,,t,) = min j £,[X(t), U(t), t]dt ; (2.64)

oannasn gyuxyus S(Xy,ty), 3a6uciawas moabko om HAYAIbHO20 COCMOAHUSA 00beKma
X(ty) = Xy nHazvieaemca ¢yukyuei benimana. Ilogaepkaem, 4To 371€Ch 3aBUCUMOCTD
(GyHKIIMOHAA OT KOHEYHOTO COCTOSIHHSI OOBEKTa, KOTOpPOE B 3ajJadax YMpPaBIICHUS
yacTo (UKCUPOBAHO, MPUYEM B 3a/1ayax ctabunuzanuu Xy = 0, He paccMaTpUBaeTCs.
Bribepem Ha onTMMallbHOW TPAGKTOPUHU JIBE TOYKH, COOTBETCTBYIOIIHE MO-
MeHTaM t U t+At, roe At — maiag BeJInyrHa. B COOTBETCTBUHU C HOPUHIUIIOM OIITH-
MAJIBHOCTH YYaCTKH ONTUMAIBHOM TPAEKTOPUHU OT TOUEK t M t+At 7O KOHEUHOU TOY-
KH t, SBIAIOTCS onTuManbHBEIMH. O003HaumM S(X(t),t) m S(X(t+At),t+At) MUHH-
MajibHbIC 3HaYeHUs PyHKIMOoHaNa (2.35), COOTBETCTBYIOIINE TUM Y4acCTKaM:

S[X(t), t]= Urergzi(r[lj) T f,[X(t), U(t), t]dt,

g
SIX(t+At),t+ At]= min [f [X(t), U(t), t]dt.
UeQ(U)

t+At

MC)KI[y 9TUMHU BCIIMYMHAMHU C HCIIOJIB30BAHHMEM IIPpHUHIMIIA ONTHUMAJILHOCTH MOXHO
YCTAHOBUTH CBA3b

t+At

S[X(t), t] = %1igr21{ [£,[X(1), U(t), t]dt + S[X(t + At), t + At]} . (2.65)

YuuThiBas MaJg0CTh BEIUYUHBI At, IPEACTABUM
t+At

Ifo [X(t), U(t), t]dt = F[X(t), U(t), tJAt + Q, (1), (2.66)

rae Q;(t) — manas BeIU4uHA ¢ OOJIBIITUM MOPSIKOM MAJIOCTH, YeM At.

Oynkuuio X(t+At) pazmoxuM B psax Teisiopa B OKpECTHOCTH TOUYKH t U, y4H-
TBIBasl ~ MaJOCThb  BEJIMYMHBI  At,  pa3jloKEHUEe  MPEACTaBUM B BHUIE
X(t+A)=X(t)+(dX/dt)- At + Qx(t), win

AX(t) = X(t+At) - X(t) = (dX/dt)- At + Qx(t), (2.67)
rae Q,(t) — COBOKYHOCTb MOCIEAYIOIIMX YIEHOB psiaa Tewnsopa.
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Hanee npeanonoxum, 9to ¢pyHkmus S(X,t) auddepeHurpyema no CBOUM ap-
rYMEHTaM. JTO MPENNoIoKeHNe HUYeM He 00OCHOBAHO, MOCKOJBKY cama (hyHKIIMS
HEU3BECTHA. ITO OOCTOSITENIbCTBO BHOCUT OMPEEICHHBIN 3JIEMEHT HEOOOCHOBAHHO-
CTH HEMPEPHIBHOTO BApHUAHTa METOJIa AUHAMHYECKOTO MPOTPAMMUPOBAHUS B OTIIH-
Yyhe OT €ro JUCKPETHOTO aHayiora, KOTOpbld 00s3aTeIbHO HEOOXOAMMO YUYHUTHIBATH
pYU MPUMEHEHUHU JaHHOTo MeToaa. OCHOBBIBAsCH HA MPEANOJIOKEHUU 0 nuddepeH-
IUPYEMOCTH W Yy4YWUThIBas mpeiacTtaBieHue (2.67), dhyHKIUIO S[X(t + At), t + At]

pasyioxuM B psax Teiopa:

S[X(t + At), t + At]=S[X(t), t] + (;%SJ AX + (%)At +Q, (1), (2.68)

rne 0S/0X =(dS/0x,,08/0X,,..,08/0x,)' — BEKTOpP YACTHBIX MPOM3BOIHEIX

byukiuu  S(X) MO KOMIIOHEHTaM BeKTopa X, BBIYMCIEHHBIX B Touke (X(t),t);
O;(t) — COBOKYNIHOCTb MOCIEAYIOIIMX YWIEHOB psana Teunmnopa.
[ToncraBum cootHomeHus (2.66) — (2.68) B ypaBHeHue (2.65):

ISLX (1),1] jT e

At +
oX

FolX(@®),U(2),t]- At +S[X (2),t]+ (
dt (2.69)

S[X(®),t]=min
vea 4 dS[X (1),1]
ot

At+0,(D),
rae Oy4(t) — COBOKYITHOCTD BCEX UJICHOB C MOPSAIKOM MAJIOCTH OOJBIINM, 4eM y At .
Bennuuna S[X(t),t] HE 3aBUCUT OT onTUMaiabHOro ynpasieHus U(t), Tak Kak

MIPEACTABISICT HAMMEHBIIIEe 3HaUeHHWE (PYHKITMOHANIA O YMPABICHHUIO, TIO3TOMY €€
MOYHO BBIHECTH W3-M0JI CUMBOJIA ONEepallii MUHUMH3ALUN U B3aUMHO YHUUTOXHUTh
C TaKOM € BEIMYMHOM B J1eBOM yacTh (2.69). OcraBiieecs: BEIpaKEHUE pa3/iesiuM Ha
At u yctpemum At — 0. B cuiy cienaHHbIX 3aMeyaHuil 0 IOpSAJIKE MaJOCTH cllarae-
MOro Oy(t) BbmmosHsAeTca ycanoBue llm Oy, (t)/At=0 npu At — 0. IIpousBoxnHas
0S/dt, Tak e Kak ¥ QYHKIUS S, HE 3aBHCHUT OT YIPABJIECHUS M MOXKET OBITH BHIHECE-

Ha 3a QurypHsle ckoOku. [locne npoBeaeHUs BCeX yKa3aHHBIX ONepalii COOTHOLIE-
Hue (2.69) npeBpaiiaercs B u3BecTHOE (DyHKIMOHAIBHOE YpaBHeHHE bennmana

—Mz min< f,[X(t), U(t)] + (wj HX(@®),U®)];, (2.70)
ot uca 0X
WJIU B CKaJISIpHOM hopme 3anucu
aS o, IS[X(1), t]

-2 min{f, [X(1), U(t), tI} + £ X0, UG, . 271

i OX,

VpaBuenune bemnMana mpencraBisier cBoeoOpasHoe audepeHimanbHoe
YpaBHEHHE B YACTHBIX MPOM3BOJIHBIX, KOTOPOE OT M3BECTHBIX YPABHEHHUH TaHHOTO
KJIACCA OTJIMYACTCS HAJIWYHEM OIlepalii MuHUMHU3aluu. [Iporeaypa onpeseneHus
ONTHMAJIBHOTO YIPABICHHS C €r0 IIOMOIIBI0 CBOIMUTCS K CIIEIYIOLINM OTICPALHSIM.

1. U3 ycioBust MEHEMYyMa BBIPAXKEHUSI B (PUTYPHBIX CKOOKAX HAXOJHUTCS ONTH-

MaJIbHOE yIIpaBJICHUE U xak (¢yHKUMA apryMeHToB X, S, t, T.€. B (popme
U *[X(1), S[X (1), t], t].

2. HalinenHoe ymnpaBJjieHUE U nogcrasisiercs B ypaBHeHue (2.71):
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= X0, U XS0, 1] + > X

i=1 1

—% £ [X(0), UX(0),S[X(1), ], t]. (2.72)
DOTO ypaBHEHHUE B YACTHBIX MPOU3BOJHBIX OTHOCUTENBbHO (¢yHKIUU bemnmana
S[X(t), t] Ha3pBaeTcsa ypaBHeHUEeM [ amunvmona—Axoou—benimana. Jlanaoe Ha3Ba-

HUE CBSA3aHO C TEM, YTO PaHEE YPAaBHEHUS aHAJIOTMYHOTO BUJA U3y4YaJIUCh U3BECTHBI-
mu Marematukamu P. lamunberonom, K. I'. Sxo0Ou.

3. VYpauenne [amunbroHa—SK0OM—bemiMana pemaercss OTHOCHUTEIBHO
byukun S[X(t),t] nmpu rpannunoM ycimoBu S[X(ty),ty] = 0, KOTOpoe OYEBUIHBIM
crocoOoM BbITEKaeT U3 omnpeaeneHuss pynkuun bemnmana S[X(t),t]. 3necy HE0OXO-
JUMO TOJYEPKHYTh, UTO B HACTOSILIEE BPEMS HE CYLIECTBYET YHHBEPCAJIBHOIO CIIO-
co0a pelIeHuts, MO3BOJISAIOIIEr0 B aHAIMTHYECKOU (popme HalTh pyHKUuMI0 bemmana.

4. @ynkuuro S[X(t),t] MOACTaBISIOT B BBIPAXKEHHE ONTUMAJILHOTO YIIPABICHUS
U *[X(t),S[X(t),t],t], 4TO MO3BOJSAET ONMPENEIUTh €ro Kak (PyHKIHUIO COCTOSIHUS U
BpEMEHH, T.€. B popme obpartHoii cBsizu U * [ X(t),t].

Takum 00pa3om, eciii MOKHO PEaTu30BaTh U3JI0KEHHYIO TOCIEI0BATEIBHOCTD
ornepauuid, To METOJI TMHAMHYECKOr0 MPOrpaMMHUPOBAHUS ITO3BOJIAET PELIUTh 33/1a4y
CUHTE3a ONTHMaJIbHOM 3aMKHYTOW CHCTEMBI yIpaBieHUs. B 3TOM cOCTOUT OCHOBHOE
JOCTOMHCTBO JJAHHOTO METOJIa B CPABHEHUH C KJIACCUUYECKUM BapHALIMOHHBIM HCUYHC-
nenueM U npuHuunom Makcumyma JI.C. IloHTpsiruHa, KOTOpbIE OPUEHTUPOBAHbBI HA
ONpeEJICHUE NPOrPAaMMHOIO ONITUMAIBHOTO YIIPABJICHUS.

OpHako Mpu MPUMEHEHUU METOJa JUHAMUYECKOTO MPOrpaMMUpPOBaHUs HEOO-
XOJIUMO UMETh B BUAY CIEAYIOLIEE.

1. B 3aganHOM KJ1acce IOMyCTUMBIX YIPABJIEHUN HE BCEr/1a CYLECTBYET TAKOE,
IPU KOTOPOM JIOCTUTA€TCd MUHUMYM BbIpaxeHus (2.71) (HamoMHUM, 4TO ymIpaBlie-
Hue U[X(t),t] Ha3bpIBaeTCA MTONMYCTUMBIM, €CIIM IIPU 3TOM YIIPABICHHUM CYIIECTBYET

peuienune ypaBHeHui (2.32), a pynkuuronan (2.35) KoHe4eH).

2. Oynknusa bennmvana S[X,t] He Bcerga o6iagaeT TOM IIaAKOCThIO, KOTOpast
OblJ1a MCIOJIb30BaHAa TpHU BbIBojAE ypaBHeHUs (2.70). VHbiMH clioBaMHU, peElICHHE
ypaBHeHus (2.70) He 00s13aTeIbpHO COBNAIAET ¢ MCKOMOM ¢yHKIMel benmmana.

3. Pemenue ypaBHeHuM bemiMana MOXET OKa3aTbCsi HE €IUHCTBEHHBIM.
B sTom cnyuae TpeOyeTcsi ONMOJHUTETBLHOE HCCIEAOBaHUE, MO3BOJISIONIEE YCTAHO-
BUTb, KAKOE U3 ITHX pelleHUN sBisieTcs QyHKIuen bennmana nucxonHou 3a1a4u om-
TUMaJILHOTO yIPaBJICHUS.

B cBs3u ¢ ykazaHHBIMHM MPUYMHAMH TIPUBEEM 0€3 J0Ka3aTelbCTBA TEOPEMY,
KOTOpasi yCTaHABIIMBAET JOCTATOYHBIE YCJIOBUS ONpEEICHUs PEUICHUs 3aadyu OIl-
TUMAJILHOTO YNPAaBJIEHUS] METOJOM JIMHAMHUYECKOTO MPOrpaMMUpoBaHus [24].

Teopema 2.5. Ilycmbv cywecmgyem eouHcmeenHoe HenpepvléHo Oughgeperyu-
pyvemoe  pewenue Sy 3adauu (2.70) u cywecmseyem OOnycmumoe YHpasieHue
U,[X,t] makoe, umo

a5,[X,t] )’
0X

Tozoa ynpasnenue U ,[X,t] aensemca onmumanoHulm, a coOomeemcmeyiouas @yHK-

. oS[X, 1)
min fO[X,U,t]+(a—Xj FX, U, t]p=1f,[X,U,,t]+ X, U,,t].
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yusa benimana ecmo So[ X t].

3ameuanne. TpeOoBanue nuddepenuupyemoctd pynknum S[X,t] sBIsgEeTCS
CYILIECTBEHHO OTPAHUYUTEIBHBIM; OHO HE BBIMIOJIHAETCS BO MHOTHX, JAXe MPOCTHIX
3a/layax, HalpuMep, B 3a7aue 00 ONTHUMAJIBLHOM MO OBICTPOACHCTBHUIO YIPaBICHHUU
IBYMSI TIOCTEAOBATENIbHO COEAMHEHHBIMH HHTerparopamu [32]. B onpeneneHHoit
CTeneHu TpeboBaHue K raaakocTy QyHkiuu bemnmana MoxHO ocnabutk. Tak, B pa-
6ore [21] mokazaHo, 4YTO TpeOyeTCs TOJBKO HEMPEPHIBHOCTh IMPOU3BEACHUS

s )
(a—X -F B mo6oii MomeHT BpeMenu t =T, korga dS/0X u F X, U, t] pa3pbIBHBL
B cratee B.I'. BoaTsHckoro [26] ycTaHOBIEHO, YTO JOMYCTUMBI Pa3pbIBbl YaCTHBIX
pOoU3BOAHBIX OT S[X,t] HA HEKOTOPOM KOHEYHOM MHOXECTBE TOUEK M.

IIpumep 2.4. PaccMoTpuM npUMEHEHUE YKa3aHHOM NpPOLEAypbl THUHAMHYE-
CKOT'0 IIPOTPaMMMPOBAHUSA K ONPENEIICHUIO PEUICHUs 3aa4d ONTUMAJIBHOTO YIPAaB-
neHus npumepa 2.3.

Ha ocnoBanum (2.71) 3anmceiBaeM (pyHKUMOHAJIbHOE ypaBHeHUE bemnmana
s oobekTa (2.50) ¢ pyHkronanom kadectsa (2.51):

. ) ) o
mln{qx +1rU”° + (—ax + bu)a—} =0 . (2.73)

UcQ X
BHa‘laJIe JJIA HpOCTOTBI peHleHI/IH HpGI[HOJIO)KHM, qToO OFpaHI/IquI/IH Ha CHI'HAJI
praBHeHI/IH OTCYTCTBYIOT. B 3TOM C.quae HaxXO0JIuM MI/IHHMYM BI;IpEDI(eHI/IH B (I)I/Il"yp-

HBIX CKOOKax M3 YCJIOBUS PABEHCTBA HYJIIO MPOU3BOJHOM IO U OT JAHHOT'O BbIpa)e-
HUS

2ru+ba—S=0.
ox

Otcrona onpenenseM ONTUMAIBHOE YIIPABICHUE

b dS
ut)=——-—. 2.74
Q) e (2.74)
VYupasnenue (2.74) noacrasisieM B ypaBHeHue (2.73):

, b2(as) as b*(asY
gx” + ( j axaX Zr(ij 0. (2.75)
Pemenne nuddepenunanpHoro ypaBHeHus I amunbroHa—Skobu—bemimana
(2.75) O6ynem onpenenars B hopMe KBaaApaTUIHOW (yHKIIMH
S(x) = Ax* (2.76)
C HEu3BeCTHbIM (UCKOMBbIM) Kodhduimentom A. Ilocne moACTaHOBKU pelICHUS
(2.76) B ypaBHeHue (2.75) nonydaem

2

qxz—b—A2x2—2aAX2=O wim  b>A* +2arA —rq=0.
r

Pemenuem JaHHOTI'O KBAJIPpAaTUYHOT'O YPABHCHHA HAXOAUM

2
A,=—2 4 (EJ +ﬂ=—bi2(ai1/a2+qb2/r) .

b b
Teneps B COOTBETCTBUU C ypaBHEHUMsIMHU (2.74) u (2.76) Haxoaum ONTHUMAJIbHOE

48



YIPaBIICHHE
b b 1
U=-—AX=K_x; K,_ =——A=B(a—1/az +qgb” /1) (2.77)
r r
(3HaK nepeq paJuKaioM BbIOpaH U3 YCIOBUS yCTOWYMBOCTH 3aMKHYTOM CHCTEMBI).
Temnepp pemnM 3amady yIpaBJICHHS ¢ YYETOM OTPaHUYECHUS ‘u(t)‘ <U,. BbI-

paxkeHue B (UTYpHBIX CKOOKax ypaBHeHus (2.73), Kak JIETKO 3aMETUTh, ITPH 0003Ha-
uennn dS/dx =—A cosmnanaer ¢ Qpyukiumenn Iamuisrona (2.52). 31ech HEOOXOAUMO

NOYEPKHYTh, UTO B OOIIEM cllydae O0BEKTa N-ro MOpSAJKA MEXIY MHOXHTEISIMU
Jlarpanka, conpspKeHHbIMU KoopauHaTamu npuHina makcumyma JI.C. Tlontpsaruna
u ¢pyHkuuen bennmana cyiecTByeT cienyromas B3auMOCBS3b:

A =p; (0 =-S 0,
X.

1

1=12,...,n .

[TosTomMy, mpoBOJI B BhIpakeHUU (2.73) MUHUMU3ALIMIO 110 U C YYETOM OTIPaHUYCHUS
‘u(t)‘ < U,, 1o aHaJoOruu ¢ HaXOoXJeHHeM 3kcTpemyma ¢pyHkuuu ['amunbroHa (2.52),

MOJXHO YCTAHOBHUTH

u(t) = Umsat{— b BS]

2rU | x

[ToncraBnsisi B 3TO ypaBHEHHE BBIpaKeHHE MPOU3BOAHON (pyHkumu (2.76), okoHYa-
TEJIBHO IT0JIy4aeM ONTHUMAaJIbHbIN 3aKOH YIIPABJICHUS

u(t)=UmsatE{j°‘x(t)} o=+la’+qb’/r . (2.78)

m

3amedaeMm, 4TO JJaHHOE YIPABJICHHE COBNAJAET C paHEE HAMIEHHBIM C UCIOJIb-
3oBanveM npuHiuna makcumyma JI.C. Ilontpsaruna pemenuem (2.63) paccmarpu-
BAEMOM 3aJ1auyl yIIPaBJICHHUS.

KoHTposbHBIE BONIPOCHI
1. Kakue ¢pynkuun x,(t), x,(t) Ha3pIBalOTCsA OJM3KUMHU B CMBICIE OJIM30CTU
HYJIEBOT'O, IEpBOTro, K-ro mopsigkon?
2. Ompenenute MOHATHS (PYHKIIMOHAJ, HEMPEPHIBHBINA (HYHKIIMOHA, JIMHEHHBIN
byHKIIMOHAT.
3. Uro Takoe cuibHas Bapualus (CHHOHUMBI — CHJBHBIM auddepeHunan,
muddepennuan Opeme) pynxunonana v|x(z)]?

4. Yro Takoe crnabas Bapualus (CMHOHMMBI — cCiaObiii nuddepeHunan,
muddepentman ['ato) GyHkimonana ?

5. Ilpu Kakux yciIoBUSX OCHOBHAS JIEMMa BApUAIMOHHOTO UCUUCIIEHUS
t
YTBEPKIAET PAaBEHCTBO HYJIIO HHTErpaia j pm(t)de=0 ?
to
6. CocTaBuTh ypaBHeHUs Dijepa 1 GyHKIIMOHAIOB

5 ) 1 .
] =J[7x(t) + 2X2(t)Jdt, ] =J[5t +3x() + xz(t)jdt.
0 0
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7. CoctaBuTh ypaBHeHHs Jitnepa — [lyaccona nist GyHKIIMOHATIOB
J, = }(xz(t) +xX2(t)dt, T, = j(t +x2(0) +0,5%2(1))dt .
8.C HOMOHI(;)}O 000011eHHOTO YCJIOBI/(I)}I JlexxaHpa UCCIeI0BaTh XapaKkTep
aKcTpemyMma GyHKIMOHana J= j(xz (t) +0,25%> (t))dt .
0

9. Yto mpencrapiser coboit ¢pyHkusa Jlarpanka B BapuallMOHHOM 3ajiaye Ha
YCIJIOBHBIN KCTpEMYM?

10. 3anucarp ypaBHeHus Jitnepa — Jlarpanka st onpeaeaeHus IKCTpemManu
10
dbynkuonana J = I (x2(t)+u’()dt Ha TPAEKTOPHSX IBMXKEHHUSI OOBEKTa yIpaBIIe-
0
HUS X=-X+2-Uu.
11. CocraButh ¢pyHknuio ['amunbroHa st 00bEKTa, OMUCHIBAEMOTO YpaBHE-
HUSIMU X, =a, X, +4a,X,, X,=a,X,+4a,X,+b-u, kKadecTBo yInpaBiIeHUs KOTO-
T
pPOT0 OLIEHUBAETCSI KpUTEpHEM ObICTpOJeHCTBUS J = jdt — min.
0
12. Ina 3apaum ynpasieHusa 0.11 coctaBuUTh ypaBHEHMS ISl CONMPSKEHHBIX
KOOPAWHAT, UCIIOJIb3yeMbIX B puHuune makcumyma JI.C. [lonTpsiruna.
13. Yto ytBepxkaaeT ocHoBHas Teopema JI.C. [ToHTpsiruHa (IpUHLIMIT MaKCH-
MymMa) ?
14. B yem cocTOUT NpUHILMIT onTUMaiabHOCTH P. bemimana ?
15. losicauTe pusnyeckuit cmbica pyHkuu bennmana.
16. Mcnionib3yst METOJ, IMHAMHYECKOTO MTPOrpaMMHUpPOBaHUs, 3alIMCaTh YpaBHE-
HUE B YaCTHBIX MPOM3BOIHBIX I ompexaeneHus pynkuumu bennmana (ypaBHeHHE
["amunprona—SAko6u—bennmana) JUIs 00BbeKTa yIIpaBJICHUS

X, =X,, X,=X,+ xi + 2u u (pyHKIMOHANA KadecTBa J = j(xlz(t) + x%(t) +u2(t))dt.
0
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3.3AJAYA CMHTE3A PEI'YJATOPA. KOHCTPYUPOBAHHUE
PET'YJSITOPOB C UCHOJIb30BAHUEM ®YHKIIUNA JISAIITYHOBA

He pemaii coxHyo 3aa4y, HE pelInB MPOCTYIO.
[IpuHIUI TPOCTOTHI

B n1anHOM rimaBe yTOYHSIETCA MMOCTAHOBKA 33J1a4d AHAIIUTUYECKOTO KOHCTPYHPO-
BaHMs OoNTUMAalbHBIX peryaaropoB (AKOP) ¢ ucnosnb3zoBaHMEM KOHUENLMU BO3MY-
IIEHHOT0-HEBO3MYIIIEHHOTO JIBMKeHUuss A.M.JIsamyHoBa. HamomuHaroTCsi OCHOBHBIE
pe3yJbTaThl TEOPUU YCTOMUYMBOCTH ABUXKEHUS JuHAMUYecKux cucteM A.M. JlsmyHo-
Ba U OTMEYaeTcs UX CBiA3b ¢ pesynabratamMu Teopuu AKOP. U3znaraercs meTomas
cuHTe3a HenmHenHbIX cucteM B.M. 3yboa u B.M. Kynnesuua, M.M. Jlsuaka c
UCIoIb30BaHuEeM (yHKIUH JISmyHOBa, KOTOPBIM B JajbHEHIIEM IO3BOJIAET TIIyOXkKe
noHath 3agayy AKOP u moaxonpl k ee pemeHuto. [IpuBomdTcss mpumepsl €ro
MPUMEHECHUS.

3.1. 3ajaua cuHTE3a ONTUMAJBLHOIO PeryJjsaTopa

Cample pa3HOOOpa3HbIe MO CBOEMY (DH3UYECKOMY COJIEPKAHHIO 3a/aud yIIpaB-
JIeHUSI 00 BEKTOM

y.=h.(y,,¥,,.-0,¥,,u;,u,,...,u_,),1=12,...,n; m<n, (3.1)

TIe Y,,Y,»- Y, — IEPEMEHHBIC, ONMUCHIBAIOIINE COCTOSIHME CUCTeMbI, a h , — u3-

BECTHbIC (DYHKIMM ITUX MEPEMEHHBIX U YNPABJSIOMUX BO3ACHCTBUH U, ,U,,...,U

m>
MOTYT OBITh CBEJEHBI K JBYM OCHOBHBIM MaT€MaTHYECKUM IIOCTaHOBKaM. Bo-
IEPBbIX, K 33aJlaue MPOrpaMMHUPOBAaHUS TPACKTOPHUI ABMXKEHUS, 00JadaroIINX, B Ya-
CTHOCTH, HEKOTOPBIM KEJIAEMBIM 3KCTPEMAIBHBIM CBOMCTBOM U COOTBETCTBEHHO IS
pElIeHUsT KOTOPBIX MOTYT OBbITh MCIOJIb30BaHbl BapHallMOHHBIE MeTOABI 1. 2. Bo-
BTOPBIX, K 33Jla4€ CUHTE3a PETYJIATOPA, MO3BOJISIOLIETO CTAOMIN3UPOBATh ABUKECHUE
00BEKTa BOJb IPOTPAMMHON TPAEKTOPUHU B COOTBETCTBUM C BHIOPAHHBIM KpUTEPUEM
KauecTBa. DTH JIBE€ 33Ja4d ONPEIEISIOT OCHOBHOE COJEPKAHUE U CYIIECTBO TEOPHH
YIPaBJICHHUS.

Peanm3anust onTUManpsHOrO0 IPOTPAaMMHOIO YIPABJIEHUS BCTPEYAET NMPUHIIUIIHU-
aJbHBIE 3aTPYIHEHUS, CBA3AHHbIE: 1) C HEBO3MOKHOCTBIO TOYHOI'O OIPEACICHUS Ha-
YaJIbHBIX YCJIOBUI OOBEKTA U €r0 NapaMmeTpoB; 2) ¢ AEHUCTBUEM HEKOHTPOIUPYEMBIX
BO3MyIleHUH. HeTOUHOCTh B OMpe/ieieHny HaualdbHBIX YCIOBUIM U apaMeTpoB 00b-
€KTa BBI3BIBACT OTKJIOHEHHE JEHCTBUTEIBHOTO JBMXKECHHS CUCTEMBI OT IIPOrPaMMHO-
ro, 0ojee Toro, 3T0 OTKJIOHEHUE CO BpEMEHEM 00BIYHO Bo3pacTaeT. [lonoxenue ycy-
ryosisercs U TeM 0OCTOSATEIbCTBOM, YTO HAa PacCMaTpUBAEMbI OOBEKT yNpaBICHUS
(3.1) MoTyT nelCTBOBATh BHEIITHHUE BO3MYIIIEHHUS, KOTOPHIE «CTAJTKUBAIOT» OOBEKT C
IPOrpaMMHOM TPAeKTOpHUH. B 3TOM citydae, gaxke Koraa BO3MYIIEHUs HE OYCHb 3Ha-
YUTEJIbHBI U UCYE3AI0T CO BPEMEHEM, OOBEKT «COMIET» C MPOrPaMMHOMN TPAECKTOPHUHU
Yinp(t) ¥ B KOHEYHOM UTOIE HE IOMAAET B )KETAEMOE Vi, KOHEYHOE COCTOSHHE.

JlanHbIE OOCTOATENIHCTBA BBI3BAIM HEOOXOIUMOCTh pa3pabOTKHM HOBOTO IMOJAXO-
J1a K peaIn3aliy NMPOTPaMMHBIX JBHKEHUN, OCHOBAaHHOI'O HA MCIIOJIb30BaHUU PETY-
JASTOPOB, (QYHKUMOHUPYIOMIMX MO MPHUHLHUIY OOpaTHOM CBSI3U MO OTKJIOHEHHSIM OT
IIPOTPAMMHOTO JBMKEHMS M TACSIIMX 3TH OTKJIOHEHHs. B OCHOBE TEOpUM NAaHHBIX
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PETYJISATOPOB JIEKUT 3HAMEHUTAST KOHYENYusi 803MYUWEeHHO20-HEBOSMYUEHHO20 O8U-
ocenua A.M. Jlanynosea u eco meopus yCmouuugocmu O8UNCEHUs TUHAMUYECKUX
cucrteMm [9].

Kpatko uznoxum ocHoBHbIe pe3ynbTarhl A.M. JldmyHoBa, ucnosib3ymbie MpU
CUHTE3€ PEryIsTOPOB.

Besikoe pemenue y, (t),y,(t),...,y, (t) cucremsl (3.1) npencrasiser codboi 3a-

KOH JBM)XEHUS n300paxkaroieil Touku M B paccmaTpuBaeMoM (a30BOM MPOCTPAHCT-
Be. [Ipu n = 1 nBmxeHune paccmaTpuBaeTcs Ha (pa3oBOM JUMHUM; TP n = 2 — Ha ¢a3o-
BOU TUIOCKOCTH; MIPHU N = 3 — B TpEXMEPHOM (ha30BOM MPOCTPAHCTBE U T.]I.

Pemienune cucremsl (3.1) Ha3pIBaeTCs ABUKEHUEM, A MyTh, OMMCHIBAEMBIN U30-
Opaxkaroiield TOYKOi B (pa30BOM IMPOCTPAHCTBE — TPACKTOPUEH ATOTO JIBHIKECHHS.
Cpenu tpaexropuid cuctemsl (3.1) Bcerma MOXKHO BBIJICIUTH NMPOrpaMMHOE (Kelae-
MO€) IBH)KCHHE:

Y, (0= (¥, (0. Y g (D ¥ 1y (D) (3.2)

B uwactHOM cnydae 11 cCUCTeM CTaOWIIM3aIlMU KeJaeMOoe JBUKEHUE ONpPEAesIeTCs
KOHCTaHTaMHU, ABJISIONIUMUCS KOPHSIMU YPABHEHUN CTATUKH CUCTEMBI
h.(y,,y,,....y,)=0, 1=12,...,n.

Konueniusa Bo3MyIlIEeHHOIO-HEBO3MYIIIEHHOTO JBMXeHHS A.M. JlsnyHoBa ma-
TEeMaTUYECKH TOYHO MOXKET OBITh OTPaKEHA B BUJIC CJICIYIOMIMNX JBYX BaXKHBIX OTpe-
nenenuii [9]:

* 60-nepeuvix, 11000e NPoSPaAMMHOE OBUICEHUE Viy,(t), co2nacHo JIanyHosy, Ha3bl-
8AemMcsl HEBOIMYULEHHBIM OBUNCCHUEM, KOMOPOE COOMBEMCMEYem eOUHCIMBEEHHOMY
YacmHoOMy peuteHuro oupgepenyuanbrvix ypasrenuti (3.1);

* 80-6mopvlx, omklonenue Xi(t) peanvnozco Osudicenus y;(t) obvexma om e2o
nPOPAMMHO20 Yin(t), m.e.

xi(t) = Yilt) = Yiup() (3.3)
no mepmurono2uu JIanynosa, Hazvl8aemcs 603IMYULHHbIM 08UMCEHUEM 00beKma U
onucvleaemcs ooOwuM peuleruem OupdepeHyuanbHblXx YpasHeHUull B03MYUEHHO2O0
O0BUIICEHUSL.

J1j1st TOTO 94TOOBI COCTAaBUTh YPaBHEHHUS BO3MYIIIEHHOTO JABUKEHUS, HEOOXOIUMO
BBECTHU B PACCMOTPEHUE JIONOJHUTEIBHOE OTKIIOHEHHUE U, (t) YIIPABISIONIETO BO3ICH-
CTBHI CBEPX €TI0 IIPOrPAMMHOI0 3HAYEHUS Upyp(t), T.€.

U () = u(t) - ugp(t), r=12,...,m. 3.4)
Cocrapistomue U (t) (3.4) mo3BOMISIOT MOTACUTh BO3MYILIEHHOE IBUXKEHUE X;(t) (3.3)
U, CJeJOBaTEIbHO, PEAIM30BaTh JCHUCTBUTENILHOE JIBIDKEHHE OOBEKTa, OJU3KOE K
MpOrpaMMHOMY, T.€.
() >0 1 yi(t) = Yinp(t) - (3.5)
Nmenno ycnoBus (3.5) momkeH 00ecreynuTh aBTOMATHIECKUN PETYIATOP B COOTBET-
CTBYIOLIEH CUCTEME yIIPaBIICHUS.

Ha puc. 3.1 npencrapiena rpadudeckasi WILTIOCTpAIUsi KOHIEIIIUA BO3MYIIICH-
HOT'0-HEBO3MYIIEHHOTO JABWKECHUS; MOKA3aHbl TPU XaPAKTEPHbIC TPACKTOPUU JBUKE-
HUSI CHCTEMbI: TPaeKTOpHs 3a1aHust (nporpamma) y, (t), TpaeKTopust JeHCTBUTEIb-

HO€ JABWKEHMSI Y, (t) U TPAEKTOPHS OTKJIOHEHHU (OIMOKHM) X, (t).
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Taxkum 00pa3om, EUCTBUTEILHOE ABUKEHUE O0BEKTAa OMUCHIBAETCS KOMITOHEH-
TaMU BEKTOPOB COCTOSIHUS y; W YIIPABICHUA U,, T.C.

Yy, =Y., +X,1=12,..,n;
’ (3.6)

u =u,+u.,r =1,2,....m,

rx?
MO/ICTaBUB KOTOPHIE B (3.1), MOXKEM 3aMUCATh YPAGHEHUSL BO3MYUEHHO20 OBUNCEHUST:
X, =1, (X, X,,...,X,,U;,,U, ..., ), 1=12,...,n, (3.7)
rae
f. =hi(yle + X0 Yo T Xooee s Yon +Xn)—hi(ylnp,yZHp,...,yan), 1=12,...,n.

y(®]
yi (t) ymp (t)

X, ()]

Puc. 3.1. 'eomeTpuueckas HHTEPIPETALHS BO3MYILIEHHOIO, HEBO3MYILLIEHHOT O
Y JEUCTBUTENBHOTO JBUKEHUS CUCTEMBI YIIPABICHUS

ITycts mpu t = 0 mepemMeHHbIE X, Xy, ..., X, IPUHAMAIOT HAYAJIbHbIC 3HAYCHUS
X10> Xog» «-es X,0» A3 KOTOPBIX, 110 KPallHEH Mepe, ONHO HE PABHO HYJIIO. JTU 3Haue-

HHSl HA3bIBAIOTCS BO3MYILUCHUsIMU. Kaxaou cucTtemMe BO3MYLIEHHH COOTBETCTBYET
OJIHO3HAYHOE U HEMPEPHIBHOE PEIICHUE
X; (1) =X, (X0, X005 X,0-0)s 1=12,...,0 (3.8)
ypaBHeHui (3.7). Pemienue (3.8) Ha3bIBa€TCsl BO3MYIIIEHHBIM JIBUKEHUEM CUCTEMBI
ABTOMATHUYECKOI'O YIIPaBJICHHUSI.
CooTBeTcTBEHHO, BhIpaxkeHue (3.3) ompenensieTr mpeodpa3oBaHre NepeHoca Ha-

dajla KOOpAHWHAT B TOYKY C KOOpAWHATAMHU YInp , Yan geres Ynnp . BCJIC,Z[CTBI/IC 9TOT'O HC-

BO3MYLIEHHOMY IBHKEHHUIO (3.2) cucteMsl (3.1) COOTBETCTBYET HYJIEBOE pELIEHUE
x,=0,x,=0,..,x,=0 (3.9)
cucteMsl (3.7).

VYpaBHEHHsI BO3MYILEHHOTO ABM)KEHUS (3.7) UMEIOT Ba)KHOE 3HAYEHHE B TEOPUU
aBTOMATUYECKOT0 YNPaBJICHUs, TAK KaK IO3BOJISIOT MaTEMAaTHUYECKHU CTPOro chopMy-
JMPOBaTh Pa3HOOOpa3HbIE 3a/laydl CUHTE3a PETYJIATOPOB, CYIIECTBEHHBIM 00pa3zom
OTIMYAOIIMECS OT 3aJad NpPOrpaMMHUpPOBAHUS TpaeKTopui JBHkeHHs. CyLIHOCTb
ATOW 3a/1a4¥ COCTOUT B OINPENEICHUM TaKUX OTKJIOHEHHWH U, OPTaHOB yIpPaBJICHUS,
KOTOpBIE TMO3BOJISIIOT HAWIYYIIMM OO0pa30M IMOTacUTh BO3MYIEHHOE [BHKCHHE
(x; > 0) u Tem camMbIM 00eCTIeUUTh OJIU3KOE K MPOTPAMMHOMY ACHCTBUTENBHOE JBH-
KEeHHe O0BeKTa. YTPaBICHUS Uy (Xj, X2,..., Xp) SBISIFOTCS (DYHKUMSIMH OTKJIOHEHUM
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X;(t), A GopMHUpOBaHMS KOTOPHIX HEOOXOAUMO BBECTH MIEPEMEHHBIE COCTOSHUS Y;(t)
¥ BBIYECTh U3 HUX, COrIacHo (3.3), TeKyluue NMpOorpaMMHbIE 3HAYEHHS Yiny(t). YKa-
3aHHas 3/eCh MpoIleaypa O3HAYaeT BBEJEHHE OOpaTHBIX CBSI3EM MO KOOpAMHATAM
yi(t), ¥ MOATOMY CHUHTE3 PEryJsaTopa — 3TO 3ajaya MOUCKA 3aKOHOB OOpATHBIX CBS-
3ei, oOecreynBalONINX HauIydlllee raieHrne BO3MYIIEHHOTO ABM)KEHUA X;(t) B COOT-
BETCTBUU C HEKOTOPBHIM BBIOPAHHBIM KPUTEPHUEM KauecTBa MEPEXOJIHBIX MPOIIECCOB,
HaIrpuMep KBaJpaTUYHOIO BUA:

sz(iaixf(t)+iﬁruf(t)jdt. (3.10)
o \i=1 r=1
TOF,Z[a 3aa4a CUHTEC3a PCryJriTOpa COCTOUT B OIIPCACIICHUN TAKUX ynpaBHeHI/Iﬁ

u, =X, Xm0 X,), (3.11)

KOTOpBIE COBMECTHO ¢ OOBEKTOM 00pa3yloT aCUMIITOTHYECKH YCTOWYHMBYIO CHCTEMY
1 00ecrevnBaroT Ha TPACKTOPHUAX €€ IBIKEHUSI MUHUMYM KpuTtepus kauectsa (3.10).
Breipaxkenue (3.11) sBiseTcs 3akOHOM yIIPaBICHUS — YPABHEHUEM PETyJIATOPA, KOTO-
phIii, cornacHo (3.3), npeacraBisieT cOO0H HEKOTOPYIO COBOKYITHOCTh OOPAaTHBIX CBSI-
3eil, BBOJMUMBIX IO KOOpAMHATAM Yi(t) cocTosiHus oObeKTa. B 3aBUCMMOCTH OT BBIO-
PaHHBIX BECOBBIX K03 dummenToB o; u B; kpurepus (3.10) B cucreme (3.1), 3aMKHY-
TOM ONTUMAJIBHBIM PETyasSTOpoM (3.11), mpoTekaroT COOTBETCTBYIOIIUE YCTOMYUBBIE
MEPEXOHbIE MPOLECCHI TAllIEHNs BO3MYILIEHHOTO ABMXeHUs. [Ipumepamu 3a1ay cuH-
Te3a peryisiTopoB (3.11) sBiadroTCS 3aa4u aBTONWIIOTA B aBUAILIMHU, aBTOPYJIECBOTO B
CYZIOBOKJICHHH, CIIEIIAIINE CUCTEMBI BCEBO3MOHOTO Ha3HAYEHUS U T.1.

Jlist pa3pabOTYMKOB CUCTEM yIpaBieHHUsl 00Jiee €CTECTBEHHBIM U MPUBBIYHBIM
10 CPABHEHHMIO O BbhIpakeHHeM (3.3) aBisieTcsi mpeoOpa3oBaHUE KOOPAUHAT BUIA

X; =Y ~¥i» 1=1,2,...0, (3.12)

KOTOpOE MPENICTABIIIET COOO0M Tak HA3bIBAEMOE YPABHEHUE 3aMbIKAHHS CUCTEMBI. DTH
COOTHOILICHHS] HEMOCPEACTBEHHO HAIUIM OTPA)KEHUE B YHUBEPCAIBHOW CTPYKTYPHOI
CXeME paccMaTpUBAeMOIl cUCTeMbl ympaBiieHus (puc. 3.2), BKjIrOYarouend B ceds
oObekT ympaieHus (OY), oXBaueHHBIH OTPUIIATEIILHBIMU OOpPATHBIMHU CBSI3IMHU
(OC), u perynsarop (P), KoTopblii HA OCHOBE TEKyIIleH WHPOpMAITUU O KOOpJAMHATaX
o0bekTa (hopmupyer TpeOyemoe ympaBiieHHEe. JTO YIpaBJICHHUE CTPEMHUTCS CBECTU
OTKJIOHEHUE OT MPOrPAMMHOIO JABWKEHUS K HYIIO. B pe3ynbrare, mocie OKOHUYaHHS
MEPEXOIHBIX MPOIECCOB, T.€. MOTAlI€HUs BO3MYIIEHHOIO JBUXKEHUS, B 3aMKHYTOMU
cucteme (3.1), (3.11) peanuzyercs 3a4aHHOE NPOTPAMMHOE JIBUKEHHUE.

[ToguepkHeM, 4TO ¢ TOUKH 3peHUs ydeHus JIssmyHoBa 00 yCTOMYMBOCTH JBUKE-
Husl, npeoopa3zoBanus (3.3) u (3.12) agexBaTHbI, HO BbIpaxkeHue (3.12), Ha Hai
B3TJISI]L, SIBJISIETCSL OOJIee HATJISATHBIM.

ITocraBnenHas 3agaya ynpaBJ€HHUs, KaK OTMEUaJOCh PaHEE BO BBEIECHUHU, €CTh
TaK Ha3pIBacMas 3ajaya 00 aHAIUTUYECKOM KOHCTPYUPOBAHUU ONTHUMAIBHOIO PETy-
nstopa (AKOP). 3necs ona chopmynupoBaHa 0oJiee YETKO U C TOSICHEHHEM ee (pu-
3UYECKOM CYIIIHOCTH.

3agaua AKOP sBnsieTcs neHTpaabHOW B COBPEMEHHON TEOPUM U MPAKTUKE aB-
TOMaTu4eckoro ynpasieHus [9]. Ee pemenue Hauyaiaoch ¢ paboT, OomyOJIMKOBaHHBIX
B 1960 r. B Poccun A.M. JleroBsiM 1 B CIIIA P. Kanmanom. Tepmun "aHanutruye-
CKoe KoHcTpyupoBanue" ObuT BBeZieH mpodeccopom A.M. JleroBeiM. OH onpenen
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Puc. 3.2. O61mas cTpyKTypHasi cXeMa CHUCTEMBbI YIIpaBICHUs

KoHeuHyto 1enb AKOP kak nmonydeHue 3aKoHa yHpaBJICHHS YHCTO aHAIUTHYECKUM
MyTeM, UCXO/s U3 MPEABIBIAEMbIX K KaueCTBY yIpaBlieHUs TpeOoBaHMi, (HopmMan-
30BaHHBIX B (opMe mHTerpanbHoro gpynkuunonamna. Teopus AKOP nocturna B Ha-
CTOSILIIEE BPEMSI BBICOKOM CTENEHU TEOPETHUYECKOM 3aBEPIIEHHOCTH IMPUMEHUTEIBHO,
B IEPBYIO OuYe€pe/b, K JIMHEHHBIM OOBEKTaM U KBaJAPAaTHUYHBIM  (yHKIMOHAJIaM-
kputepusam kadectBa. Meronsl AKOP mpenenbHO (Qopmanu30BaHbl, UX OTIMYACT
AQHAJIMTUYHOCTh YU JIOTWYECKas 3aBEPLIICHHOCTb, OHU IIO3BOJISIOT JUIS JUHEHHBIX, a
4acTo W JJIs1 HEJIMHEHHBIX OOBEKTOB OMpPEAENIUTh KaK CTPYKTYpPY, TaK U MapaMmeTphbl
3aKOHA yIpPaBJICHUS, TAPAHTUPYIOLIETO, MO0 MEHBIIEH MEpe, aCHMITOTHYECKYIO YC-
TOWYHUBOCTH 3aMKHYTOU CUCTEMBI.

Opnnako meroasl AKOP mpu mpakTMueckoM NPUMEHEHHHM HATaJKUBAKOTCS Ha
LEJBIM psii CYLIECTBEHHBIX 3aTPYyJAHEHUN BBIYMCIWUTEIBHOTO W NPUHUUITAAIBHOTO
XapakTepa, 0COOEHHO [JIsi HEJIIMHEWHBIX OO0BEKTOB. Tak, ¢ MOBBIIMICHUEM MOPsIKa
o0BbeKTa OBICTPO HAPACTAIOT YUCICHHBIE U TeM OoJjiee aHAIUTUYECKHE TPYIHOCTH,
CBSI3aHHBIE, KAK MU3BECTHO, C HEOOXOIUMOCTBIO PEIICHUS HEIMHEHHOTO YpaBHEHUS B
YACTHBIX MPOM3BOJHBIX — TaK Ha3bIBaeMOro ypaBHeHHs [ amuibToHa—SKOOH—
bennmaHna, OTHOCUTENBHO MPOU3BOASAIIEH (DPYHKIIMU, K KOTOPOMY CBOJUTCS MpOIie-
Iypa OINpeaeeHus 3aKOHOB yIipaBiieHus [9, 28].

[ToguepkHeM, 4TO OCHOBHBIMU TPEOOBAHUSMU K CHUHTE3UPYEMOMY PETYISTOPY
SABJISAIOTCS: 1) CBOMCTBO ACHUMITOTUYECKOW YCTOMYMBOCTHU JIBUKECHHH 3aMKHYTOM
CUCTEMBI YIIPaBJIEHUS U 2) CBOMCTBO ONTUMAJIILHOCTH CHUCTEMBI B CMBICIIE BHIOpaH-
HOTO (yHKIMOHaNa kadyectBa ynpasneHus (3.10). B paborax A.M. Jlerosa [23] yc-
TAQHOBJICHA TECHAasl CBA3b MEXIy (yHkuusamu JIsamyHoBa, pa3peliaomuMu 3a7ady
ACUMIITOTHYECKON YCTOMYMBOCTH JBHKCHUS TMHAMUYECKOW CHCTEMBI, U YKAa3aHHBIM
ypaBHeHueM ['amunbToHa—AK00M—bennmana. DTa CBsA3b COCTOUT B TOM, YTO JaHHO-
My YPaBHEHHIO YJOBJIETBOPSIET HEKOTOPOE MHOXKECTBO MPOU3BOIAMIMX (YHKIUH.
OxaspIBaeTCs, 4TO ACHCTBUTEIBHOE PELIEHUE 3aJa4l ONTUMAJIBHOIO CUHTE3a MOTYT
JaTh TOJBKO T€ U3 HUX, KOTOPBIE SBIAIOTCS (QYHKIHUSAMH JIamyHOBa A7 3aMKHYTOM
cucteMbl. COOTBETCTBEHHO, MOJIyYeHHbIE Ha OCHOBE TaKUX (PYHKIUN PETYISITOPHI OY-
OyT ONTUMAIbHBIMU M, KPOME TOTO, OHU OOECIEeYMBAIOT ACUMIITOTUYECKYIO YCTOM-
YUBOCTH JBMKEHUS cucTeMbl. ClleIOBAaTENIbHO, C MOMOIIBIO MeToAa JIAmyHOBa MOX-
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HO OTOMpaTh TpeOyeMble PEIICHUsI CPEN BCEX BO3MOXKHBIX, KOTOPHIE OTIPEICIISIOTCS
ypaBHeHueM ['amunbToHa—Sk0o0u—bemimana.

Tak kak Teopusi ycTOMYMBOCTH JISITyHOBa MIPAET yKa3aHHYIO CYIIECTBEHHYIO

pOJIb B pelIeHUH MPOOJIEeMbl CUHTE3a ONTHUMAJIbHBIX CUCTEM, TO MO3HAKOMUMCS C €€
OCHOBHBIMU TOJOKEHUSAMHU U PE3YyJIbTaTAMMU.

3.2. OcHOBHBbIE MOHATHS U TeopeMbl ycToiunBocTH A.M. JIsimyHoBa
OCHOBHBIM METOJOM aHaJIW3a YCTOMYMBOCTU pELICHUH JIMHEHHBIX H
HEJIMHEWHBIX CHCTEM SIBIIIETCS IPSAMOM (BTOpPOM) MeTox JIAmyHOBa, OCHOBaHHBIN Ha
WCIIOJIb30BAaHUN CIEIUATBHBIX (TIPOOHBIX) (GYHKIMMA, HA3bIBAEMBIX (YHKIIASIMH
JIsmyroBa. DT (QYHKIMM SIBISIIOTCS OCHOBHBIM WHCTPYMEHTOM TaKXKe€ M CHHTE3a
HEJIMHEWHBIX CUCTEM: C HUX MCIOJIb30BAHMEM BHAYajl€ CHUHTE3UPYETCS YCTOWUYMBAs
CTPYKTypa IPOCKTHUPYEMOI CUCTEMBI, 1ajiee, Ha BTOPOM 3Tare CUHTE3a, BEIOUPAIOTCS
napaMmeTpbl MOJYYEHHON CTPYKTYpbl TAKUM 00pa3oM, 4ToObI crucTemMa obecrednBaa
TpeOyeMble TOKa3aTelld KadecTBa YNpaBleHUA (JUIMTEIbHOCTh MEPEXOIHBIX
IPOLIECCOB, MEPEPErYIUPOBAHNE, 3aIAHHBIE OTPAHUYCHHUS HA IEPEMEHHBIE, 3HAUCHUE
(GyHKIMOHAIA Ka4yecTBa U T.I1.).
Cdopmynupyem OCHOBHBIE TIOHATHS U OTIPEJEICHHUS] YCTOWYUBOCTH 110 JIsimyHo-
By. PaccMOTpUM 3aMKHYTYI0 HEKOTOPBIM PETYJIATOPOM CHCTEMY YIPABICHUS, KOTO-
poii cornacHo (3.7) COOTBETCTBYET CUCTEMa M3 N HEJIMHEUHBIX IU(PepeHIInanbHbIX
ypaBHEeHUH |-ro nopsaka
X(t) =FX(t)], (3.13)
rae F(X) = (fi(X), £,(X),..., fu(X) ) — HenuHeiHas BekTop-GyHKIUSA cToa01a X ¢azo-
BbIX KoopauHat cucteMsl; fi(X) (i = 1, 2, ..., n) — BooO11ie roBops, Jto0ble HyHKIIMU
X, YIOBIIETBOPSAIOUIME TOJBKO YCIOBHUSIM CYIIECTBOBAHMS pelieHui 3amaun Komm
s cucteMbl (3.13) m oOpamaromuecss OJHOBpeMEHHO B Hynb npu X = 0
(CM. MOSICHEHHUS K COOTHOIIEHUsM (3.9)).
Bynem paccmarpuBats apmwkenue cuctemsl (3.13) B hazoBom mpoctpanctse E".
Touka X € E", koTopas yJOBIETBOPSIET PABEHCTRY
X = FX), (3.14)
Ha3bIBACTCSA UHBapuaumuou TOUKOM cucteMbl (3.13). MHBapuanTHOM TOUKe X
COOTBETCTBYET COCMOAHUE NOKOsA (pasHosecus) NUCCIEAYEMOU CHUCTEMBI, MO3TOMY
JAHHYIO TOYKY YacTO Ha3bIBAKOT TAK)KE PABHOBECHOW, WM HEMOJBHXHOM TOYKOMU
cuctemsl (3.13). 1o onpenenenuro pyukiuu F(X), uMeer MecTo paBEeHCTBO
F(0) =0. (3.15)
CnenoBartenbHo, Touka X = 0 (Hauano KoopauHAT (a3oBoro mpoctpanctsa E"), co-
OTBETCTBYIOLIAs TPUBUAIBHOMY PELIEHUIO CUCTEMBI (3.13), sBIsAeTCsS €€ NHBapUaHT-
HOU TOYKOM.
Chopmymupyem st oobekra (3.13) onmpeneneHrs yCTOWIUBOCTH 10 JIAMyHOBY
[9, 20].
Ecnu ona nobozo nonoscumenvroco uucaa € > 0, komopoe modwcem Oblmsb CKOJb
Y20OHO MAILIM, MOJNCHO YKA3AMb MAKOe NOJIONCUMeibHoe Yucio o E), umo npu

X, - X" <d(e) (3.16)
|
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(371€ch U fanee cuMBOJIOM | - | ycnoBumcst 0603Ha4aTh eBKIMAOBY HOPMY BeKTOpa X
IX||=./>x; ) pewenue X(1,X,) cucmemvt (3.13) ¢ navanvuvim ycrosuem X(ty) = Xo
i=1

Y0061emeopsiem YCi068Uio
HX(t,XO) —XH <e ommecex 1> 15 X(tg,Xq)=Xo, (3.17)

mo mpusuansroe peutenue X =0 cucmemst (3.13) yemoiiuuso no Jlsnynogy.
Ecnu mpusuanvnoe pewenue cucmemsi (3.13) ycmotiuugo no Jlanynogy u, kpome
moeo, npu 1oom X
lim X(t,X,)=0, (3.18)

t—o0

Mo 2080psim, 4mo OHO acumnmomuyecku ycmouuuso. Ecnu uz nepasencmesa (3.16) ne
cnedyem nepagercmeo (3.17), mo mpusuanvroe pewenue cucmemol (3.13) neycmoii-
YUBO.

IIpy BBINIOJHEHNH YCIOBHHA YCTOMYMBOCTH (ACHMITOTHYECKOM YCTOWYMBOCTH)
IS TF0OBIX HavaJdbHBIX Touek Xo€ E' mMmeeT MecTo yCTOMYMBOCTH (aCHMIITOTHYE-
CKasi yCTOMYMBOCTb) B LIEJIOM; IPU BBINOJHEHUU 3THUX YCIOBUH TOJBKO M XO€ A,
rae A — HEKOTOpasi OHOCBsI3HAs 00JIaCTh MpocTpaHcTBa E', UMeeT MecTo yCToiuu-
BOCTH (ACUMIITOTUYECKAsI yCTOMYMBOCTh) B 0051acTH A.

[Ipsamoii meTon JIamyHOBa CBOAMT 3a/ladyy UCCIEAOBAHUS YCTOMYMBOCTH CHUCTE-
MbI (3.13) K u3yueHHuro CBOMCTB HeKOoTopol npoOHoi ¢yHkimu V = V(X)  (pyHK-
uuu JIsmyHoBa) U €€ MepBOM MPOU3BOJHON MO BPEMEHHM, B3SITOM B CUJIy YpPaBHEHUM
(3.13), koTopas paccuuThIBaeTCs Mo GpopmyJie

AR\ EVAN

TN X)) = 2= | BEXD. 3.19
i Lo (X) (an (X) (3.19)
Onpenenenue: ¢gyuxyus V = V(X) nazvieaemcs gynxyueil Jlanynosa, eciu:

1) ¢ynxyusa V: R" — R — nenpepwvisnoe ckanapnoe omobpadicenue, umeioujee
HenpepuvieHble Yacmmubvle npoussoonsie 8 b-okpecmnocmu B, b > 0 ¢ yenmpom 6 na-

uane koopounam, m.e. B={XeR": HXH < b};

2) @ynxyua V(X) aenrsemcsa nonoxcumenvno onpeodenennou nHa B, m.e.
V(0)=0, u V(X) > 0 (cmpocoe nepagencmeo !) ons ecex XeB, X+#0.

3) ee nepsas npouzeooHas, 83amas 6 cuiy cucmemsl (3.13), onpedensiemasn 8vi-
padcicenuem (3.19), sensemcs ompuyamenvHo nojyonpeoenennou & B, m.e.
dV(X)/dt< 0 (necmpoeoe nepasencmeo) ons écex Xe B.

Hcxona u3 ykazanHbix onpeneneHuii, A.M. JlsnyHnos B 1888-1892 rr. gokazan
OCHOBOTIOJIAraoIue TEOPEMBbI.

Teopema 3.1 (Teopema ycroituuBoct) Eciu ¢hynxyus Jlanynosa moscem dovims
Hati0eHa 0Jisl HeKOMOPOU OMKPLIMOU 00J1ACMU HAYAIA KOOPOUHAM CUCMEMbL, MO HA-
Yano KOOPOUHAM A6AAeMCsl YCMOUYUBOU MOUKOU PABHOBECUS CUCTNEMDI.

Teopema 3.2 (Teopema 00 aCUMOTOTHYECKOW YCTOMUUBOCTH). [lycmb V s6715-
emcsa @ynkyueti Jlanynoea 6 B, omkpeimoii oxpecmHocmu Hayana KOOpOUHAM.
IIpeononoacum danee, umo nepsas npouszsoonas dV/dt, ezaman e cuny ypasnenui

(3.13), ompuyamenvro onpedenena 6 B, m.e. dV/ dt <0 o0na ecex Xe B, 3a ucknoue-

57



nuem mouku X = 0, 6 komopou dV/dt = 0. Toeoa nauano koopounam aéIAEMCs

acuMnmomudecky yCmouyusou moukou pasrnogecus cucmemul (3.13).

[TpuBenem nokaszarenbcTBO Teopemsl 3.1 crneays padote [36]. O603HauUM yepe3
I, BHyTpEeHHOCTH Iapa paguyca € C IIEHTPOM B Hadaje KoopAWHAT (Pa3zoBOTO mpo-
CTPAaHCTBAa pacCMaTPUBAEMON JTUHAMHUYECKOW CUCTEMBI, uepe3 S, — ChEepHUIecKyro To-
BEPXHOCTb 3TOTO 1Iapa.

Bribepem € Takum, uto I, nexxut B obmactu B, 1 mycTh m — MUHUMAaJIbHOE 3HA-
yenne pynakmum V(X) Ha chepe S,. 3amamumMcs MOTOKHUTEIBHBIM YUCIOM O TaKUM,
yT0OBI B TOYKaX Iapa s BRIMOMHSIOCH HepaBeHCTBO V(X)<m, U MyCTh Xo — MPOMU3-
BOJIbHAs TO4ukKa U3 I;. PaccMorpum Tpaekropuro X(t)=X(t, Xo), BBIXOIAILYO U3 TOUYKHU
Xy, ¥ IOIYCTHUM, UTO OHa nepecedeT chepy S, B HeKoTopoi Touke X(t;). Tak kak

n
d—V:za—V-fi(X)SO,
dt “Fox
to ¢ynkuus V(X) He Bo3pacTaeT BAOJIb TPACKTOPUH, MO3TOMY OyaeM HUMETh
V(X(t,)) < V(X,)<m. C npyroil cropoHsl, Tak kak m — MUHUMYM QyHKIuH V(X)

i

Ha S;, JOJDKHO BBINOJHATHCA HepaBeHCTBO V(X(t,))=m. IlomyyenHoe nmporusope-

Yre JTOKa3bIBaeT, 4TO Touka X(t) C pOCTOM BpEMEHHU HE BBIUIET 3a MpEebl Cepsbl
S.. Teopema noka3zana.

JlokazaTeabCTBO TeOpEMBI 3.2 MOKHO HalTH B TOM ke padote [36], 3 KOTOporo
CJIEIyET, YTO MPENOJIOKEHHUE 00 OTPUUATENBHOW OMPENEIEHHOCTH MPOU3BOTHOM
dV/dt B oOnacTu B npuBOAMT HE TOIBKO K TOMY, UTO pelieHus ypasHenus (3.13) ne

OyIyT YKIIOHSATHCS CIWIITKOM JAJIEKO OT Haydajga KOOPIAWHAT TIPH ONPEACIICHHBIX Ha-
YaJbHBIX YCIOBUSIX, HO B COOTBETCTBUU C OMPEACICHUEM ACUMIITOTUYECKOU YCTOM-
YUBOCTH OYyAyT aCUMIITOTUYECKU TTPUOIMKATHCSA K HEMY.

Bmecto nokazarenbcTBa JaHHOW TEOPEMbl NPUBEIEM €€ TIeOMETPUUYECKUi
cmbicit. Kak u3BecTHO, 3HaKooNpeneneHHas GyHKIMS, paBHAsI HEKOTOPOMY ITOCTOSH-
Homy uncity V(X) = ¢, onpeaenser B n-MEpHOM MPOCTPAHCTBE 3aMKHYTYIO MOBEPX-
HOCTh — MOBEPXHOCTh YpPOBHS. B cinydae n = 2 Takue MOBEPXHOCTU MPEJCTABISIOT
co0010 3aMKHYThIE€ JIMHUM, OXBAThIBAIOLIME Hayaslo KoopauHaT. OHU MpUBEIEHBI HA
puc. 3.3,0. OTH NMHUU ABISAIOTCS JUHUSAMH TiepecedeHus napabdosnouaa (puc. 3.3,a),
n300paxkaroliero GyHkiuio JIsamyHoBa, ¢ IIIOCKOCTIMU, TapaJJIEIbHBIMU IJIOCKOCTH

| V(X) X7 to
e I .
— ! - J— _—f_‘" £
1 X
¢ X
=3 1
Xy
a §)

Puc 3.3. U3o0paxenue Qpynkuuu JIsamyHosa (a) u ee mTuHUA ypoBHS (0)
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X1, X, U COOTBETCTBYIOIIMMH YOBIBAIOIIINM 3HAYCHUSAM YuceN C;, 1 =1,2,..., IpuIém
C1 >C> >c3 >¢4 > 0. [ToaTomy Teopema JIanmyHOBa UMEET MPOCTOM T€OMETPUUECKUI
CMBICJI: €CJTU B CHITy Kakoh-1100 cuctemsl Thna (3.1) dyukius Jismynosa V(X)>0, a

e€ mpousBoaHas V(X) <0 , To BCe TPa€KTOPHUH 3TOM CHUCTEMBI, KaK ITOKa3aHO Ha PUC.

3.3,0, mepecekaroT IOy TOBEPXHOCTh YpoBHSI V(X) = ¢ CHapy>Xu BOBHYTPb, T.€.
CTPEMSTCS K Hayaay KOOPJIUHAT MPU t—> oo .

W3 paHHBIX TeopeMm cieayeT, YTO ¢ MaTeMaTHYeCKOW TOYKH 3peHus He o0s3a-
TEIbHO OBLIO cuuTaTh QYHKUUIO V(X) MOJOKHUTENBHO OIpPEACICHHOM, OHAa MOTJia
OBITh M OTPULIATENILHO ONpeeeHHOM. [ yCTOMYMBOCTH TI1aBHOE, YTOOBI (DYHKIIMU
V(X) nu dV(X)/dt umenu npoTUBONONOKHBIE 3HaKU. OTHAKO C METOJUYECKOU TOU-
KU 3pEHUS IS UCKIIOYCHUSI HEOMPENeICHHOCTH YA00Hee MpeaBapUTEIHbHO OTOBO-
PUTH TIOJIOKUTEIBHYIO ONPeAeIeHHOCTh GhyHKInK JIsmyHoBa.

Teopema 3.3 (Teopema JlamyHoBa 00 acHMITOTHUYECKON YCTOMYMBOCTH B ILie-
aom). Ecau ¢yukyus V = V(X)  yoosremeopsem yciosusm meopemwvl 3.2, npuvem
V(X) = o npu HXH — oo, MO MpUBUAIbHOE peuerue cucmemsl (3.13) acumnmomu-

yecku yCmouduso 6 Yeiom.

JlokazatenbCTBO ATOU TeOpeMbl uMeeTcs B padorax [20, 34, 35].

3ameTuM, 4to Teopema 3.3 onpenenseT I CTAlMOHAPHBIX JTUHEHHBIX CUCTEM
HEOOXOUMBIE U JOCTATOYHBIC YCIIOBUS ACHUMIITOTHYECKON YCTOMYHMBOCTH B II€JIOM,
MOTOMY YTO JJI yKa3aHHBIX cucTeM (yHKIUIO JIsmyHOBa Bcerja MOXHO BbIOpaTh B
Bune V(X)=|X].

Paccmotpum npumenenune teopem 3.1-3.3 K MCCIIENOBAHUIO YCTOMYUBOCTH JU-
HAMMYECKHUX CUCTEM, KOTOPBIE COCTABIISIIOT OCHOBY TaK Ha3bIBAEMOI'0 BTOPOT'O METO-
na JlanmyHoBa aHain3za ycToiunBOCTH. COOTBETCTBEHHO YKA)KEM, YTO NEPBBIM METOA
JIarmyHOBa NPUMEHSIETCS Ul AHAIW3a JIOKAJIbHOM YCTOWYMBOCTH HEJIMHEMHBIX CHC-
TEM, KOTJ]a TOYKH YCTOMYMBOCTU U HEYCTOMYMBOCTH PA3JEISAIOTCS HA OCHOBE yCTOM-
YUBOCTH U HEYCTOMYMBOCTH JIMHEAPU30BAHHBIX CUCTEM B OKPECTHOCTSX TOYEK PaB-
HOBECHSI.

IIpumep 3.1. IlpoBenem aHanu3 yCTOMYMBOCTU JIBM)KEHUN aBTOHOMHOM CHCTe-
MBI BTOPOT'O HOPSAJIKA ¢ COOCTBEHHBIMH 3HAYEHUAMH A, = XL j@.

JlanHast cuctema onuceiBaeTcs qupdepeHnalIbHBIMA YPaBHEHUSIMU
—o\( x,(0)) [ ox,(t) —@x,(1)
a )\ x,()) lox,()+ax,(t))

UtoOnl yOEauThCS B 3TOM, JOCTATOYHO 3aMHCATh XAPAKTEPUCTUUYECKOE ypaBHEHUE
CHUCTEMBI

X(t) = AX(t) =

a-4A -
0o oao-A

Pemenue nuneitHbIx quddepeHanbHbIX ypaBHEHNH, Kak U3BeCTHO [31], umeeT BUJ

G(A)=|A-AE|= =(@-A)’+@’'=0, A,=atjo

coswt —sinwt [ X
X(t) — eAtXO — eat . 10
siInwt  cosat )\ X,
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U3 nero caenyet, yto lim X(t) =0 npu 100bIX KOHEUHBIX 3HAUYECHUSAX BEKTOpa Ha-
t—o0

YaJbHbIX YCIOBHM Xy, e€cau <0, T.e. HepaBeHCTBO ' <( SBIAETCS YCIOBUEM
ACUMIITOTHYECKON YCTOMYMBOCTH B LIEJIOM TOYKH paBHOBecus X=0 ucciemyemoi
CUCTEMBL.

Ternepp npoaHAIM3UPYEM YCTOMYMBOCTh TPUBHAJIBHOTO pemieHns X=0 naHHON
CHUCTEMBI C MCIIOJIb30BaAHMEM BTOpOro Meroza JlsmyHosa. Bocnons3yemcst mpocTen-
meit ¢pynkiueit JIanynosa V(X)=X"X = Xl2 + xg, KOTOpasi OYEBUIHO SIBJISIETCS TO-

JIO)KUTEIIBHO OMNPENECIEHHON BO BCEM IMPOCTPAHCTBE R’ npuueM V(X) — oo 1mipu
HXH — oo, Haitnem npousBoanyto dV(X)/dt B cuily ypaBHEHUM CUCTEMBI

av = a—Vfl(X) + a—sz(X) =2x,(ox, — wx,) +2x, (WX, + ax,) =
dt  ox, ox,
=20(x> +X3).

STa NpOM3BOJHAS, KAK BHIHO, OYJIeT OTPHUIATENbHOMN B IpocTpancTBe R mpn r < 0.
B nanHoM ciydae, B COOTBETCTBHHM C TeopeMoit 3.3, Touka paBHOBecUsI X=(0 CUCTEMBI
SIBJISIETCS ACUMITOTUYECKON YCTOMUMBOM B 1esioM. TakuMm oOpazom, meTos JIsmyHo-
Ba Jaj TOT K€ YKa3aHHbBIW BBIIIE PE3YyJIbTAT, HO BAXHO MOJYEPKHYTh, UTO PE3YIbTAT
ObLT moaydeH 0e3 perreHus auddepeHuanbabpix ypaBHeHu. [loaTomy BTOpOi Me-
Tox JldamyHoBa sBiSE€TCS OOIIMM METOJIOM aHajiu3a YCTOMYMBOCTU KaK JMHEHHBIX,
TaK ¥ HEJIMHEWHBIX TUHAMUYECKUX CUCTEM.

Ipumep 3.2. IIpoaHanu3upyeM yCTONYMBOCTb COCTOSIHUM PaBHOBECHS HEIIH-
HEWHOW CHCTEMbI IEPBOT0 MOPSAIAKA C KyOUYeCKOM HETMHEHHOCTHIO

x(t)=—x(t)+ax’(t), a>0,
KOTOpast UMEET TpU TOYKU paBHOBecus X, =0, x, =1/ Ja, X, =-1/ Ja.

B xauectBe ¢ynkuuu JlsmyHoBa nomeiTaeMcs, Kak ¥ B IIEPBOM MpUMeEpe, MpH-
MEHHTB POCTEHIYI0 GYHKIHIO V(X)=X", KOTOpasi ABISETCS TOJ0KHUTENBHO Opeie-
nenHoi B npoctpanctee R'. Ee nponssoaHas

V(x)=2xx =2x(—x +ax’) = —2x>(1 —ax?)
GyneT OTPHLATEIBHO OMPEACNCHHON MpH  ax°<l, 4TO BepHO, KOHEYHO, IS A0CTa-
TOYHO MaJjbIX 3HaYeHur X. Clie10BaTEeNbHO, COIIACHO TeOopeMe 3.2 Hayajao KOOpIH-
HAT SIBJIAETCA ACUMIITOTUYECKH YCTOMYMBOM TOUKOM PABHOBECHSI.

HccnenyeMm tenepp MOBEIEHUE CUCTEMBI B OKPECTHOCTH TOYKH X, =1/ \/5 .
[Tomoxum
V(x)=(x—1/~/a)’.
Torna

V(x)=2(x—1/4a)x =2(x —1//a)(=x +ax’) =
=2ax(x —1/va)(=1/a+x>) =2ax(x —1//a)*(x +1//a).

Tak kak V(X) ABISE€TCS MOJIOKUTEIBHO OMPEICIICHHON B OKPECTHOCTA TOYKHA PABHO-
Becus X, =1/ Ja , 4 €€ MPOU3BO/IHAS B OKPECTHOCTU 3TOM TOYKH MOKET MEHSTh CBOM

3HaK, TO Ha OCHOBE TeopeM 3.1 u 3.2 Henb3d yTBEpKIaTh, YTO UCCIEAyeMasl TOUKA
paBHOBecHUsl ycToMunBa. bosnee TmarenbHbii aHanmus [20], mOKa3bIBAET, YTO MOJOXKE-
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HHE X, =1/ Ja HEYCTOWYMBO. AHAJIOTMYHBINA pe3yJbTaT JAeT MUCCIEAOBAHHUE IMOJIO-

KCHHS X, =—1/+/a.

3aMeTuM, 4TO MpHU OTPULIATEIBLHOM 3HAaUeHUHU napamerpa a<( MmoBeIEeHHE CUC-
TEMBbI pe3KO MeHsieTcs. Bo-nepBbIX, B 3TOM ciiydyae oHa Oy/ieT UMETh €IMHCTBEHHYIO
(nericTBUTENbHYIO) TOUKY paBHOBecusi X=0. Bo-BTOpbIX, 3Ta TOUKa Oy/E€T aCUMIITO-
THYECKU YCTOMYMBOM B LEIOM. [[€MCTBUTENBHO, €CIIM MOJO0KHUTh V(x):xz, TO JICTKO
MI0Ka3aTh, 4TO

V(x)=2x% =2x(—x +ax’) =2x*(-1+ax’)<0 npu a<O0,
KpOME TOYKHM paBHOBeCHs. Tak Kak mpH 3ToM GyHKIHUA V(X) MOJOKUTEIHHO OIpee-
JIeHHA BO BceM mpocTpaHctBe R', To Ha ocHOBe TeopeMsl 3.3. JenaeM 3aKiIoueHHe,
YTO AHAIM3UPYEMOE MOJIOKEHUE CUCTEMBI ACUMIITOTUYECKN YCTOMYHMBO B LIETIOM.

Kak crnenyer u3 U3n0XKEHHOTO, JIJIs MPUMEHEHHs MeTofa QyHKiui JlsamyHoBa,
BOOOIIIE TOBOPSI, HE TPeOyeTCs HU TIAAKOCTh, HU HENPEPHIBHOCTh (DYHKLUN MPABBIX
gactet muddepennmansaoii cucteMbl (3.13). HeoOXxommMo TONBKO, YTOOBI ITH
GyHKIIUM yIOBJIETBOPSUIM YCJIOBUSAM CYIIECTBOBaHHUs pemieHus cucteMsl (3.13).
HNmenno Onaroaapst atomy MeTo GyHKUMN JIssmyHOBa MOTYy4YnII CTOJIb IIUPOKOE pac-
IIPOCTPAHEHUE U MIPUMEHSETCS I UCCIIETOBAaHUS U CUHTE3a CaMbIX Pa3HOOOpa3HbIX
JTUHAMUYECKHUX CUCTEM.

3.3. Haxo:xnenue pynkumii JismyHona. Pemenue ypaBuenuii JIsnmyHnoBa

AHanu3 yCTOMYMBOCTH HEJIMHEHHBIX CUCTEM M, TeM 0oJiee, CHHTE3 BBICOKOKA-
YECTBEHHBIX CHUCTEM YIPAaBIICHUS, UMEIOIIMX, KaK MPABUIIO, IIUPOKUE OOJIaCTH YycC-
TOMYMBOCTH, 00S13aTEIBHO MPEANOaraeT onpeeJeHue COOTBETCTBYIONUX (PYHKITUI
JlsnyHoBa. 3a Oosiee 4yeM CTOJIETHIOIO HCTOPHUIO MpUMEHEeHHs GyHKUui JlsamyHoBa
IPEAJIOKEHO OOJBIIOE YUCIO (AECATKU) MPUEMOB, CIIOCOOOB, MOAXOA0B U METOOB
OTbICKaHUs 3TUX QyHKImil [24, 35, 36].

PaccMoTpuM HEeKOTOpBIE METOABI OmpeeseHns (QyHKIMiA JIsamyHoBa, KOTopbie
yI00HO WCITOBH30BATh MPU CHHTE3E YCTOMYMBBIX CHCTEM YIPABJICHHS, HA MPUMEPE
HEJIMHEHHOTO 00BEKTa, OMMCHIBAEMOTO YpaBHEeHUEM (3.13).

OnuH n3 Hambosee OOMMX MOAXO0M0B K ompenencHuio V(X) cocTouT B clie-
AyroleM. 3aqaloTcesl TMOJOKUTENbHO omnpeaeneHHon ¢yHkuued Q(X), Hanmpumep, B
BUJIC KBaJAPATUIHOU (HOPMBI Q(X)=X"QX. Tak kak s yCTONYMBOM cuctemsl (3.13)
3HAYEHHE TPOU3BOAHOM 10 BpemeHu oT V[X(t)] Ha TpaeKTOPHUAX ATOM CUCTEMBbI

dV o 9V ov)'
oy o = 25| FX)<0 3.20
oS = 5] Feo 320
JOJIKHO 6BITB OTpI/IHaTCJILHBIM, TO (I)YHKHI/IIO H}IHYHOBa IIBITAKOTCA H&ﬁTI/I pCIHCHI/ICM
ypaBHCHI/I}I BHUaa

N\ v

— ¢, =-Q(X) wm (—J F(X) =-Q(X) . (3.21)
izl aXi oX
OueBUIHO, UTO €CIIM BBITIOJIHSIETCA PaBEHCTBO (3.21), TO BBIMOJHIETCS U HEPABEHCT-
BO (3.20), KOTOpOE rapaHTUPYET ACUMITOTUYECKYI0 YCTOMUYMBOCTh UCXOJHOU CHCTE-
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MbI. YPaBHEHHE B YaCTHBIX NPOU3BOAHBIX (3.21) Ha3bIBaeTCs ypasnenuem Jlanynosa
IUTs1 HEMTPEPBIBHBIX CUCTEM.

Takum 00pa3om, B JaHHOM MoAXoAe npodiemMa onpeneneHus QyHkuui Jlsmy-
HOBA CBOJIUTCS K 3a/1a4€ PELICHHUs] COOTBETCTBYIOILIETO YpaBHEHU JIAmyHOBa.

B o0mem ciydae pelieHue B 4aCTHBIX MPOU3BOAHBIX ypaBHEeHHS (3.21) mpen-
CTaBJIAET JOCTATOYHO CIIOKHYK0 MaTEMAaTHYECKYIO 3aj1ady. PaccMOTpuM HEKOTOpBIE
IIMPOKO UCIIOJIb3YEMbIE METOMBI PELICHUs ypaBHEHUs JIsmyHOBa OTAEIBHO IS JIU-
HEWHBIX U HEJTMHEHHBIX 00BEKTOB.

3.3.1. Pemienne ypaBHeHus JIsimyHoBa /1Ji51 HeJINHEHHBIX 00bEKTOB

PaccmoTpenne HauHEeM ¢ METOAOB JJIsi HETMHEWHBIX OOBEKTOB, W3 KOTOPHIX
KaK YacTHBIE CIy4au OyAyT BBITEKATh COOTBETCTBYIOIINE METOIBI PEIICHUS YpaBHE-
HUW JIAmyHOBa I IMHEVMHBIX CHCTEM.

JI1si HenMMHENHHBIX 00BEKTOB MOKHO BBIJIETUTH JIBa OOLIMX MOAXOAA K pellle-
HUIO ypaBHeHUs (3.21): METOJ CTETICHHBIX PSIIOB M METO/] MOCTpoeHus GyHKiui Jls-
IyHOBA C TMOMONIBIO IMOCJEI0BATEIbHBIX PEHICHUN cucTeMbl TudQepeHIraibHbIX
ypaBHeHHM oObekTa [11].

1. MeToa cTeneHHBbIX PSI0OB

Meroa ocHOBaH Ha omnpeaeneHu GpyHKuuu JIsmyHoBa B CTpyKType

n n n
S(X) =Z:Aixi + ZAinin + Z Ay XXX, o
i1 = ijk=1 (3.22)
C UCKOMBIMU KOd(ppuuueHTaMu A;, Ajj, Ajjx . ITOT METOA IPUMEHUM TOIBKO K 00b-
extam (3.13) ¢ MOMMHOMHAILHBIMU HEMWHEHHOCTSIMH, Koraa ¢yaknuu fi(X) mpen-
CTaBJISIOTCS WM aNNpPOKCUMHUPYIOTCS COOTBETCTBYIOIIMMH MOJMHOMamu. B anaio-
rudHoi Gopme npeacrasisiercs U QyHkius Q(X).

Meroa npeanosiaraeT BhIIOJIHEHUE CIETYIOIUX IPOLEAYD.

1. IToncranoBka B ypasuenue (3.21) dyakumit V(X), fi(X), Q(X) B dopme mo-
JMHOMOB, BBINIOJIHEHUE ONEpaluii MEPEeMHOKEHUS U CYMMHUPOBAHHS MOJIUHOMOB C
L[EJIbIO TIPUBEICHUS JIEBOU YacTH (3.21) K pe3yaIbTUPYIOIIEMY ITOJIUHOMY.

2. CocTaBieHue CUCTEMbl aNTreOpanyecKuX YpaBHEHUU MJIs ONpPEACIICHUs UC-
KOMBIX ITapaMeTpoB A;, Ajj, Ajjx IPUPaBHUBAHHEM KOI(PPHLIUEHTOB IIPH OJUHAKOBBIX
POU3BEACHUSAX KOOPAMHAT 0OBEKTA B JIEBOW U MPaBoO yacTax ypaBHeHus (3.21).

3. PemieHue nojgy4yeHHON CHCTEMbl alredpandyeckux ypaBHEHUH, KOTopas pac-
MaJaeTcsl Ha He3aBUCHMBIE TIOACUCTEMBI UL KO3 (QUIMEHTOB Ajj IPU KBaJPaTUYHBIX
yjeHax QyHkuuu JlamyHoBa, Ui K03(Q(UIHEHTOB Ajjx ITpH KyOMYECKHX 4ICHAaX U
T.J.

Ipumep 3.3. TpeOyercs HaiiTu GpyHKIHIO JIAMyHOBa 1151 HETUHEHMHOTO 00BEKTa
X;=a;;X; +a,,X, :fl*; (3.23)
. 2 ® *
X, =a,X, +a,,X, +ku=f, +ku,
MCXOJIS M3 TIONIOKMTENBHO onpeaencHnoi gpynxmuu Q(X) = q,x; +q,X; . OTMeTuM,
yTo ypaBHeHusa (3.23) mpu a,, <0; a,;, > 0 COOTBETCTBYIOT ONMCAHUIO NPUBOAA

MIPU BSAI3KOM HEJIMHEWUHOM TpeHuu [37].
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Hckomyro ¢ynkuuo V(X) ompeaenum Kak perieHue ypaBHeHHUs JlsmyHoBa
(3.21):
M(allxl _|_ al2X2) + M
ox, 0x,
VYpasuenus (3.24) Oynem pemath ¢ TOYHOCTBIO 10 KyOWYECKHUX YJICHOB CTEIEH-
HOTI'O psza

V(X)=A X, +AyX, + A XP +ApLX X, + AyXs +

(ayx, + azszé) = _Chxlz - CIzX%- (3.24)

3 2 2 3 (3.25)
+ A X] A RX X T AR XX+ A .
Torna
[OV(X
avol() (3.26)
8X2 =A, +ApLX +2A5X, A XX T 2A0,XX, +3A,,,X,X,.

[ToncraBnss mpousBoansie (3.26) B ypaBHeHue (3.24) u npupaBHuBas kodhdu-
LUEHTHl NPU OJAMHAKOBBIX MPOU3BEICHUAX KOOPAWHAT OOBEKTA, MOIYYUM CUCTEMY
anreOpandecKux ypaBHEHUH Uit onpenenenus kodpduuueHtoB A;, Aj, Ajjx QyHK-
unu JlsmyHoBa:

aE a; A, =0,
X
X
: 2a;, A =—q;;
X, X
: 22 2aA1 T A HanAy, =0, 397
X5 : _ :
2 ApAp +2apAn =—q,, (3-27)
3
Xy 3a; A =0,
2 _
X1 Xyt 3ap A +2a A tanAp =0,
X, X2 1| 280802 TanA, +2anA 0, tan A, =0,
X3 : Ap Ay + 389 Ay, +225A =0.
Pemenunem cuctemsl ypaBHeHuit (3.27) HaxoauM UCKOMBIE KOO PUITUEHTHI:
A —( _ T4 . _ 2apAg _ —(a, +312A12),
A=A, =0; A11—2a ’Alz_—a T a P Agp = a ;
11 11T 2 (3.28)
A=A =0 Ao =— 2a,,A), | A __312A122 +2a,,A
= A =0 Ay =TT Ay = 3 :
4 T 23ay CEY)

Takum o0pazom, uckomas QyHkuus JlsmyHoBa omnpeaensercs BbIpaKeHUEM

(3.25) ¢ xoadpdunmentamu (3.28).

3ameuanne. Ecnu dynkumus Q(X) HE CONEPKUT JMHEHHBIX YJICHOB, TO IS
00bEKTa N-TO MOPSAKA, IO aHAJOTHH C PACCMOTPEHHBIM OOBEKTOM BTOPOTO MOPSI/IKA,
JIETKO YCTaHOBUTH, YTO KO3 uimeHTs! GpyHkuu Jlamynosa A= A,=...= A;=0.
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2. IlocTpoenue pyHkuuii JIAmyHoBa ¢ MOMOIIbIO NMOCJIE0BATEIbHBIX

peuieHni cucTeMbl QU depeHUAIBHBIX YPABHEHUI 00beKTa

Jpyrum oOLMM MOAXOJOM K PEHICHUIO YpaBHEHUs JIdmyHOBa SIBISETCS UC-
MOJIb30BAHUE COOTHOLICHUS

V(X) = TQ(R(t, X))dt, (3.29)

rae R(t,X) — pemenne B dopme Komm cucremsl nuddepeHnnanbHbIX ypaBHEHHHA
(3.13) ¢ HavanbHBIM ycnoBuem X(0) = X.
®opmyna (3.29) HENOCPEACTBEHHO BBIBOAUTCS U3 ypaBHEHHUs JIsAmyHOBa

dVIX()] _ 5 9V(X) __
" —Z = LX) =-QX(®) .

1
JUTSI aCUMIITOTHYECKH YCTOHYMBOTO 00bekTa (3.13). HTerpupys 310 ypaBHEHUE 110
BpeMeEHU B nHTepBaie [t, T] momyyaem

VIX(T)]- VIX(D)] = -[Q(X(t)dt . (3.30)

BCJ'IC,IICTBI/IG ACUMIITOTUYECKOM YCTOﬁqHBOCTH HYJICBOI'O PCIICHUA HMMCCM

%irg VIX(T)]=V[0]=0.

C yuetom storo obcrositenbeTBa u3 ypaBHeHus (3.30) mpu T — o u t = 0 cnenyer
cooTHomieHue (3.29).

Ha cootHomenuu (3.29) ocHOBaH LENbIN PsJ METOJIUK, aJITOPUTMOB PELLICHUS
ypaBHeHusi Jlsmynosa [11]. HenocpenctBenno u3 dopmynsl (3.29) BbITEKaeT clie-
TYIOITUN MPOCTOM alNropuT™M onpeaeineHus GyHkiuii JIsmyHona.

1. Jlnst 3amaBaembix HaudanbHbeIX ycrmoBuit X, =X, k=1,2,...,N, npunamie-

Kalux 00JIaCTH aCHUMIITOTHMYECKOM YCTOMUMBOCTH cucteMbl X(t) = F[X(t)], OTbI-
CKUBAETCs YHCICHHOE PEIEHUE CUCTEMBI TU((EepEeHIIUAIBHBIX YPaBHEHUI

{X(t) =HX(1)], X(t,)=X,, (3.31a)
Z,()=QIX(D], Z,(t,)=0 (3.316)

Ha JgoctaToyHo anutenbHoM uHTepBaie [0, Ty]. 3amerum, uto ypaBHeHue (3.310)
ecTh AuddepeHnaIbHbI aHaOT UHTErPAIbHOTO ypaBHeHUs (3.29).

2. C moMoOIIpl0 MHTEPHOJSIITUOHHBIX (OPMYJT BOCCTaHABIMBACTCS (DYHKIIHS
JIsanmynoBa V(X), 11 KOTOPOM M3BECTHBI MPHUOJIMKEHHO YHCIICHHBIC 3HAUCHUS

Ty
VX)) = [QIX(LX ) =Z,(T,),  k=1,2,..N. (332)
0

OTOT AJITOPUTM HAXOJUT AOCTATOYHO HIMPOKOE MpumeHeHue [11].

Otmetrum, yto popmyna (3.29) mo3BosseT TOYHO HaWTU (yHKIUIO JlsmyHOBa
I YCTOMYMBOM TMHAMHYECKOW CHUCTEMBI, IS KOTOPOW M3BECTHO AHAIUTHUYECKOE
pemenne B popme Komm. K Takum cuctemam, Kpome TUHEHHBIX CTAIlMOHAPHBIX, OT-
HOCATCSI, HAIIPUMED, HEIIMHENHBIE DJIEKTPOMEXAHUYECKUE CUCTEMBI, OIMCHIBAEMBIE B
kaHoHnueckoi ¢popme I'.I. MensHukosa [6].
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PaccmoTpuM 0OBEKT TpeThero Mopsika B HMHTETPUPYEMON KaHOHMYECKOU
dbopme I'.11. MenbHuKOBa
X; =X,
X, =2, X, +2,X, +p,[x, (D],
Xy = a5 X, +a3,X, +a,;X; +ps[x, (1), x,(t)], (3.33)
rae p,[x,l, ps;lX,,X,] — MONMHOMBI OT yKa3aHHBIX IEPEMEHHBIX.

Tak kak nepBoe ypaBHeHUE cucTeMsbl (3.33) HE 3aBUCUT OT BTOPOTO U TPETHETO
ypaBHEHUI, a BTOPOE YPABHEHHUE — OT TPETHETO, TO CUCTEMY YpaBHEHMH (3.33) jierko
MIOCJIEIOBATEIbHO AHAIMTUYECKH IPOUHTETPUPOBATH

X, (t) = e Xi0»

t
] X, () =e"™" - x,, + J.ea”“_”[alzlc-’f“‘T ‘X0 +P,[e" - x,,]dT,
0 (3.34)

t
X;(0) =™ X+ [ €[y %, (1) +25,X, (D) +pylx, (1), X, (D]dT,
0

Kanonnueckas popma (3.33) nerko o6o0miaercss Ha OOBEKTHI N-TO MOPSIKA
X(t) = AX(t)+ P[X(1)], (3.35)
rae A — HWXKHsIS TpeyroJibHasg MaTpulia, a Bektop P[X(t)] umeer cTpykTypy
P[X()] = (0, p,[X, 1, Ps[X;5 X, 1, Py [X 5 X5 X5 1yeees P [X 5 X 5o X, D
[ToncTraBuB aHanuTHueckue perieHus Buaa (3.34) B dhopmyny (3.29), nocie
MHTErPUPOBAHUS MOXKHO MOJIYYUTh TOYHOE BhIpaxeHue i GpyHkiuu JlsamyHosa.
IIpumep 3.4. Omnpenenum Qynkumio JlsmyHoBa ans 0o0beKTa BTOPOro HOpsia-

Ka, OMHCHIBAEMOTO Au(epeHINaTbHbIMA YPABHEHUSIMH B KaHOHUYECKOU (opme
I'.1. MenbHUKOBa

{ x,(D=a,x,(1), a,<0, a,<O0; (3.36)

: 2
X,(t)=a, X, (t)+ay,x,(t)+a, x, (t).
Ha  OCHOBE  MHCIOJb30BAHUS  IIOJIOKUTEIBHO  ONPEAEICHHOW  (yHKLUH

2 20y,
QX)=q; X, (D +9pX,"(); gy, gy >0.
Jlns oO6bexTa (3.36) yka3aHHBIM BBIIIE CIOCOOOM MOYKHO HAaWTH aHAIUTHYECKOE

pemienue

X, (t)=x,,e"",

t
- 2 2 2
X, (1) =x,e"? +[e="" (a,%,,6" +a,, X2 dr=c,e +c,e®" +c,e, (3.37)
rje

¢, = X =0, X5 € =
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Teneps B cooTBeTcTBUM ¢ hopmyroit (3.29) Ha ocHoBe pemienus (3.37) ompe-
nemsieM GyHKIuo JIsmyHoBa

VIX,]= [QIX(X,, 0ldt=[a,, - x} (1) +q,, -x2(Dft=
0 0
=]Q[quxfoez"‘“t +q, (c:lea“t +c,e”™ + et )2 ]dt =
0

2 2 2
Y9 2 926 92C3  9»C 92Ci1C3 dCiCy  (0CoC3
= 10 =

2ay 2a;,  2a,, da;;  a; +ay 3a, 2a;; +ay,
_ - _
d;; <2 4 %2“12 <2 4 A (X990 = XX 19 — B Xjp) + %2“22 44 4% & 3 4
— Xt X otT——Xjo
__ 2a;, 2a;, 2a,, 4a,, 3a,,
) X10(Xy0 =X ) — O Xy HX10(X90 — X g — X
ajptay aj tay i

Tak kak nocaegHee ypaBHEHHE CIPaBEIIUBO IS JIIOOBIX HAYAIbHBIX YCIOBUH,
TO B HEM MOXHO 3aMEHHUTb X,, — X, H X,, — X, W II0CJI€ HECIIOKHBIX anreOpande-

CKHX IIpeo0pa3oBaHui MOIYYUTh HCKOMYIO (yHKIHIO JIsimyHOBa

2 2 3 2 4
VIX)=A x; +A,X,X, + A X5 +A,X] T A L,XX, + A, X], (3.38)
rac
2 2 2
A =— Qi 9% 9% + A0y | A _ 9% g%
"o 2 2 TRy ’
ay ay dy, A, ta, dy A tay
A —— da | A R CPLA AT +q220610€2 R PPLLTND + %, x,
n=T, 1 = 3 ) )
a5 a5 a; tay, a; ap;; tay,
2 2 2
A = A0,  qp%, | 90y gp, + 0%,
12 = ) ) =T, 4 ) .
a, a,ta, ) ay ap tay,

3.3.2. Pemienne ypaBHenus JIsinyHoBa /i1 TUHEHBIX 00bEKTOB
[IpuMeHsIs METOJ CTEIICHHBIX PANOB K 00bekTaM X(t) = AX(t) B ciaydae 3a-

JaHUsl TOJIOKUTENbHO onpeneneHHon GyHkiuu Q(X) B BHUlle KBAAPATUYHON (POPMBI
QX) = X'QX, merko YCTaHOBUTh, 4TO psia (3.22), npeacTaBiIsrOUIUANi
pemienue ypaBHeHus (3.21), OyJeT UMeTh TOJIBKO OJIMH MEPBBIN YJjieH, T.€. B JaHHOM
ciydae ¢pyHkus JIsmyHOBa T0MTyCKaeT MPEACTABICHHE B KBaI[paTHIHON (hopme:

V(X) = X'PX, (3.39)
rae matpuna P aBisiercs, kak ycraHoiieHO [20, 24] cHMMETPUYHOM, TOJIOKUTEIBHO
ONPENEIICHHOW MaTpUIIEN Pa3MEPHOCTH nXn .

Hanomuum, yto Marpuinia P Ha3siBaeTcs cummempuynou, ecnu P = P'. Coor-
BETCTBEHHO MaTpulla P Ha3bpIBaeTCsl nonodxcumenvHo onpedeieHHolU, €Clii KBaJpa-
Th4YHas hopma X"PX >0 I BeeX X, 3a uckirouenueM X = (. [TomoxkurenbHas oI1-
pEeAeIeHHOCTh MaTpullbl P, koTopyto Oynem ykas3biBaTh HepaBeHCTBOM P > 0, kak
IIPaBUJIO, TPOBEPSIETCS C UCIOIB30BaHUEM kpumepusi Cunveecmpa [38]:
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Pii " Pmn
>0, |« o | >0. (3.40)

P """ Pm
[ToryunuMm ypaBHeHue, onpeneistoniee Marpuiy P. [l 3Toro npeasapurensHo
BCIIOMHHUM omnepaiun AuddepeHurpoBanus QyHKIUN MO BEKTOPHOMY apryMEHTY.
W3BectHO, 4TO mpousBojHas ckamsipHod QyHkumu f(X) mo Bekropy X (rpaaueHT
GYHKIIUHN) ONPEeNsIeTcs CIeIyIOIINM 00pa3oM:

at [af of of |

dX _{axl 9x, OXx } ‘
PaccmoTrpum pynkumio f(X,Y) = Y'BX or IByX BekTopoB X, Y, riae B —

MaTpHlla pa3MepHOCTH nXxn. s 3Toi GyHKIIUU CrIpaBeIJIMBbI COOTHOIICHUS:

9 (v =BTy, a_p.x. (3.41)
dX dY

OTU COOTHOLICHHMS JIETKO MPOBEPUTH AJIsl GYHKIIMH OT IBYMEPHBIX BEKTOPOB

b b X
f(X,Y)Z(Y1 Y2)'[ " 12)'[ ljz}ﬁ '(bnxl +b12X2)+Y2 '(bzlxl +b22X2)-

P P
P Px

P, >0,

n

b, b, X,
Jiist 9701 GYyHKIIMM HAXOIUM

o
of ox, | _ yiby, +Y,by _ b, by Yi|_ ot .
—= 5 |= — . ~BT.Y;
oX | 9 y,b, +y,by b, by Vo)

0x

o
Ez dy, _ X,b, +Xx,b, _ b, b, RS _B.X
Y a_f XDy, +X,by b, by ) \x, ‘

a}’2

Taxum o6pazom, cootTHomeHus (3.41) neCTBUTENFHO UMEIOT MECTO.

C ucnons3oBanuem ¢opmynsl (3.41) nuddepenuupyem Qynkmnuio Jlsmynosa

(3.39) no BexrTopy X:
dv _d
dX dX
C y4eToM JaHHOTO BbIpaKeHUs ypaBHeHHE JlamyHoBa (3.21) mpuHUMaeT BUJ
X"(2PA)X =-X"QX .

Tak xak marpuna Q sBISIETCS CMMMETPUYHOM, a Marpuua 2PA BciencTsue
HECUMMETPUYHOCTU A — HET, TO U3 MOCIEAHET0 YPaBHEHHUS CIEAYET, YTO B OOIIEM
cinyuyae 1 X # 0 He BeinosiHseTcss paBeHCTBO 2PA =- Q. Takoro tuna paBeHCTBO
MOKET BBINOJHATHCA TOJBKO IS CUMMETPUYHBIX MaTpul. Vcronb3ys W3BECTHBIM

IIPUEM ITOJYYEHUS U3 HECUMMETPUYHOW MaTpulbl B cMMMETpHYHON MaTpULIbI
C = (B+B")/2,

(X"PX)=(X"P) +PX=P"X+PX=2PX.
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II0CTaBUM B COOTBETCTBHE Matpuuie 2PA cummerpuunyto matpumy A'P+PA . Tak
Kak 3HaueHus KBajapaTtudyHoi popmel oT Matpull B u C coBnanaror, To sl HaX0xae-
HUS UCKOMOM MaTpullbl P, onpenensromnieit pynkuuro JIsmyHoBa TUHEHHON CUCTEMBI,
NPUXOAUM K HEOOXOJAUMOCTU PEIICHUS CIEAYIONIET0 YPAaBHEHHUS:

A"P+PA =-Q, (3.42)
HAa3bIBAEMOI0 MAMPUYHbIM ypasHeHuem JIanynosa.

s ypaBHeHus (3.42) A.M. JIsnyHOBBIM J10Ka3aHa CIEAYIOIIAsl TEOpEMa Cy-
LIECTBOBAHUS PELICHUS.

Teopema 3.4. Eciu mampuya A ycmotiuusa, mo 0as ar000U NOJOACUMENLHO
onpeodenennou mampuysvt Q cyuwjecmeyem eOUHCMEEHHOe HNOJO0NCUMENbHO Onpeode-
nenHoe peutenue P, ypaenenus (3.42).

PaccmoTpum Ba MIMPOKO MPUMEHSEMBIX METO/A PELICHUS] MATPUYHOTO YpaB-
HeHus JIsmyHoBa.

1. Pemenne maTpuuHoro ypaBuenus Jisanynosa meroaom E.A. bap6ammna

OTHOCHUTENBHO JIEMEHTOB MCKOMOW MaTpuilbl P ypaBHenue (3.42) saBnsiercs
nuHerHBIM. [ToaTOMY ero MokHO Tiepenucarh B ctangapTHoit popme AX = B u pe-
IIUTh U3BECTHBIMH METOJAMU. Y Ja4HbI BapuaHT peoOpa3oBaHus ypaBHeHus (3.42)
K CTaHAapTHOMY BuAy ObL1 npeaniokeH E.A. bap6ammneiv [36].

CymHOCTh METOJ]a IEPBOHAYATIBFHO PACCMOTPHUM Ha MpPUMEpPE 00BbEKTa yIpaB-
JICHUS] BTOPOTO MOPAIKA, BOSMYIICHHOE JBHKEHHUE KOTOPOTO OMHChIBaeTcs audde-
PEHLIMAIBHBIMU YPaBHEHUSIMU

X, =a;,X, ta,X,; X, =a,X, +ta,X,. (3.43)
CoOOTBETCTBEHHO MOJIOKUTENBHO onpeneneHHas Gynkius Q(X) 3agaHa B BUJE KBa-
paTUYHON (HOPMBI

QX) =q,,X; +2q,,X,X, +q,X5. (3.44)
Haiinem ¢ynkuuro JlsmyHoBa
V(X) =p,,X; +2P,X,X, + PpXss (3.45)

MOJTHASI IPOU3BOIHAS TI0 BPEMEHU KOTOPOUM Ha TPACKTOPHUSIX CBOOOTHOTO JIBYIKCHHUS
o0wekTa (3.43) paBaa pyHkiuu (3.44), B3STOM ¢ MPOTUBOIIOJIOKHBIM 3HAKOM.

[ToncraBuB Beipaxkenus (3.43), (3.44) u (3.45) B ypaBHenue (3.21) u npousse-
as1 onepanuio nuddepeHpoBanus, IOIyIUM

2(pyjay; + Pradn)X; +2[pyjay, + Py @y +ay) + Pray Ix,x, +
+2(P12a15 + Prry )Xg = _[q11X12 +2q,XX, + %2"%]-
IprpaBHKBas KO3OOUIHEHTE TIPH TIEPEMEHHBIX X, XX,, X5 B MPaBOil W
JIEBOM YACTAX TOTO YPaBHEHHS, OJy9aeM CHCTEMY alreOpandecKuX ypaBHEHUM
apppt anp;p =-0.5q;,
apppyy (@) +a5)pp + a3 Py ==, (3.46)

5Py + 5Py =—0.5q.
JUIL OIPEJEIIEHUS] UCKOMBIX KO3(DPUIIMEHTOB Pij, P12, P22 PyHKIMH JIssmyHOBA.
Cucrema NMHENHBIX alreOpandeckux ypaBHeHHH (3.46) nMeeT cTaHAApTHBIN
BUJ M €€ MOKHO PEIINTb, UCIOJB3YS, HampuMep, hopmynsl Kpamepa
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—-0.5q,, a,, 0 . a, —-0.5q,, 0

1
P ZX —(q; (@, +ay) ay,|, Py ZX ap —(q; adr |5
—0.5q,, A, Gy 0 —0.5q,, a5
a;; ay; —0.5q ap dy 0
P2 ZZ apy (a;+ay) )|, A=la, (@, +a,) a, |. (3.47)
0 a; —0.5qp 0 apy Ay

Ha ocnoBe cootHomienwit (3.45), (3.47) uckomyro ¢pyHkiuto JIssmyHOBa MOYKHO
3anucaTh B popMe Tak HazbiBaeMoro onpenenutens E.A. bapb6amuna:

0 X} 2X,X, X;

V(X) — _l _O‘Sqll all a21 O (3 48)
Al —qy, a, (a;+a,) a,
-05q,, O ap a5

Jlist muHEeMHOro 00BEeKTa N-ro MOpsAJKa aHAJIOTHMYHbBIE PACCYXKICHUS U MPeo0d-
pa3zoBaHUsI MPUBOJAT K cieayromen popme onpenenurens E.A. bapbamuna:

2 2 2
0 X; e 2XX, 0 X5 . 2XX, .. X
_O‘Sqll Cll,ll Cln,ll C22,11 Cik,ll Cnn,ll
1 - qln Cll.ln o Cln,ln C22,ln e Cik,ln A Cnn,ln
V(X) = _X -05q,, C,, ... C,n Ch, ... Cip ... C ,[,349
- qik Cll,ik te Cln,ik C22,ik cee Cik,ik cee Cnn,ik
- OSq nn Cll,nn Cln,nn C22,nn Cik,nn A Cnn,nn

rae aneMeHTshl C ;. BbIpaXaroTcs uYepe3 BeIIeCTBEHHbIE KOAPQHUUUEHTH audde-

olj,1
peHUMaNbHBIX ypaBHEHUH (4.1) BO3MYLIEHHOTO IBMKEHUS OOBEKTa YIPABJICHHUS U
MOAYUHSAIOTCS CIAEAYIOIIUM COOTHOIICHUSIM:

0 npu o #1# J#Kk,
a. npu o =1,j#Kk,
Cojik = Ciaik =Cojkis  Cou =9 .. -
b 1% b » a,+a; mpu o=ij=k,i#],
A, npu o =j=1=Kk,

A — MMHOp, OTHOCSLIIMICS K IIEPBOMY JIEMEHTY IEPBOM CTPOKHU ITOCIEAHETO OIpe-
JNETUTENS.

Jlanublil pe3ynbsTaT BriepBbie ObUT noydeH E.A. bapOammHbiM U npuBeieH B
moHorpaduu [36]. [Topsgok N onpenenurenst (3.49) cBsizaH ¢ MOPSIAKOM N CUCTEMBI
audepeHnrnanbHbIX ypaBHeHHH (4.1) cneayromieil 3aBUCUMOCTBIO:

N=n(n+1)/2+1.
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W3 3T0i1 GopMyIIBI ClieAyeT, UTO MPU YBEIUUECHUH MOPSAKA h cucTeMbl nuddepeHiu-
aNbHBIX ypaBHEHUU mopsanok omnpeaenutens E.A. bapbammna N yBenuuuBaeTcs B
KBaIPaTUYHOM 3aBUCUMOCTU. DTO PE3KO YCIOKHAET pacdyeT KOdPHUIHEHTOB PYyHK-
uu JlsimynoBa. B cBsizu ¢ atum meton E.A. bapOaiuna, kak mpaBuiio, UCIOJIb3YyeTCs
OpU aHAJTUTHYECKOM ompenaeneHnu GyHKuui JIsmyHoBa mjis 0ObEKTOB yHpPaBICHUS
HE BBIIIE YETBEPTOTO MOpsIKa (i1 HEro ONpeAeNIUTENh UMEET YK€ OJMHHAIIATHIN
nopsanok). s oObeKkToB 0oJiee BBICOKOTO MOPSIKAa HCIOJB3YIOTCS CIHElUaIbHbIC
YUCJICHHBIE METO/IbI, TO3BOJISIIOLIUE CYIIECTBEHHO YMEHBIINTh 00BEM BBIYMCIUTEIb-
HBIX ONIE€paLHil.
2. PemieHne MAaTPpU4HOI0 YpaBHeHus JIsimyHoBa Ha ocHOBe popmy.asl (3.29)

®opmyna (3.29) no3BossieT HaATH GyHKUUIO JIdmyHoBa 1Sl TMHEWMHOW TUHA-
MUYECKON CUCTEMBI, JI1 KOTOPOH M3BECTHO aHAIMTUYECKOE pelleHue 3anauu Komum
¢ HavaJIbHBIM ycioBueM X(0) = X:

X(t,X,)=e™-X,. (3.50)
IToncrasnas (3.50) B (3.29), nosyyaem

V(X,)= T(e’“ X,) -Q-eM - Xydt =T XMt Q- eMX,dt.
0 0

W3 naHHOTO BBIPAYKEHUSI BBITEKAET XOPOIIO U3BECTHBIN (PaKT, YTO SIS YCTOMIMBOM
JUHEHHON cucTeMbl PYHKIHS JIAmyHOBa SBIsSETCS KBaApaTUIHON HOpMOit

V(X,)=X"PX,; p =IeAT‘QeA‘dt , (3.51)
0

®opmyna (3.51) sABaseTCSI OCHOBOM MHOTHX YHCIICHHBIX aJTOPUTMOB PEIICHUS
MaTpU4HOTO ypaBHeHuUs JIsmyHoBa (3.42).

Aaroputm 1. B pa6ore [11] Ha ocHoBe dopmyn (3.51) u metona (3.31), (3.32)
NPEAIOKEH CIEAYIOIMMN MPOCTON crIOoco0 OTHICKAHUS AIEMEHTOB MaTpUIlbI P.

1. 3agatoTcs OCHOBHBIE KOOPJIUHATHBIE BEKTOPHI

1 0 0

0 | 0
Xl: ; X2: ; ’Xn:

0 0 1

2. MuTerpupytoTcsi mociaeaoBaTeabHO CUCTEMBbI Au(depeHnaIbHbIX YpaBHe-
HUH Ha 10CcTaTO4HO OosbioM uHTepBane Bpemenu [0,T]
X(t)=AX(t); 7z, =X"(0)QX(t); k,s=12,..,n; k=>s (3.52)
¢ HauanbHbIMU yeaoBusaMH X(0) = Xy + X; 7,(0) = 0.
3. PaccunThIBatoTCs 3NIeMEHTHI MaTpulbl P 1o ¢popmynam
Pu =025z, (T); p, =05z, (T)-py —P.) k#s. (3.53)
Jlist pacuera BceX pas3lIMYHBIX dJIEMEHTOB P,., K,$=12,...,n cuMMeTpu4HOI
Matpulpl P B nannoM anroputrme npuxoautcss 0.5n(n+1) pa3 4KMCI€HHO HHTETPUPO-
BaTh cUCTEeMY ypaBHeHHUM (3.52) ¢ pa3IMYHBIMU Ha4yallbHBIMU YCIOBUSMH.
Auaroputm 2 [11]. B nanaom anroputme matrpuua P ypaBHenus JlanmyHoBa Ha-
XOJIUTCS] HEMTOCPEACTBEHHBIM BBIUUCICHHEM MaTpUyHOTO nHTerpaia (3.51).
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1. 3amaercst nocratrouHo mMaioe unciio h > 0 u BeluucsieTcs: MaTpula
2 3
e =ErAl At 4 e
1! 2! 3!
o ¢hopmyiam
1

O=A,+A +A,+...+A; A,=E; A = EhAAk_l; k=12,.,N.
2. Matpunia P Haxoautcst BerancienrueM uHTerpana (3.51) no dopmyne Cumn-

COHa
M AT A h
P=1I, = £ e” 'QeMdt = §(®° +40, +20, +..+40, , +0, ); (3.54)

0,=Q ©,=0'00; s=12,..2q-1.
BI)IXOI[ M3 CHCTa JCJIAacTCs IMPHU BBIITOJHCHHUU YCJIOBHUSA H®2q H <€, Tae € — 3a-

paHCEC 3aaHHad MaJjlasd IOJIOKUTCIIbHAS BCIINYUHA.

3.4. lIpumenenne pyHkumii JISimyHOBa B CHHTe3€ HEJIMHEHHBIX CHCTEM.
3agaya onTUMAJBHOIO AeMII(PMPOBAHUS NEPEXOIHBIX MPOLECCOB

VYyenne JlsmyHoBa 00 yCTOWYMBOCTH JABHMIKEHUS, MO3BOJSIONIEE CYAUTH O
CBOMCTBax BO3MYILIEHHBIX ABWXEHUM, HE NpHOeras K MHTETPUPOBAHUIO YpaBHEHUN
(3.7), yka3bIBaeT IMyTh K pallMOHAIBHOMY KOHCTPYHPOBAHUIO peryasTopos. [losTomy
MeTo GyHKIuN JIamyHOBa IMIMPOKO HCHOIB3YETCS HETMOCPEICTBEHHO ISl CHUHTE3a
TaK Ha3bIBAEMBIX CTAOWJIM3MPYIOIIUX YNPABICHUM, T.€. 00ECIEUNBAOIINX YCTONUN-
BOCTb KOHCTPYHpPYEeMOM IauHaMHuueckod cuctembl [35]. M3noxum wuiaero oOiiero
IOJX0/a K OTBICKAaHUIO CTAOUIIM3UPYIOLIETO YIIPaBICHUS ISl 0ObEKTOB

X(t) =FX(0),u(t)] (3.55)
CO CKaJISIPHBIM YITPABJISIIOIIUM BO3JeUCTBHEM U(X).
BBenem monoxutensHo omnpenenennyio (ynkuuioo JlamynoBa V = V(X),
MMEIOIIYI0 HETIPEPhIBHBIC YaCTHBIC MPOU3BOAHBIE B 00JIaCTU €€ omnpenencHus Qyx, u
BBIYHCIIMM €€ MOJIHYIO TPOU3BOJHYIO M0 BPEMEHU B CHITY ypaBHEeHHH (3.55):

dvV _ . a9V ovY)'
—=V=Y_—fXu=—| FX,u) . 3.56
[ToTpebyem Takoro BeiOOpa ynparieHus u(X), mpu KOTOPOM
V(X,u) <-Q(x), VXe Q, & t>t,, (3.57)

rie Q(X) — HekoTopasi 3aJaHHas MOJOKUTEIBHO ompesesneHHas GyHKuusa. Bemon-
HeHue HepaBeHCTBa (3.57) B COOTBETCTBUM C Teopemamu JldamyHoBa oOecrieunBaeT
YCTOWYUBOCTh CHHTE3UPYEMOU CUCTEMBI YIIPABICHHUS.
C yuerowm (3.56) nepenuiieM HepaBeHCTBO (3.57) B BUie
v
WX, u,t)= (B_Xj F(X,u)+Q(X)<0, VXe Q, ¢ t=t,. (3.58)

[Ipu dukcupoBannoi ¢ynkuuu Jlsmynoa V(X) HepaBeHCTBO (3.58) B HeEsB-
HOM BHJI€ 33Ja€T OrpaHWYCHHs Ha ympasiaeHue u(t) = u[X(t)], npu KOTOPOM 3TO
yrnpasjeHue ctadbmmmsupyeT oobekT (3.55). Ecnu u3BecTHO, 4TO CTaOMIM3UpYOIee
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yIpaBlI€HHE CYHIECTBYET, TO MOKHO 3TH OTPAHUYCHHS BBIJICIUTH B SIBHOM BHUJE,
paszpeniasg aHaJIUTUYECKU HEPABEHCTBO (3.58) OTHOCUTEIBLHO MEPEMEHHOM U.

[IpumMeHeHre yka3zaHHOTO MOJX0Ja OMpeAeNieHUs CTaOMIM3UPYIOLIEro yIpaB-
JIEHUSI BCTPEUYAET Ha MPAKTUKE CIEAYIOIINE 3aTPyAHEHU: 1) TpyIHO yCTaHOBUTH yC-
JIOBHS pa3pelIMMOCTH HEJIMHEHHOr0 HepaBeHCTBA (3.58); 2) emie TpyJaHEee HAUTU €ro
aHAJIMTUYECKUE PELICHUS OTHOCUTENbHO yrpasicHus u(t) =u[X(t)]; 3) HepaBEeHCTBY
(3.58), kak MpaBuUIIO, yAOBJIETBOPSET HE 0JHA (QYHKIIMS, a IEJIbIA KIacc ynpaBIeHUH.

C TOUYKHM 3peHHUs YCTPAaHEHHS YKAa3aHHBIX TPYAHOCTEH MpPEICTaBISAET HECO-
MHEHHBI HHTEPEC METOJI ONTHMAIBHOTO AeMI(UPOBAHUS TEPEXOTHBIX MPOIIECCOB
B.U. 3yboBa [22], Tak KaKk B HEM pEUICHHE HEPABEHCTBA 3aMEHSAETCS pPEUICHHEM
YpaBHEHUSI OTHOCUTENBHO, KaK MPaBUJIO, €JMHCTBEHHON U ONTHUMAJILHON B Ompeje-
JICHHOM CMBbICTIE (PYHKITUU YIIpaBiIeHUS. ITOT METOJ MOJIYYIJI JOCTATOYHO IIHPOKOE
IIpUMEHEHUE Ha npakTuke [39].

Meroa OCHOBaH Ha CBOEOOPA3HOM OMNpPENEICHUH ONTHUMAIBHOCTU JBUKEHUS
CUHTE3UPYEMOM CHCTEMBI, BEIPAKAaEMOM YEpe3 COOTBETCTBYIONIYIO PyHKIUIO JIsrmy-
HOBa. BBeneMm nousarue ontumanbHocty o B.U. 3y6oBy.

PaccmoTpum ympasnsemsiii o0bekT Buaa (3.7). [Ipeanonoxxum, 4To yrpaBiie-

Husg U = (ul,...,um)T NpUHAAJIE)KAT HEKOTopomMy MHOXkecTBY [U] coBOkymHOCTH

BCEX KyCOUYHO-HEIPEPBIBHBIX YIIPABICHUN C KOHEYHBIM YMCJIOM TOYEK pa3pbIBa.

Kaxaomy ynpasnenuro Ue QU] oTBeuaet nBrxeHHnE 00bEKTa

X=X(t,U,X,tg), (3.59)
IIPOXOJSAIIEE YEPE3 HAYAIBHYIO TOUKY Xo IpH t = to.

[Tycte 3amana Hekoropas ckanspHas ¢yHKius V(X), KOTOPYIO MOXHO pac-
CMaTpHUBaTh KaK MEpPy OTKJIOHEHHUS IBHXKYILEWCS TOUYKH (3.59) OT ycTaHOBUBIIErOCS
cocrosiHus. byaem paccmarpuBaTh Hanbojiee NMpOCTOM ciydail, KOrja yCTaHOBHB-
IIeecsl COCTOSIHUE ONIPENEIACTCS TPUBHAIBHBIM pEIIEHuEM CcucTeMbl (3.7):
X; =X, =...=X, =0. B aToM cinyuae B kauectBe pyHkuuu V(X), Hampumep, MOKHO

3a1aTh CBKIIMI0BY HOPMY BCKTOpPa HXH HJIN KBaApaT €€ 3HAYCHUA

n
V(X)=>x] . (3.60)

i=1
Ecnmu ponb cucTemBbl ymnpaBlieHUs CBOIUTCS K TOMY, YTOOBI YMEHBIIUTH pac-
CTOSIHME MEXAY ABWXKYyLIEHCs Toukoi (3.59) u ycranoBuBIuMcs 3HaueHueM X=0, To
CTAHOBUTCSI €CTECTBEHHBIM CIIEyIOIee MOHATHE 00 ONTUMAJILHOM YIpPaBJIECHUU IO

OTHOUIEHUIO K JeMinpupoBannio pyHkuuu V(X).
0

Onpeneaenue. Ynpasnenue Ul = (ulo,uz,...,ugl)T Ha3zvieaemcss oOnmuMalb-
HbIM N0 OMHOWEHUIO K Oemnguposanuto Gyukyuu V, eciu sma @ynkyus yovieaem
edonb mpaexmopuu X(t,U°, X ,,t,)=X"(t), coomeemcmeyroweii smomy ynpaene-
HUI0 HAUOOILUUUM 0OPAZOM.

[TomHast mpousBoHas 1O t OT GYHKIWHM V BIOJL TPACKTOPUHU JIBUKEHUS CHC-
TeMbl (3.7) UMeeT BUL

dvV oV & oV
=—+
dt ot ; ox

T.(X)=W(t,X,U). (3.61)

i
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CrnenoBaTenbHO, ONITUMAIBHBIM IO OTHOLICHUIO K AemmdupoBanuto pyakuun V(X)
Oyzaer ynpasiieHue, Kotopoe fgocrasiseT pyHkiuu W(t,X,U) HaumeHbllIee oTpuLa-
TeJIbHOE 3HaueHue cpeau Beex ynpasienuin Ue Q[U]:

U, ()= arg{rgig W[t,X(t),U]} . (3.62)

3ametnm, uto pyukmus (3.60), onpenenstomas TeOMETPUIECKOE PACCTOSTHUE
oT coctostHusl o0BbekTa (3.59) mo Touku paBHOBecusi X = 0, sBISETCS MpOCTEHIIEH
bynkueit JismyHoBa, MO3BONSIONICH CYyIUTh 00 YCTOMYMBOCTH IBUXKEHUSI CHCTEMBI.
EcTecTBEHHO, YTO IPU CUHTE3€ CUCTEMBI YIpaBJIeHHs B KauecTBe V(X) MOXKET OBITH
BbIOpana mob0as moaxoxasmas ¢ynkuus Jlsoynosa. Ilpu ucmonbp3oBaHuM MeToAa
B.1. 3y6oBa, kak mpaBuio, BEIOMPaOT QyHKIUIO JIsSmyHOBa, OTBEYAIOUIYIO OOBEKTY
npu otcyrcTBuM ympapieHudt (U = 0). 1o umeeT O0nbIIoN (U3UIECKUN CMBIC:
1) Takoil BBIOOp TapaHTUPYET YCTOWYUBOCTH CUHTE3UPYEMOM CHCTEMbI yIpaBie-
HUS; 2) MUHUMM3aLMUs Mpou3BoAHON (3.61) 1o ympaBieHUIO OINpEaesseT MaKCH-
MaJbHYI0 00JIACTh YCTOMYMBOCTU MPOEKTUPYEMOW CHCTEMBI NMPU BHIOPAHHOU (PYHK-
uuu JIsmyHosa.

[ToguepkHeM, YTO MOHATHE ONTUMAIbHOCTH cucTembl o B.M. 3y0OoBy, cBs-
3aHHOE CO CBOMCTBAMM JBHKCHMS CUCTEMBI B TEKYILIMH MOMEHT BpPEeMEeHH, CyLIECT-
BEHHO OTJIMYAETCSI OT MOHSITUS ONTUMAIBHOCTH, BBIPAXKEHHOTO COOTBETCTBYIOIIUM
WHTETPATLHBIM (YHKIIHOHATIOM, MIPEACTABIISIFOITNM, HAIPUMEp, COO0H WHTErpalTbHBIC
OLICHKM Ka4eCTBa MEPEXOIHBIX MPOLECCOB HA BCeM MHTepBaJje uX nporexkanus. OT-
Ka3 OT MHTETPAIIBHOTO KPUTEPHUSA KAYECTBA U MEPEXO K KPUTEPUIO C OLIEHKOM Kade-
CTBA B KAXIBIM TEKYIIMM MOMEHT BPEMEHH CYLIECTBEHHO YNPOILIAET MPOUEAYPY
cunTe3a. OHaKo, Kak OyJleT MoKa3aHo B MOCIeAyomuX pasaenax, meroq B.W. 3y6o-
Ba crocoOcTByeT Oosee riryookomy nonumanuio 3aaaun AKOP u nmoaxonos k ee pe-
HIEHUIO.

Ecnu npaBble yacTu ypaBHEHHU (3.7) 3aBUCAT OT BO3JIEUCTBUI Uy, Uy,...,U, JIHU-
HEWHO, TO YIpaBJi€HUE, ONTUMAJILHOE 10 OTHOILICHUIO K JAeMI(pUPOBAHUIO (QYHKIIMH
V(X), cpaBHHUTEIIBHO JIETKO ONpEIesieTCs B 0011IEeM BH/IE.

Hanpuwmep, npumennm metos cuntesza B.M. 3y0oBa k 00beKTy

).(i zzlaijxj +Zbir(t’X)'ur ’ i:1’2""’n’ (363)
= r=1

n

— MaTpuiia KOC—)(i)(i)I/ILII/IeHTOB, NMCromasn COOCTBEHHBIC UHCIA C oTpuna-

rae ‘a..

1
TEJIbHBIMU BEILIECTBEHHBIMU YaCTSIMU (T.€. MoJiokeHue paBHoBecus X = 0 cuctemsl
(3.63) mpu U = 0 acUMOTOTHYECKA YCTOMYMBO), BEIMUYUHBI b;(t,X) — HEJIUHEIHBIC
(YHKITUH TIEPEMEHHBIX t, X{, X2,...,X; -

IIpeamnonaraercs, 4To KOMIIOHEHTHI BekTopa ymnpasienus U = (uj, Us,..., Uy)
OTrpaHUYeHbl HepaBeHCcTBaMH (1.3), T.e. ‘ur (t)‘ <1, r=1,....m.

BcenencrBue ycroitumBocTi 00bekTa (3.63) cymecTByeT €IMHCTBEHHAs MMOJIO-
KUTEIHHO OTNpeIeTICHHAs KBaapaTudHas opma

V= 3pxx, = XPX, (3.64)

i,j=1
y,[[OBJ'IeTBOpﬂIOH_[aﬂ ypaBHeHI/IIO .H?IHYHOBa
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ia—v-[iaijxij = —Q(X). (3.65)

zox, A
rae Q(X) — 3agaHHas MOJIOKUTENBbHO onpenenenHas ¢pyukiusa. Ecin Q(X) = XTQX,

TO ypaBHeHHE (3.65) paBHOCWIIBHO MaTpUYHOMY ypaBHEeHUIO JIanyHoBa (3.42), onpe-
nensttoniemy Marpuity P gyakuuu Jlsmynosa. [Ipeanosioxkum, 4To ¢ UCTIOIb30BAHUEM
MeToI0B nojapasz. 3.3.2 matpuuia P Halinena.

Bynem paccmaTtpuBaTh HAWACHHYIO YKa3aHHBIM CIOCOOOM KBaJIpaTHYHYIO
dbopmy (3.64) B KaduecTBe KpUTEpUsI OTKIOHEHUS ABWXKYIIErocs oobekra (3.63) ot
noyioxeHust pasHoBecus X = (. B atom ciayuae ¢pynkmms (3.61) mns oobexra (3.63)
MIPUHUMAET BU]]

WX, U)=-Q(X)+>.3b. (X);—Vur . (3.66)
r=1 i=1 X,

Munumusupys Qyskiuio (3.66) 1o ynpapieHUsM ¢ yaeToMm orpanudenuit (1.3), mo-

JTy4YuM

n oV n -
0 . .
u, (t) =-sign| > b, (X)—— |=-sign| > k,x; |, k;, = Zdijbir(X),rz 1,...,m. (3.67)
i=1 aXi j=1 =

Takum oOpazom, ympaBieHHs HETHMHEHHBIM 00BeKTOM (3.63), onmTUMaIbHbBIE
[0 OTHOILIEHUIO K JneMipupoBanuio GyHKIuH (3.64), ABIAIOTCA pENeUHBIMH YIIpaB-
JICHUSIMU, UMEIOLTUMH ITOBEPXHOCTHU MEPEKIIOYEHUS

n
ijrxj =0,r=1,....m .
j=1

B 3akmtouenne OTMETHM, YTO pefieiiHbIe ONTHUMAIBHBIE PETYIATOPHI 00Ia1ai0T
PAIOM 3aMeyaTelbHbIX CBOMCTB, KOTOPBIE MPEAONPEAEISIIOT UX HMIMPOKOE MPUMEHE-
HUE B TMpPAKTUKE yMpaBiIeHHs d3JekTponpuBojgamu [1, 2]: 1) 3a cuer GecKOHEYHO
607b10T0 KO3 dULIMEeHTa yCUIeHUST 00€CIIeYBAIOT HYJIEBYIO WJIM JOCTaTOYHO Ma-
ayro omMOKy crabunu3anuu; 2) 3a cueT paboThl B CKOJB3ALIEM PEXKUME HMMEIOT
HU3KYI0 YYBCTBUTEJIBHOCTh K HW3MEHEHHUIO MapamMeTpoB OOBEKTA; 3) OTIMYAIOTCS
MIPOCTON TEXHUYECKOW peaTu3alueu.

IIpumep 3.5. Haiinem ynpasnenue oobexkToM (3.23), onTUMaIbHOE IO OTHO-
meHuo K aemidupoBanuo yHkuuu Jlsmynosa (3.25) ¢ koaddunuentamu (3.28),
paccMaTpuBaeMbIMU B mpuMmepe 3.3.

3anuchIBaeM BhIpAKEHHE MMPOU3BOIHOM 10 BpeMeHH QpyHKuu (3.25) Ha Tpaek-
Topusix 00bekTa (3.23)

WX, u) = V(t) = @(anx1 + X2)+¥(322X2 +a222x§ + Ku).

X 1 X 2
Munnmu3anueit nociaenneil QyHKIUU MO0 U C YY€TOM OTPaHUYCHUS ‘u(t)‘ <1 mnHaxo-

AWM OIITUMAJIBHOC YIIPABJICHUC

u(t) = —sign[K—aaV J = —sign(K(A,x, +2A X, + A, ,X,X, +2A,,,X,X, +3A,,,X,X,))
X2
CO 3HaYeHUSIMU K03 PPuineHTos (3.28).
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BripakeHne peneiHoro ynpasieHUs: MOKHO YIIPOCTHUTH 3a CUET BBIHECEHHMS 3a
3HAK S1gN MTOCTOSIHHOTO TOJIOKUTEIBHOIO MHOXUTENS, Hanpumep, KA ,, Tak kak sta
oIepanys He MOBIUAET HA 3HAK BBIPAYKEHUS, CTOSIIIETO 110/ 3HAKOM Sign:

A A A A
u(t)=-sign| x, +2—2x, + 12 x7 +2—12x x +3-2x7 |, (3.68)

12 12 12 12
C wucnons3oBanueM cooTHomeHud (3.28) paccuutbiBaeM K03 UITUEHTHI
ynpasieHus (3.68):

q a, . _ s
K2 :2A22/A12 :_—z_ia K122 _2A122/A12 —O,
anA, Ay,
4 (3.69)
a a a
K =2A,1A, =~ 22— Ky, =3A,, /A, =——+K,,, ——K,.
a +2a, 2a,, a,,

Haiinem 3nauenus koagduimenton (3.69) mis npuBoaa ¢ BI3KUM TPEHUEM, Y

koToporo a,; <0; a,; — 0. Tak Kak B 5TOM clry4ae
1 _ (au + a22)all =0
- - 9
A g2,
TO K03()(PHUIIMEHTHI HCKOMOTO 3aKOHA YIIPABJICHUS

u(t)= —sign(x1 + K x, + K, XX, + Kmxg)

IIPUHUMAKOT 3HAYCHUSA

a 2a 2a,.,a
— _ 12 ., —_ 222 . _ 12222
KZ - ’ K122 - ’ K222 - 2

a22 a22 a22

(3.70)

3.4.2. Cunre3 onTuMaibHbIX cucteM MeToaoM B.M. Kynuesuua, M.M. JIbluaka

JlaHHBIM METOJT MOXKHO paccMaTpuBaTh Kak pa3BuThe Metona 3ybosa B.U. on-
TUMaJILHOTO JeMII(pUpOBaHUs MEPEXOIHBIX MPOIecCCOB. B kauecTBe KpuTepus Kaue-
ctBa ynpasienus B.M. Kynuesuu, M.M. JIbidak [35] ucnosib3yoT TaKk Ha3bIBAEMYIO
(GYHKIHIO YIETBHBIX TTOTEPh

wX,U,t) =CL—Y+ U'RU , (3.71)

riae dV/dt— nomuas npoussoxHas GpyHkiuu JISmyHOBA, BEIYUCIIAEMAs BIOJb TPAEK-

TOpUH JABHKEHHS HccleayeMoro oobekra (3.7), a RT =R — cuMMeTprdHast Monoxu-
TEJILHO OIpEeNICHHAsl KBaJlpaTU4HAasi MaTpUlla BECOBBIX KOA(P(PUIIUEHTOB KpUTEPHS,
YUUTBIBAIOIAS TOTPEOJIeHHE dHEPIruH (MOTEpPH) Ha yIipaBieHue. 3a1aBas MmaTpully R
onpeaeIeHHbIM 00pa30M MOXHO Tak)Ke€ KOCBEHHO YYUTBHIBATh U HEKOTOpBIE APYTHe
OTrpaHUYCHUS Ha YIPaBJISAIONINE BO3ICUCTBUS.

[Tpu sTom 3anmauya ynpasieHus oobekToMm (3.7) dopmynupyercs Kak 3anaya
OTpEeICIICHUS YIIPABICHUS U3 YCIOBUS

%ng{v +U'RU} . (3.72)

[Tpu pemenun 3amaun (3.72) pexkoMmeHayercs BbiOupaTh Qynkiuio JlsmyHosa V(X)
v MaTpuily R Takum o6pa3om, uToGsl mponssoanas V(X) GbLIa OTPUIATENHHO OII-
penenena 160 BO BceM (pa30BOM MPOCTPAHCTBE 00BeKTa, MO0 mpu X€Q(X), uaro
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rapaHTHPYET ACUMIITOTUYECKYI0 YCTOMYMBOCTh CHHTE3UPYEMBIM CHCTEMAaM B yKa-
3aHHOW 00JIaCTH B COOTBETCTBUU C TEOPEMaMHU yCTOMUMBOCTH JIsmyHOBA.
[ToguepkHeM, 4TO YCIIOBHE ONTUMAIIBHOCTH ynpaBieHus (3.72) oTin4yaercs oT

ycaosust B.M. 3y60Ba TOJIBKO JIUIIb JOMOIHUTENRHEIM ciiaraeMbiM U’ RU , moatoMy
meron B.M. Kynnesuua, M.M. Jlbryaka siBisieTCsi HECKOJIBKO OoJiee 0OIIUM, TPUIEM
Kputepuii (3.72) umeeT sICHbIN (GU3UIECKUIN CMBICII.

Ecnu npaBble yacTu ypaBHEeHUN 00beKTa (3.7) 3aBUCAT OT yNPABIIAIOIMINX BO3-
JNEUCTBUM Uj, Uy,...,U, JIMHEWHO, TO ONTUMAIBHOE YIIPABJICHUE MO yACIbHBIM MOTE-
pPSAM CPaBHUTENBHO JIETKO OMNpeAenseTcss B oOmeM Bujae. Tak, HampuMmep, paccMoT-
puM npuMeHnenue metona B.M. Kynuesuua, M.M. Jlpiuaka k o0bekram (3.63), uc-
CIEIYEMBIM B MTPEIBIAYIIEM pa3ee.

BcenencrBue ycroitumBocTi 00bekTa (3.63) cymecTByeT €IMHCTBEHHAs IMOJIO-
KUTEIHHO OTpeIeTICHHAs KBaJApaTudHas opma

n
V(X)=) pxx; =X"PX, (3.73)
i,j=l

c matpuleil P, ynosineTBopstonieii MaTpuuHoMy ypaBHeHuto Jlsmynosa (3.42). by-
JIEM CUMTaTh, YTO ATO ypaBHEHHUE PEIICHO W omnpeneneHa Qpynkius JlsmyHnosa (3.73),
KOTOpYyI0 OyZeM paccMaTpUBaTh B KAaueCTBE KPUTEPHsI OTKIOHEHHE JABUKYIIETOCS
o0beKTa OT mojoxxkeHus paBHoBecus X=0. Mcnonbs3ys gaHHYIO QYHKIUIO U CUUTas,
YTO CUTHAJIbI YIIPABIICHUS SIBHO HE CTECHEHBI OTPAaHUYCHUSIMU, HallIeM ONTUMaJIbHbIE
ynpasieHus u3 yciosus (3.72). Jlns aToro packpoeM QpyHKIIHIO:

X, U)=V(X)+U'RU= a\gg X+U'RU=(2PX)"(AX+BX)U)+U'RU. (3.74)

Jlnis HaxoxaeHus MuHUMyMa ¢yHkiuu (3.74) onpenensem
o _ (2X"PB(X))" +2RU =0.
ouU
OTcroa HaxoauM
U=R'B"(X)PX , (3.75)
rie Matpunia P aBisieTcs pernieHrueM MaTpuyHOTo ypaBHeHus JIsmyHoBa (3.42).
OtmeTumM, 4To pe3ysbTart (3.75) coBNnagaeT ¢ pereHrueM 3a1a4i ONTUMAIbHOTO
yIpaBJIeHUs 110 KpuTeputo 06o0ienHoi padotsl A.A. Kpacosckoro, paccMarpuBae-
MBIM B CJIEIYIOILIEH ITIaBe.

KoHTposbHBIE BONIPOCHI

1. Onpenennre NOHATHS BO3MYILIEHHOIO M HEBO3MYILIEHHOIO JIBUKEHUS TMHA-
MU4ecKoi cucteMsbl no JIsmyHoBy. KakuMu ypaBHEHUSIMUA OHH OIHUCHIBAOTCS 7

2. KakuM 00pa3oM HaxXOJsTCS COCTOSIHUS MOKOS (PaBHOBECHSI) TUHAMUYECKON
CUCTEMBI?

3. Jlaiite onpejeneHre yCTOWYMBOCTH COCTOSTHUSL paBHOBECHUSI 0OBbEKTa yIpaB-
JeHus no JIAmyHoBy.

4. IlosicHuTe pa3Iuyue MOHSATUM YCTOMUYMBOCTH, ACUMITOTUYECKOU YCTOWYH-
BOCTH M YCTOMYMBOCTH B 11€JIOM (0O0JIBIIOM), MpeoKeHHbIX A.M.JISTyHOBBIM.

76



5. Kakum ycnoBusim ynosierBopsieT pynkius Jlsmynosa? Ilosicaure ee pusu-
YECKUU, FEOMETPUYECKUNA CMBICII.

6. Chopmynupyiite Teopemy JlsimyHoBa 00 yCTOMYMBOCTH (ACHUMITOTHYECKOM
YCTOMYUBOCTH) COCTOSIHUSL PABHOBECHUS TMHAMUYECKOW CUCTEMBI?

7. 3anumuTe ypaBHeHUE JIAMyHOBa - ypaBHEHUE B YACTHBIX MPOU3BOJHBIX,
onpenensonee GpyHkuuo JIsamyHosa 1ist 3aJaHHOTO 00BEKTa YIPABIICHUS.

8. Ilepeuncinute OCHOBHBIE ATAallbl PEIICHUS ypaBHEHUs JIsAmyHOBa METOAOM
CTETIEHHBIX PSIOB.

9. IlosicuuTe MAEK METOAA pelieHNs ypaBHEeHUs JISMyHOBa C UCIIOJIb30BaHUEM
pemenuii B popme Komu cucremsl nuddepeHInanbHbIX YpaBHEHUN YIPABIIEMOTO
00BEKTA.

10. Ykaxure knacchl OObEKTOB yIpPaBICHUS, 11 KOTOPHIX BO3MOKHO aHAJIU-
TUYECKH TOYHO OTNpenenuTh GyHKIuo JIsmyHoBa.

11. B xakoit hopme MOKHO MpeacTaBuTh QyHKIuo JIsmyHOBa I JIMHEHHOMN
JUHAMHYECKON CUCTEMBI?

12. 3anummTe MatpuyHOe ypaBHeHHE JIsSmyHOBa Il 3aJaHHOTO JIMHEHMHOTO
00BbeKTa yIpaBIeHHUS.

13. Kakass marpuiia Ha3bIBA€TCS MOJOXKUTEIBHO OMNPEACICHHONU? YKaXUTE
KPUTEPU BBIICJICHUS] TAKUX MATPHII.

14. Iosicuute unero merona E.A. bapbammna penieHuss MaTpUYHOTO ypaBHE-
Hus JIsmyHoBa.

15. 3anummute mpencraBienue (GpyHkiuu JIsSmyHOBa i CTAllMOHAPHOTO JIH-
HEHHOTO 00BEKTa Yepe3 MaTPHUUHYIO IKCIIOHEHTY 00BEKTa.

16. Kakum 006pa3om 3agaeTcsi KpUTEPU ONTUMAIBHOCTH B METOJIE ONTUMAITh-
HOTO JIeMII()UPOBAHUS MTEPEXOIHBIX MPOLIECCOB, MpeanoxkenHoro B.M.3y0oBpiM?

17. Kakyto cTpyKTypy UMEET 3aKOH ONTHMAaJIbHOTO JeMI(UPOBaHUs MEPEX0/I-
HBIX TIPOLIECCOB ISl JIMHEHHOro OOBEKTa C OrPAaHUYEHHBIM YIpPaBICHUEM

lu(v)|[<U,,.?
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4. METObI AHAJIMTHNYECKOI'O KOHCTPYUPOBAHUA
OIITUMAJIBHBIX PEI'YJISITOPOB

Ienpb pacyeToB HE YKCIIa,  TOHUMAHHE.
[pexae yeM pemiats 3a1a4y, MoIyMai,
YTO JIENIaTh C ¢ PCIICHUEM.

3axonsl P. Xemunra

Kak n3BecTHO, OJI CUHTE30M B TEOPUH aBTOMATHYECKOTO YIPABJICHHS TOHUMA-
eTcs nporecc BeiOopa cTpykTypsl CY U pacueT ee mapamMeTpoB C LENbIO MOJYyYEHUS
TpeOyeMbIX CBOMCTB cHCTEMBbI. J0 HEJaBHETO BPEMEHH OCHOBHBIM M MPAKTHYECKU
€AVMHCTBEHHBIM METOAOM, UMEIOIIUMCS B PACIOPSLDKEHUM WHKEHEPOB ULl PELICHHUS
3aJa4 CUHTE3a, OblI YaCTOTHBIA MeTo [38], B KOTOPOM COYETATUCh UHKEHEPHAs UH-
TyHLIMsI B onpenenaeHuu cTpykTypsl CY u HekoTopble ci1abo popMai30BaHHbIE Me-
TOJMKH pacyeTa NapaMeTpoB CUCTEM, 0OOOIIAIOIINE ONBIT IPOEKTUPOBAHUS U MOJIE-
JUPOBAHUS OJOOHBIX CUCTEM.

[TonbITKK co3anust 0oJiee COBEPIIEHHBIX U Oosee (opMaIn30BaHHBIX (MaTeMa-
TUYECKHUX) METOJIOB CHHTE3a, IIO3BOJIIIOIIUX HEMIOCPEACTBEHHO B IIPOLIECCE CHHTE3a
ONpPENENATh TAKXKE U CTPYKTYpPY PEryJsITOpa, NPUBEIM K HOBOMY MOJAXONY, MHOJIY-
YUBLIEMY HA3BaHHE AHAJUTHYECKOr0 KOHCTPYMPOBAHHUSI ONTHMAJBHBIX peryJis-
TopoB (AKOP). Teopuss AKOP nauanace ¢ pabot, omyOnukoBaHHbix B 1960r. B
Poccun A.M. JleroBbim u B CIIHA P. Kanmanom. A.M. JleToB onpenenusi KOHEYHYIO
uenb AKOP kak mosydeHue 3aKOHA yIpaBJiI€HHUS YUCTO aHATUTUYECKUM ITyTEM, UC-
XOJISl U3 MPEAbSIBISIEMbIX K KaueCTBY YIIpaBJieHHs TpeOOBaHUM, (HOpMaIM30BaHHBIX B
¢dopMe nHTerpanbHoro pyHkunonana. B Hacrosiee Bpems B reopun AKOP nomyun-
M TpU3HAHHUE JBa OCHOBHBIX HAIpaBJIEHMs, OTIMYAOLUXcs (HOpMOl MUHUMU3U-
pyeMoro gyHkuunoHana: meto]l Jleropa—KanmaHna, B KOTOpoM MCHOJIb3yeTCsl KBajpa-
TUYHBIN (PYHKIIMOHAJ KauecTBa YIpaBJICHUs, U METOJ aHAJIUTUYECKOTO KOHCTPYUPO-
BaHUSl O KpuUTepuro 0000uEeHHOW paboThl, npemioxeHHbId A.A. KpacoBckum.
B nanHO# riaBe OTHOCHUTENBHO MOAPOOHO, C COOTBETCTBYIOIMMU PUMEPAMH U3JIa-
raroTcs yKa3aHHbIE METO/bl aHATUTUYECKOT0 KOHCTPYUPOBAHUS PETYIISATOPOB.

4.1. Pemenne 3anaun AKOP JleroBa-Kaamana
PaccmarpuBaemas 3amaua AKOP Obuta chopmynupoBana B pasza. 1, a ee ¢pusn-
YECKHUI CMBICH yTOUHsIICS B pa3a. 3. s ynoOcTBa moJib30BaHUS IOCOOMEM KPaTKO
NOBTOPUM (OPMYJIUPOBKY HeNWHEWHOW 3amaun ynpasieHuss A.M. Jlerosa. Ilycts
MMEETCS CTAIMOHAPHBINA OOBEKT YIIPABICHUS, IBIPKCHUE KOTOPOTO OMHMCHIBACTCS He-
JMHEWUHBIM BEKTOPHO-MAaTPUYHBIM YPAaBHEHUEM:
X(t) = A[X(D)]+ BIX(t)]- U(1), (4.1)
MPUYEM COCTABJISIIONIKE X;, 1 = 1, 2,...,n BEKTOpa COCTOAHUS X HMEIOT CMBICHI OT-
KJIOHEHHMM TPAEKTOPHUH OT 33JaHHOI0 (HEBO3MYLIEHHOI0) IBUKCHUS.
[Ipeamonaraercsi, 4To KOMIIOHEHTHI (QyHKIMOHANBHBIX MaTpuil A(X), B(X)
pa3MEepHOCTEl nXn M NXm  3TOT0 ypaBHEHUS MPEACTABISIOT  CcOOOM
MOJMHOMMAJIbHBIE 3aBUCUMOCTH WJIM PA3JIOKUMBbI B Pl Telsopa B OKPECTHOCTH
TOYKH X; =...= X, =0:
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n n n
ai(X)=Zainj + > ag, X, X, + > a0 X X X+, 1=12,..n5  (4.2)
i=1 k=1 ik, 1=1

n n
b, (X)=b, + > byx, + > byxx, +-, i=12,..n, j=1.2,...m. (4.3)
k=1 k,1=1
TpeOyercst HAUTH M-MEPHOE YIPABICHUE

U=UX)=U(X{,X9,.,X;) » 4.4)
KOTOPOE B COBOKYITHOCTH ¢ 00BbEKTOM (4.1) 00pa3yeT aCUMITOTUYECKH YCTOWUHBYIO
CHUCTEMY, TIEPEBOSIIEE €€ U3 HadaIbHOTO cocTogHusa X(t=0) = X, B KOHEYHOE HY-
neBoe coctosinue X(t—o0) = 0 ¢ MUHUMaJIBHBIM 3HAYEHHUEM KBaJpaTUYHOTO (YHK-
IIMOHAaJIA:

1= [(X"()QX(1)+ U (HRU(1) )it (4.5)

0
rae R, Q — cumMeTpu4HbIe BEIIECTBEHHBIE MOJIOKUTEIBLHO-OMPEICTICHHBIC MATPHUIIbI
pa3MepHOCTEN nXn ¥ mXm BECOBBIX KOADPUIIMEHTOB KPUTEPHUS.

[ToguepkHeMm, uto B 3amade A.M. JleroBa orpaHnyeHuss Ha KOOPJAWHATHI BEKTO-
poB X, U He HaKknaabIBaroOTCS.

Haubonee npucnoco6ieHHbIM K pelieHHI0 chOpMyITUPOBAHHON BapHALIMOHHON
3a/laud  yOpaBJIEHUS  SBJSIETCS METOJ  JUHAMHYECKOrO0  MPOrpaMMHUpPOBAHUS
P.bennMana, KOTOpBIM B OTVIMYME OT KJIACCUYECKOTO0 BAPUALMOHHOTO UCUYUCIICHUS U
npunuuna makcumyma JI.C. TloHTpsiruHAa TO3BOJIAET OMpPEACHATh ONTUMAIBHOE
yIpaBJICHUE HEMOCPEICTBEHHO B (hopme oOpaTHOM cBA3U. [ 0ObekTa ynpaBiieHUs
nepBoro mnopsjaka 3anada (4.1) — (4.5) Obuta peiieHa B moapasz. 2.4, MOCBIIIICHHOM
u3noxeHnto meroaa P. bennmana. [IpuMeHsisi MaTpuyHbIE ONEepalviy, YKa3aHHOE pe-
IIEHHWE pacpoCTpaHUM Ha MHOToMepHYto 3agauy AKOP (4.1) — (4.5).

[Tepexons k pemenuto 3amaun (4.1)—(4.5), 3anuiieM OCHOBHOE (DYHKITMOHAJIb-
Hoe ypaBHeHue P. bemnmvana

mén{% +XTQX + UTRU} =0. (4.6)

YureM, 4TO
dS[X ()] _ i IS[X(t)] “

(). 4,
G X o, WO (4.7)

i
BBenem B paccMOTpEeHHE BEKTOP
aSIX] (as as  as)
X [8}(1 "ox, X ] ’
C IOMOIIIBI0 KOTOPOTO BbIpaxkeHue (4.7) MOKHO 3alMUCcaTh TaK:

dSIX (1) Z(BS[X]) . X{ﬁ) (AC)+BXOU).  (49)

(4.8)

n

dt 0X 0X

C yuetom cootHouenus (4.9) ypaBHenue bennmana (4.6) npuHUMaeT BUJT
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m&n{(g—;j (AX)+BX)U)+X"QX + UTRU} =0. (4.10)

Jlyia onpezaeneHus: ONTUMAIBHOTO yIpaBieHus AU epeHurnpyeM BeIpaKeHHE B
¢burypnsix ckodkax mo U; ¢ yueTom TOro, 4TO COTJacHO cooTHomeHusM (3.41)

i(UTRU)z(UTR)T+RU=RTU+RU:2RU, (4.11)

dU
35S !
[(aX) B(X)j +2RU =0.

OTcro1a Hax0IUM ONTUMAJIbHOE YIIPABJICHHE

1 oS
U=——R'BX)"T = 4.12
5 X)" X (4.12)

MOJy4aeM

[ToncraBum 3710 ynpasieHue B ypaBHeHue bemnmana (4.10):

oS oS AT ﬁ T
(an A(X) —5(&j B(X)R"B" (X) X + X QX +

L it ﬁ R'BT 0o )
4( B"(X)3 jR( B(X)Xj—.

[Tocnennee ciaraemoe B ypaBHeHuM (4.13) ¢ yuetrom cuMmeTpun MaTpuibl R =
T
=R’ ¥ MaTpuyHOTO paBeHCTBA

(4.13)

R) =) (4.14)

npeoOpa3yeTcst K BUILy

1(0SY (e (asJT e ol 0S

—|— | ‘'R"B (X BX————BXRBX—.

4(8Xj ( ( )) ( )BX 4\ 0X & ( )8X
Takum obpaszom, ypaBHeHue (4.13) npuHUMaET BU

oS aS T dS T

— ——|— | BX)R"B (X)—+ X QX =0, 4.15

(an A(X) (an (X) ( )aX +X'Q (4.15)

KOTOpOE sBsieTcsl ypaBHeHUEM ['amunbroHa—SkoOu—bemimana s paccmaTtpuBae-
MOH 3a/1au¥ ONITUMAJILHOTO YIPAaBICHUS.

Ecnam Mbl cMOKEM HAWTH pELICHHE HEJIMHEMHOTO YPABHEHHUS B YaCTHBIX IIPOU3-
BOAHBIX (4.15) otHOCUTenbHO GyHKIMH S(X) mpu rpannyHoM ycnoBuu S[X(t.)] =
(OHO HEMOCPEICTBEHHO BBITEKAET U3 omnpeneneHuss Gynkuuu benniMana), To B COOT-
BETCTBUU C ypaBHeHHEM (4.12) Jierko onpeieluM UCKOMBIN ONTUMAaIbHBIN 3aKOH 00-
patHOM cBsi3u. Takum oOpazoM, B MPUKIAJHOM IUIAHE 3ajadya CUHTE3a Peryssropa
CBEJICHA K TTOMCKY pelieHui ypaBHeHus [ amunbToHa—Akoou—bemimana.

HeoO6xonumo oTMeTuTh, uTO, XOTs ypaBHeHue (4.15) uzpectHo Oomnee 40 ner,
OJTHAKO OOTIME METOBI PEIICHUS ATOTO YPAaBHECHUS B HACTOSIIEE BPEMsI TI0 CYIIECTBY
OTCYTCTBYIOT M CHHTE3 ONTHUMAJIbHBIX yNpPaBICHUW HEIMHEHHBIMU OOBEKTAMH Ha-
TaJIKUBAETCS HA CEPhE3HbIC MATEMATUUYECKUE TPYJHOCTH MOUCKA YHUCICHHOTO U, TEM
OoJee, aHATUTUYECKOTO PEIICHUS TAHHOTO ypaBHEHUs [9].
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OO6miee pelieHUe YpaBHEHUS B YaCTHBIX NPOU3BOJHBIX (4.15) ycTaHoBieHO
TOJIBKO JIJIsl IMHEWHBIX OOBEKTOB YIPABJICHHUS.

4.1.1. CuHTe3 ONTUMAJIBHBIX PEryJsITOPOB /JIsl JUHEHHBIX 00bEKTOB
JIns TUHEHHBIX 00BEKTOB
X=A-X+B-U, dimX=n; dimU=m (4.16)
n3BecTHO [20, 27], yTO ypaBHEHUE B YaCTHBIX TPOU3BOHBIX (4.15) uMeeT pelieHue
B KBaJpaTHIHOM opme

S(X)=XTPX (4.17)

C CUMMETPHUYHOM, MOJIOKUTEIIBHO OIpeeeHHON MaTpulied P pasmepHocTH nXn .

[ToBTOpsis BeiKiIanku (3.41) — (3.42) npumenurenbHo K GyHkiuu (4.17) u ypas-
HeHuto (4.15), monyyaem

X"(PA+A"P)X — (PX)"BR'B"(PX)+ X" QX =0,
WIIH
X"|(PA+A"P)-PBR'B"P+Q[X =0.

Tak kak X # 0, To mocyeHee paBEHCTBO BBIMOJIHAETCS, €CIH

PA+ATP-PR'P+Q=0, R =BR'B". (4.18)
B nuteparype ypaBHenue (4.18) u3BECTHO Kak aneebOpauueckoe MampuiHoe
ypasHeHue Pukxamu. JlaHHO€ ypaBHEHUE SIBISETCS HEIMHEHHBIM U UMEET HECKOJIBKO
pemennidi. Ho pemenue, y1oBIeTBOpAIONIEES KPUTEPUIO TIOJIOKUTEIBHON ONPEACIICH-
Hoctu CunbBectpa (3.40), eAMHCTBEHHO.
Takum oOGpa3zoM, MOJBOJISI UTOT paccyxaeHusM (4.16) — (4.18), MoxHO yTBep-
KaTh, YTO ONTUMAJILHBIM yIpaBICHUEM JIs JIMHEHHOTO 00bekTa (4.16) 1o KBajapa-
TUYHOMY KpPUTEPUIO KauecTBa (4.5) sBIgeTCsS TMHEHHBIN 3aKOH 00paTHOM CBS3H

U(t) = —%R_IBT aa—)S( =-R7'B"PX(t)=KX(t), K=R'B'P, (4.19)

B KOTOpOM Matpuna P HaxoguTcs Kak MOJIOKUTEIBHO OIPEIEICHHOE pPELICHUE
ypaBHeHus Pukkatu (4.18).

3amerum, yTo MHOromepHsIil [I-perynstop (4.19) moctaTouHo MPOCTO peanusy-
€TCs Ha MIPaKTUKE, OCKOJIbKY MaTpula ycuieHus: K B 3TOM peryisTope nocTosiHHa.
OT0 00BACHSAET MIUPOKOE MPUMEHEHHE 3aKOHOB yIpaBiieHus Buaa (4.19) B Texuude-
CKHX 3aJlayax.

IIpumep 4.1. IlycTe 37€KTPONPUBOJ OMHUCHIBAETCS B NMEPBOM NPHOIMKEHUU
YpaBHEHUSIMHU

X (0=x,(1), %x,(O=k-u®), k>0, (4.20)

rJ€ TepeMeHHas X; HMMEET pa3MEpHOCTh yria, X, — yrjoBOM CKOPOCTH, U — Bpa-
matomiero MomenTa. Onucanue (4.20) COOTBETCTBYET MPUBOY, ISl KOTOPOTO MOX-
HO TIpeHeOpedh MaJbIMU MOCTOSSHHBIMUA BPEMEHU SJIEKTPUUECKUX MPOIIECCOB JBUTra-
TeJsl B CPABHEHUH C IMOCTOSSHHOW BPEMEHU MEXaHUUECKON 4acTH MPUBOAA.
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Paccmotpum 3amauy cuHTE3a 3aMKHYTOM CHUCTEMBI YIIPaBIIECHUS, OTpadaThIBAIO-
el OTKJIOHEHUS (a30BBIX KOOPAMHAT C MHHUMAJIBHBIM 3HAUCHUEM KBaJIpaTUIHOTO
dbyHKIIMOHATA

T=[[x2(0)+qxl () +rul(Oldt, q.r>0. 4.21)

Bocnonssyemcs pesynbratamu (4.18), (4.19) npu pemenun copMynnpoBaHHON
3aJlauu, 1Ji1 KOTOPOH UCIOJIb3yeMble MaTPHUIbI UMEIOT BUJT

e[} a0 1} 2%} -2 9)

B cooTBercTBHHU ¢ BhIpakeHHeM (4.19) onpezensieM ONTUMAIBHOE YIIPABIECHUE

U(X)Z_%(O k)[pn pu)(le:_§(p21X1+P22X2)’

Pa P2 AX,
K02 QHUIUEHTBI Pjj KOTOPOIO YAOBIETBOPSIOT ypaBHEHHIO Pukkaru (4.18):

(pn pn)[o 1J+£0 OJ(pn Plzj_l(Pn Puj{OJ(O k)(p“ pu)_i_
Pn P N0 O I O\p, Py r\p, Pxn K P Px»
1 0 0 0
+ = :
0 q 0 0

DTO MaTpUYHOE yPaBHEHHUE PABHOCHIILHO CUCTEME UYETHIPEX YPABHEHUIA
_131221(2 /t+1=0; p, _p1zpzzk2 /t=0;, p, —p21p22k2 /t=0; 2p, _Pizkz /t+q=0,
KOTOpa}I HUMECT peIJJeHI/I}I
P =Pu Zi\/;/k; P2 =i\/r(q + 2p12)/k2; P =p12p22k2 /1.
Kpurepuio CUIBBECTPa YIOBIETBOPSET TOJIBKO PELIEHHE

p12=p21=\/;/k; P22=\/r(q+2p12)/k2; P, = q+2\/;/k.

CoOTBETCTBEHHO MCKOMBIN ONTHUMAJIbHBIM 3aKOH YHpPAaBJICHUSA IIPUHUMACT BUL

u(X) =1/~ - x, —/(kq+ 24/r)/kr - x, . (4.22)

Onpenenenue ynpaieHust (4.19) nns nTuHEMHOro CTalMOHAPHOTO OOBEKTA,
TJIaBHBIM 00pa3oM, CBOJIUTCS K pelieHuto ypaBHeHus Pukkatu (4.18). Heob6xoaumo
OTMETHUTb, UTO YUCJICHHOE PEIICHNE HEIMHEHHBIX aire0pandeckux ypaBHeHu# (4.18)
opu n > 2 SBISETCA HE MEHEE TPYIHOU MmpoOJIeMoil, yeM pelIeHre KpaeBon 3a1auu
IUIsl OOBIKHOBEHHBIX AUGdepeHIInanbHbIX ypaBHEHUN WM ypaBHEHUH B YaCTHBIX
npou3BoHbIX. OHaKo crenuduueckuil xapaktep ypaBHeHus (4.18) mo3Boun pas-
pabotath psia 3GGEKTUBHBIX YHCIEHHBIX METOJOB €ro peuieHus: meroa Pennna—
TpetbsikoBa, Meton Heiorona—Padcona, meron mmaronammzamuu [24,27,31]. Otm
METOJIbI BXOJISIT B U3BECTHBIE MaTEMAaTUYECKUE MaKeThl, Hanpumep, Matlab 6.0.

PaccmoTpum Hambosiee pacnpoCTpaHEHHBIM METOJT PEUICHUS MATPUYHOTO YpaB-
HeHus (4.18) — meron Hetorona—Padcona [38]. Beenem marpuunyio GyHKIUIO

F(P)=PA+A"P-PR°'P+Q,
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rae Q — B o01ieM cinyyae HEOTPULIATEIBHO OMpeeNiCHHAass MaTpylia. 3ajaya 3aKiio-
qyaeTcs B TOM, YTOOBI ONPENENIUTh HEOTPULIATEIbHO ONPEIEICHHYI0 MaTpuly P,
ynosieTBopstomy yciaosuro F(P)=0. IloctpouM uTepanoHHYIO NpOLEAYPY pe-
IIeHUs MoCieaHero ypapuenns. Ilycts PY
mare. [lonoxum

— penieHue, KOTopoe MOIyYeHO Ha 1-M

" ,

P = PO L AP, (4.23)
[Ipenmonaras, uro AP sBnsercs manoil BeIHMUWHON, U TpeHeOperas KBaJpaTHUYHBIM
YJICHOM OTHOCHUTENBHO A P, ycTaHaBIMBaeM COOTHOIICHUE

F(P* ") = F(P“)+ (AT-P” R")AP +AP(A - R'PY) .
[IpupaBHAB MPaByO YacTh HYJIO, MTOJYYUM JJMHEMHOE MATPUYHOE YPABHEHHUE
FP))+ (AT-PYRHAP+APA-RP?Y) = 0 (4.24)

JUTSL HAXOXKJeHusl nornpaBku A P. DTo ypaBHeHHE CTPYKTYpHO aHAJIOTMYHO ypaBHeE-
Huto (3.42). Takum oOpaszom, peleHre MaTpUYHOTO YpaBHEHUsI PUKKaTH CBEIEHO K
PELICHUI0 MAaTPUYHOIO ypaBHEHUs JISMyHOBA, METO/ABI ONPEAEIEHUSI KOTOPOTO pac-
CMOTpEHBI paHee B moapasn. 3.3.2.

Ha ocHoBe ypaBHeHus (4.24) MOKHO MPEIJIOKUTH CIACAYIONIYI0 UTEPALIMOHHYIO
NPOLEAYPY PELICHUSI MATPUYHOTO ypaBHEHHS PUKkaTH:

a) BHauase nosaraercs i =0 u BoiGupaercs P

0) u3 ypaBHeHus (4.24) mertomamu mozpaszzd. 3.3.2 HAXOAUTCS TMOTPABOYHAS
marpuna A P;

B) ecnu A P He mpeBbIlaeT 3aJaHHON TOMYCTUMOM OIIMOKHU, TO UTEPALIMOHHAS
IpOLEIyPa 3aKaHYUBAETCS; B IPOTUBHOM CJIy4ae yBEIMYMBAETCA 1 HA €MHUILY U 10
dopmyie (4.23) Berancisiercst P, cooTBeTcTByIOIICE HOBOMY 3HAYCHHIO i, a 3aTeM
IIPOUCXOJIUT BO3BPAT K MYHKTY 0.

IIporeypa CXOUTCS, €CIIH MPABHILHO BHIOPATh HauanbHoe npubmmkenue PO,
CrnpaBennmBo cieayromiee yrepxiaeHue [38]: ecnu anredpanyeckoe ypaBHEHUE
PukkaTy nMeeT eIMHCTBEHHOE HEOTPULIATENLHO ONPEAECICHHOE PEIICHHE, TO

PV <P i =0,1,2..., u limP?” =P
i—oo
IPH YCIOBUHM, YTO HayaibHoe npubmmxenne P BriGpano TakuM oGpaszom, uTo
matpuna (A - R'P?”) acummrorndeckn ycroitumsa, T.e. ee COOCTBEHHBIC 3HAUCHHS
UMEIOT OTPULIATENBHBIE BEIIECTBEHHBIE YACTH.

Ecnu HavyaibHOE NpUONMIKEHHE BBIOPAHO HEYAAYHO, TO MOXKET HaOII0AaThCs
CXOAMMOCTH MPOLEAYPHl K MPOU3BOIBHOMY PELICHUIO anreOpanyecKkoro ypaBHEHUs
Puxkatu unu BooOIIe ee pacxoaumocTtb. Eciiu maTpuiia A aCUMOTOTHYECKUA YCTOM-
unBa, TO pekoMenyercs 3anapareest P = 0.

4.1.2. CuHTe3 ONTUMAJIBHBIX PEryJasiTOPOB /ISl HeJIMHENHBIX 00bEKTOB

Panee mMbI ycTaHOBUIM, UTO penieHue HenuHeHo# 3agaun AKOP (4.1) — (4.5)
ompenenseTcs 3akoHoM yrpabienus (4.12), B xoropom (ynkius bemnmana S(X)
YAOBJIETBOPSET ypaBHEHHUIO (4.15).

CnoXHOCTh CHUHTE3a ONTHUMAJIbHBIX PEryJsTOPOB ISl HETUHEHHBIX OOBEKTOB
COCTOUT B CJIOKHOCTH PEIICHUS UMEHHO JAHHOTO HEJIMHEHWHOIO YpaBHEHUS B 4acT-

83



HBIX TTPOU3BOAHBIX. /(7151 00BekTOB (4.1) B HacTosIIEee BpeMsl U3BECTCH OIMH OOTIIHIA
METOJ] PUOIMIKEHHOTO pelieHus ypaBHeHUs (4.15) — METOa CTENEHHBIX PSIIOB, B
koTopoM ¢yHKuMs bennMana onpenensiercs B popme psiga:
n n
S(X): ZAIJ Xin+ ZAIJk Xi Xj Xk +... (425)
i,j=1 i,jk=1

C MCKOMBIMHU MapameTpamu A;;, A, ,... . [Iporeaypa npumMeHeHns: METOa MOJHO-

ij°
CTBIO QHAJIOTMYHA IPOLEAYype pelieHns ypaBHeHUs JIsAmyHOBa ¢ MPUMEHEHHUEM CTe-
MIEHHBIX PsI0B (cM. moApasA. 3.3.1): ypaBHEHMs IS ONPEAEIICHNs YKa3aHHbBIX Iapa-
METPOB HaXOASTCS MPUpPABHUBAHUEM KO3(PPUIIMEHTOB PU OJIMHAKOBBIX MPOU3BE/IE-

HUSIX HE3aBUCUMBIX IEPEMEHHBIX X;, 1=1,2,...,n B ypaBHeHuu (4.15) nocne noxcra-
HOBKHM B HEro rnojuHoMoB (4.2) u (4.25). TakuM crmoco60M MOKHO yCTaHOBUTb, UTO
1 YZIOBJIETBOPSICT M3BECTHOMY MATPUYHOMY YpaBHCHUIO Pukka-

MaTpuna A ,= HAij

TH:
A,A+ATA,-A,BR'BTA, =-Q,

rie A, B — marpuisl nuHeiHON moaMoaenu o0beKTa ynpaBieHus. MeTonabl pere-

HUS OTOTO YpaBHEHHsI ObUTH PACCMOTPEHBI B TIPEABIAYIIEM MOApPa3IeIie.
[Tocnenyromue KodIpPUUIUEHTH A ko A, ikl byaknun bennmana HaxomsTcs

pellIeHreM JIMHEHHBIX anreOpandeckux ypaBHEHUN BUaa

n
VU E _
Zcijk Ajjx=D
i,j,k=1

v,u,e=1,2,...,n, (4.26)

vpe

VILE
rae napamerpel Ci;i " u Dy, . COOTBETCTBYIOIIMM 00Pa3sOM BBIPAXKAKOTCH Yepes

napameTpbl 00beKTa, KPHTEPHs KaueCTBa M paHee HalICHHbIC KOO(QGUIMEHTBL A ;.

IIpumep 4.2. PaccMOTpuM 3JEKTPOMPHUBOJL C BASKUM TPEHHEM, IBUKEHHE KO-
TOPOTO omnuckiBaeTcs quddepeHIaTbHbIM YPaBHEHUEM

2 2
Jd 0(t) de(t) +B2{d9(t)} —(0),

+B
dt? "ot

rae 0— yroia moBopoTa NpuBoJia; J — MOMEHT MHEPLIMM BCEX BPAILIAIOIIMUXCS dJIEMEH-
TOB, MPHUBEIEHHBIX K Baidy mnpuBoja; B, B, — koadduiuentsl BsA3KOro TpeHUS;
LL— MOMEHT, pa3BuBaeMblil asurareneM, W(t) =k, -u (t); k, — koapdunueHr ycuie-
HUsl 00bEKTA.
BBenem o6osmauenus: x, =0(t), x,=d0(t)/dt wu szamumem auddepen-
uanbHbIe ypaBHEHUs 00bekTa B popme Komru
X, =a, X, =1 ;
1 124%2 1
_ ) (4.27)
X, =a,X, +a,,X; +ku=1, ,
rae a,=1; a,=-B/I; a,,=-B,/I; k=k,/J.
TpeOyeTcst CHHTE3UPOBATH PETYISATOP, MEPEBOASAIINN 0O0BEKT U3 HAYAIBHOTO CO-
croausa X,(0)=x,, ; X,(0)=x,, B KOHEYHOE HYJIEBOE COCTOSHUE C MHUHHUMAJIbHBIM

3HaYeHUeM (PYHKIIMOHAIA
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= f,(X,u)dt = [ (q,x3 +q,x3 +ru”)dt (4.28)
0 0

C 33J1aHHBIMU 3HAYEHHUSMH BECOBBIX KOX(PPUIUEHTOB (, ,q, ,r =0 .

OnTtumanbsHOE ympaBieHue o0bekToM (4.27), cormacHo dopmyne (4.12), ompe-
TeISIETCS] BRIpKEHUEM

k 9S(X)
== . 4.29
T ox, (429

3anumieM ypaBHenue ['ammibToHa—Sko0u—bennvana (4.15) nns 3apaun (4.27) —
(4.28):

3S 3s k*(asY)
a—XlXZ +£(322X2 +3222X§)—E(£j :—qlxl2 —qzxi. (430)

Pemenne ypaBuenus (4.30) Oynem ompenensaTh ¢ TOYHOCTBIO 10 KyOMYECKUX
YJICHOB CTEIEHHOTO psifa

2 2 3 2 2 3
S(X)=A,x;] +ALX,X, + A, X5 +A, X] T A L,XX, +A,,X,X; +A,,x; . (431)

Torna
[ 9S
a_X1 =2A X +ApX, +3A XX +2A, XX, A X)X,
4.32)
aaTS =2A,X; +2A,,X, + A pX X, +2A XX, +3A,,X,X, .
2

[MoncraBnss npousBoansie (4.32) B ypaBuenue (4.30) u npupaBHuBas ko3hdu-
LMEHTHl NPU OJAMHAKOBBIX MPOU3BEICHUAX KOOPAMHAT OOBEKTA, MOIYYUM CUCTEMY
anreOpanvecKux ypaBHEHHMH JUId onpeneneHus KodQpPuuueHToB A, Ajjx QyHKIHMN
bemnmvana:

4_rA122 =,
X, X k2
v 2A +anAg, TAlezz =0,
X, k’
2 A, +2a,A,, _TAzzAzz =—(,,
kZ
X?: _EAlenz =0,
kz
XIZX2 C|13AL A LAy, _TAzzAuz =0,

k2
2 2A112 + 2322A122 + a222A12 _4_1_(6A12A222 +8A22A122) :0,

3k*
A122 +3322A222 + 2a222A22 _TAZZAZZZ =0. (4-33)
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Pemennem HenmuHenHOUW cucTeMbl ypaBHeHM (4.33) HaXOAMM UCKOMBIE KO3(-
(UITMEHTHI:

12 ’ Azz —ady |
d,, I a,,Ir ? T
A, :% % +k_2(Q2 +A12)§
(4.34)
k2

AL=A,,=0 A, = TAzz —ay |Ay, —2a,,A,;

[4(&221‘ - 2k2A22 )Azz - rAlz]' dopl
6la,r — 2k’A,, k’A,, —a,,r)+1.5k*A r

OTMeTHM, 4TO 3HAKHU MPU pajivKaiax B BeIpakeHUsX (4.34) BbIOpaHbl, Kak U B
npumepe 4.1, U3 ycioBUs YCTOWYHMBOCTHU JIMHEAPU30BAHHOW YacCTH CHUHTE3UPYEeMO
CHUCTEMBI yIpaBJieHus (BhIMOJHeHHS Kputepust CUIIbBECTpa).

Takum oOpaszom, corjiacHoO cooTHoueHus M (4.29) u (4.32), npubIMKEHHO OI-

TUMAJIbHBINA 3aKOH YIPaBJICHUA OITUCBIBACTCA BBIPAKCHUCM

K
u :—?(Alle FOALX, +A X2 +2A, %X, +3A,,%2) (4.35)

A222 =

K02 PUIIMEHTBI KOTOPOTO onpeAesatoTcs hopmynamu (4.34).
HeoOxoaumo moadepkHyTh, YTO Pa3MEPHOCTh CUCTEMBbl ypaBHeHUM (4.26), or-
pelesIone nmapameTpol Aijk, nocruraer BeanuuHel N.,=n(n+1)(n+ 2)/ 3!, a

pPa3sMEpHOCTb CUCTEMBI I IIapaMETPOB A ; ikl N,=n(n+1)(n+2)(n+3)/4!. Ilo-

TOMY Jaxe JUisi 0OBEKTOB OTHOCHTEIHHO HEBBICOKOTO mopsaka (n=10) pemenue
cUCTeM ypaBHeHHH pasmepHocTed N;=220 u N,=715 cocTaBiser CylecTBEHHBIE

TPYAHOCTH. 3Ty CUTYyallHUIO P. bemnman O6pa3H0 Ha3Ball «IIPOKIATHEM Pa3sMECPHO-
CTH».

Manee otMeTuMm, 4to pacuer napamerpos C. ﬁ:’ u D, depes mapamerpsr 00b-

€KTa, KpPHUTEpHs KayecTBa M paHee HalaeHHble Kodpduuuentsl Ajj Qynkumu bemn-
MaHa TPYAHO (OPMAaJIM30BATh U COOTBETCTBEHHO AJITOPUTMHU3UPOBAThH. YKa3aHHBIC
IPUYMHBI JeNaloT u3NoKeHHbIH Metof JleroBa-Kanmmana pemenus 3agauu AKOP
NPaKTUYECKH HEMPUMEHHMBIM K HEJIUHEHHBIM OOBEKTaM BBIIIE TPETHETO IMOPSIKA.
OTH ke MpUYUHBI mpeponpenenwin cozganue A.A. KpacoBckum HOBOro metopa
CHHTE3a ONTHMAJIBHBIX CHCTEM YIPaBJICHUS — METOJIa aHAIMTHYECKOTO KOHCTPYUPO-
BaHUs ONTUMAJIbHBIX PETYJISTOPOB IO KPUTEPHUIO0 0000111eHHOM paboThl [25].

4.2. Pemienne 3agaun AKOP no kpurepuro 06001meHHoi padoThl
JIns mpeoioneHns yKa3aHHbIX TPYJIHOCTEN penieHus HenrHennon 3agaun AKOP
B noctaHoBKe JleroBa—Kanmana A.A. KpacoBckuil NpeajioKuil IpU CUHTE3E ONTH-
MaJbHBIX CHUCTEM YIPABIICHUS HCIOIb30BaTh TaK Ha3bIBaeMblil (PYHKIIMOHAT 0000-
meHHo# paboTel (POP), KOTOPBINA, COXpaHss MaTPUYHOE OMHCAHNUE 00BEKTA U
KpUTEPHUsI KauecTBa NPEAbIAYIIETO pa3/iesia, MOXKHO 3alHACATh TaK:
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T 0S
0X
OTOT KpI/ITCpI/II/I Ka4yCCTBa ABJIICTCA ITOJIYOIIPCACICHHBIM B CBA3U C TEM, YTO OH

OTIIMYACTCA OT KBaJIPaTHIHOTO CI)YHKI_II/IOHaJ'Ia JletroBa—Kanmana Hamnmunem JOITIOJIHHU-
TCJIBHOTO CJIaracMoro

J= j XT()QX () + UT (H)RU(t) +— ( ) TBRBT 22\t (4.36)

- j (—) BR-B" %S4t (4.37)
8
3aBUCSILETO OT HEM3BECTHOMN cpyHKuHH bennmana S(X). Kputepuii kauectBa ynpas-
nenust (4.36) CTaHOBUTCS U3BECTHBIM IIOCJE 3aBEPIICHUS IPOLIETYPbl CHHTE3a pery-
nsATopa.
B manHOM ciydae onTHManbHBIM 3aKOH YIPaBJIEHUs ONPENEISAETCS CIEAYIOLIEN
TEOPEMOM.

Teopema 4.1 [25]. [{ns npoyecca, onucvieaemozo ypasreHuem

X=A(X)+B(X)-U,
8 cmblcie MuHUMyma gyukyuonana (4.36) sensiomes ynpasienust
| oS
U(X)=——R'BT(X).- 2
(X) 5 (X)- X
20e S(X) ecmb @vinydicOeHHbIE peulenls YPABHEHUS 8 YACTHBIX NPOU3B0OHBIX

> BX) . a,(X)=-X"QX . (4.38)

io1 O0X,
Crtporoe J0Ka3aTenbCTBO JTaHHOM TeopeMbl He OyaeM mpuBOAnTh. OJHAKO OT-
METHM, YTO YKA3aHHBII PE3yJIbTAT JIETKO MONTYYUTh, €CITH BBECTH 0003HAUYCHHIE

QX) = XT (HQX() + - ﬁ) BR'B" g—;

U TIOBTOPUTH paccyxkiaenus (4.5) — (4.15) Hpez[bmymero nojapasnaena. B atom ciyuae
BMeECTO ypaBHeHUs (4.15) nomyuaem
oS ; 1 0S 1+t 9S 1 0S 1.4t 9S
— X———BRB — + (X" ()QX(t)+—(—)"BR'B" =) =0.
(aX) A(X) ( ) X (X" (HQX(t) ( ) aX)

[Tocne cokparienus cnaraeMbix ¢ kKoagduiuenramu 1/4 ypaBHeHI/Ie IIPUHUMAET BUJ

3 1\ ot
(&) A(X) =-X"(DQX(1), (4.38 a)

SKBUBAJIEHTHBIA ypaBHEHUIO (4.38).

JlaHHBIE BBIKJIAJIKK CBUAETEIBCTBYIOT, 4YTO A.A. KpacoBckuil crieiMaibHO BBEJ
B KBaJpaTU4HbIN (QyHKIIMOHAN ciaraemoe (4.37), 4ToObI BMECTO CIOKHOTO HEJMHEH-
HOTo ypaBHeHUs (4.15) momy4uuts 6ojee MpocToe JUHEHHOE ypaBHEHHE B YaCTHBIX
npou3BoAHbIX (4.38) — ypaBHeHue A.M. JIssmyHOBa, pelieHue KOTOPOro OmpeaesseT
ontuMmanbHoe ynpasieHue (4.12). IlpuHuMNMAIbHOE OTIMYME METOJa CHUHTE3a
A.A. KpacoBCKOTO COCTOMT MMEHHO B 3aMEHE PEIICHUs ypaBHEHUs | aMHIbTOHA—
Axobu—bennmmana (4.15) pemenuem ypaBHeHus JlssmyHoBa (4.38). 9Ta 0COOEHHOCTD
METO/Ia UMEET BaKHbIC MPAKTUYECKUE MOCIEACTBUS: €ClIU Jisi OOBEKTOB BBICOKOTO
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MOPSIIKA BBIYHUCIUTENbHBIE TPYIHOCTU PELICHUS HEJIMHEWHOro ypaBHeHHs  (4.15)
TPYAHO TPEOAOJIMMBI, TO ONPEIACICHUE PEIICHUN JIUHENHOTro ypaBHeHUs (4.38)
JUTSI T€X K€ OOBEKTOB HE BCTpEUaeT OOJbIINX 3aTPYyTHEHU.

[IIupokoe pacnpocTpaHeHue Ha npaktuke metona A.A. Kpacosckoro omnpene-
JISIETCS HE TOJIBKO TEM, YTO OH CYIIECTBEHHO YMEHbIIAET 00beM BHIYUCIICHHUH B CpaB-
HeHuu ¢ MetosioM JletoBa—KanmaHna, HO U TeM, YTO UCTIOJIb3YEMbIN (DYHKIIMOHAT Ka-
gyecTBa (4.36) umeeT riayOokuit GU3NUECKU CMBICT.

Jlnia BeIsICHEHHS (PU3MUYECKOTO cMbIcia Kputepus (4.36) pacCMOTpUM UYacCTHBIN
€ro ciy4ai, korga Marpuna R sBisieTcs nuaroHaiabHOU

/t2 0 0 0
o /2 0 0
R=_1 0 0 1/r2 0
. : ... 0
o 0 0 .. 12
B stoM citydae, B cooTBeTCTBMH C (4.12), ynpaBieHNs ONUCBHIBAIOTCS BBIPAKECHUEM
u,(X)=-r; Zbkj (X) aS(X), i=12,.. (4.39)

k
a kputepuii (4.36) npuHUMAET BUJ

le XT(t)QX(t)+2Z et ka(X)aS(X) t=

SR 2 j=I k=1 X
- j X" (H)QX(t) +— Z ;Z Jr—" t, (4.40)

0 J1 j =l |

I/ie ONTHMAIIbHBIC YIIPABICHUS U, OMKCHIBAIOTCS ypaBHEHUsMH (4.39).

opt
Oynkuronan (4.40) Ha3pIBaeTCs KpUTEpUeM 0000IIEHHOW paboThl. DTO Ha3Ba-
HUE CBA3aHO C T€M, YTO rocjeanee ciaraemoe B (4.40) MOXKHO 3amucaTh B BEKTOPHOM

dopmMe Kak MHTErpam % j Uy (DRU g (1)dt, KOTOPBIii ompenensier snepruto (0600-
0
MEHHYIO paboTy) onTHUMaNbHOTO yrpaiaeHus: U opt (1)-

B 3aximroueHue pazzena NOAYEpKHEM TECHYIO CBSI3b METOAOB aHAIUTUYECKOTO
KOHCTPYHMPOBAHHsI ONTUMAJIBHBIX PETYJIATOPOB C TEOpPUEN ycToMuuBOoCTH JIssmyHOBa
IMHAMHYECKUX cUcTeM. Bo-mepBbix, ykaxkeM, uto ¢pyHkius bennmana S(X) B 3amaue
AKOP JletoBa nomkHa BeIOHpaThes kKak perenue ypasHenue ['Sb (4.15) (aTo ypas-
HEHHE UMEET HECKOJbKO, MHOXKECTBO PEIIEHUI), KOTOpoe 00JiajlaeT CBOMCTBOM MO-
JIOKUTENBHON OIpeneeHHOCTH B ()a30BOM IPOCTPAHCTBE OOBEKTa YMpPaBICHUS, U
no3tomy siBisieTcst pynkuuei Jlsmynosa. Ycranosieno [24], yto ¢ynkmus S(X) sB-
asetcst pyHkumen JlsmyHoBa A ONTHMAaiIbHOW 3aMKHYTOM CHCTEMBI YIpPaBIICHUS,
ONPENEIAIONEN €€ aCUMIITOTHYECKY0 YCTOMYMBOCTD, B CBA3U C YEM €€ 4acTO Ha3bl-
BalOT oNTUMaJIbHOU (yHKIMEH JIamyHoBa.

Bo-BTophix, otmetnm, uto ¢yukimsa S(X) B 3agaue AKOP no kputeputo 0600-
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mieHHoi padotsl A.A. KpacoBckoro HemocpeacTBeHHO siBnsieTcs: GpyHKuuei JlsmyHo-
Ba, MOCKOJIbKY OHAa HaXOAMTCS pelieHueM ypaBHeHus JlsmyHosa (4.38). bonee Toro
NOJYEpPKHEM, UTO pe3ysbTar, chOpMyIUpOBaHHBIA B Teopeme 4.1, coBmamaer c pe-
3yJbTaTOM NMPUMEHEHUs MeTojla cuHTe3a KyHueBnua-JIpiuaka Kk 00bekTy (4.1), ecnu
B TIoclieTHEM 3ajiaTbes pyHKiuei JlamyHnoBa, yaoBieTBopsmoliei ypasuenuto (4.38)
— cM. pazaen 3.4.2. Takum oOpazoM, MeToibl Teopuu (yHkiui Jlamynosa u AKOP
B3aMMHO JIOTIOJIHSAIOT U PAa3BUBAIOT JIPYT APYTa.

4.2.1. lIpumenenne meroaa KpacoBckoro K JTMHEHHBIM 00beKTaAM

Tak xak st muHEiHOTO 00BekTa (4.16) dynkums bemnmana—JlamynoBa S(X)
onuchIBaeTCs KBaapaTnaHoi hopmoii S(X) = X' PX ¢ CHMMETPHYHO# MOJIOKUTEIHHO
onpeneneHHon Marpuuei P, To kpurepuit (4.36) MOKHO IPEACTABUTH B BUE

J= T{XT (D[ Q+PBR'B-P|X()+U"(HRU(}dt,  (4.41)

a ypaBHeHHIO (4.38 a) MOCTaBUTh B COOTBETCTBUE MAaTPUYHOE ypaBHEHUE JIsamyHoBa
PA+A'P=-Q. (4.42)
3aMeTUM TaKXke, UTo ypaBHEeHUE (4.42) HEMOCPEACTBEHHO BBHITEKAECT U3 MaTpUU-
HOro ypaBHeHusi Puxkatu (4.18), ecnmu B Hero BMecTO MaTpuubl Q
MOJICTABUTh MaTPUILY Q+PBR'1BTP.

Takum oOpaszom, pemenue 3agaun AKOP nns oobekrta (4.16) mo kpurepuro
(4.41) cBoguTCS K PEUICHUIO JTUHEWMHOTO MaTpUYHOro ypaBHeHus JlsmyHoBa (4.42),
YCIIOBUS CYIIECTBOBAHMSI U METObI OIpPEAENICHUs KOTOPOTO PacCMOTPEHBI B MO/I-
pasa. 3.3. Ha ocHOBe 3TUX pe3yJbTaTOB MOKET ObITh JJOKa3aHa CIEayIoas TeopeMa.

Teopema 4.2. Ilycmv mampuya A ucxoonou cucmemst (4.16) ycmoiiuuga, P, —
noJodHCUmMenbHo onpeoenieHnoe peutenue ypasuenus (4.42). Toeoa ynpaenenue, mu-
Humuzupyrouee yukyuonan (4.41) c mampuyamu Q > 0, R > 0 na osudicenue 3amKx-
HYMOU cucmembl, 8030YHCOEHHOU NPOU3BOIbHbIMU HauarbHuiMu ycnosusmu X(0)=X,,
Onpeoessemcs 8blpadcenuem

U=-K,-X; Kp =R7'B".P,, (4.43)
npuvem samxknymas cucmema X =[A — BR'B'P, |- X acumnmomuuecku ycmotiuu-

6a, a pynxyus S(X)=X"P,X sasnsemcs ona nee pynxyuet Jlanynosa.

W3 naHHOW TEOpPEMBI CIEIYET, YTO METOJ CHHTE3a ONTHUMAJIbHBIX PEryJIATOPOB
0 KPUTEPHUI0 0000IIEHHON pabOThl HEMOCPEACTBEHHO MPUMEHUM TOJIBKO K yCTOM-
YUBBIM O0OBEKTaM yTMpaBICHHs. DTO SBJSETCS CYHIECTBEHHBIM HEJOCTATKOM JaHHOTO
METO/Ia CUHTE3a ONTUMAJBHBIX CHCTEM. [ €ro ycTpaHeHus MpeUIOkKEHbl pa3iny-
HbIE MOAM(UKAIIMN paccCMaTpUBAEMOro Metoja [2, 25], mpuMeHUMbIe K HEYCTOWYH-
BbIM M HEUTpaibHbIM 00bekTaM. OHU OCHOBaHbBI Ha IPEOOPA30BAHUM MOJENEH TUHA-
MHUKHU UCXOJHBIX HEYCTOMYUBBIX OOBEKTOB B YCTOMUYMBBIE MOJIEIH C UCIIOJIb30BAHUEM
TaK Ha3bIBaEMbIX CIIOCOOOB peryJisipu3alui 0OBEKTOB YIIPABICHHUS.

OnMH M3 BO3MOXKHBIX CHOCOOOB pEryisipU3alliM 3aKIYacTcs B CICAYIOLIEM.
ITycts ¥ > 0 — HanOosplIas BEECTBEHHAS! YaCTh HEYCTOWUYUBBIX MOJIFOCOB UCXO/IHO-
ro o0beKTa (711 HeUTpanpbHOro o0BbekTa Y = 0) U mycTh O > Y. PaccmotpumMm crienyro-
nryto 3agauyy AKOP:
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X = AX +BU; X(0) = X,
0 (4.44)
J= [ e 2 XT(Q+PBR'B-P)X+ UTRUML; Q,R > 0.
0
JlaHHyI0 337124y C UCTIOIb30BAaHUEM NMPEOOPA30BAHMS IEPEMEHHBIX

X=e™.X; U=e™.U (4.45)
MOYKHO CBECTHU K CTaHJApTHOM, paHee paccMoTpeHHou 3amaue AKOP. JlelicTtBuTeNb-
HO, YMHOXeEHHEM Ha e *' onucaHue o0beKTa IPUHUMAET BUJ]

e .X = AX +BO. (4.46)
Ha ocnoBe ypaBHeHnwuii (4.45) HaxoauM OPOU3BOAHYIO

%(X(t)) ——ae ™ . X+e ™. X .
OTC}O,IIa BpramaeM

e . X = X(t) + 0 X(1). (4.47)
[ToncranoBkoit hopmyiinl (4.47) B (4.46) monydaem onucaHue 0ObEKTa YIIPABICHUS

X(t)=(A-aBE)X(t)+B-U(t) (4.48)
B KoopauHartax (4.45).
B nepemennsix (4.45) kputepuit kauecTtBa (4.44) npuHumaet Gopmy

I= T{XT ()[Q+PBR'B-P|X(1)+ U ()R - U(n)}dt. (4.49)
0

Takum oOpasom, 3anaua (4.44) npeodpazyercs B 3KkBUBaJIEHTHYIO 3aauy AKOP mis
o0bekTa (4.48) o kputeputo kauectsa (4.49).
Tak xak matpuna (A-oE) ycToiuuBa, TO B COOTBETCTBMM C¢ TeopeMamu 4.1, 4.2
pelieHue ykazanHou 3agauu (4.48), (4.49) naercst BBIpa)KCHUSAMU
U=-KX; K=R7'BT.P,, (4.50)
P[A-0E]+[A-0E]"P=-Q. 4.51)
OcymectBisisa B (4.50) oOpaTHyto 3aMeHy NepeMeHHBIX (4.45), moyduM perie-
HHUE UCXOoaHOoM 3anauu (4.44) B Buje
U=-KX K=-R'BT.P,. (4.52)
IIpumep 4.3. /Ins npuBoga npumepa 4.1 pemnMm 3agavy yrpapieHUs 0 KpUTe-

pHI0 000011IeHHOM pabOThI, OTBEHAIOLIEeMY KBaapaTHIYHOMY PpyHKIMOHAy (4.21).
Onucanuto s1extpornpusona (4.20) u paccmatpuBaeMoMy @OP cOOTBETCTBYIOT

MaTpPHILIbI
X, 0 1 0 1 0

X = , A= , B=| || Q= , R=r.
X, 0 0 k 0 q

Tak kak ucciaeayeMblii OOBEKT SIBISIETCS HEYCTOMYUBBIM (OH MPEACTABIISIET I10-
CJIEI0BATEIBHOE COCAMHEHNE JBYX MHTETPUPYIOLIMX 3BEHBEB), TO BBEIEM PETYISAPU-
3UPYIOIINAN apaMeTp O > (0 ¥ COOTBETCTBYIOLIWM KpuTepuil Buaa (4.44).
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CornacHo BeIpakeHUIO (4.52) HaXOAUM ONTHUMAJIBHOE YIIPABIICHUE
Puu P || X4

P P A\X,
K02()(DUIMEHTHI Pjj KOTOPOTO JOJKHBI YIOBIETBOPATh MATPUYHOMY ypaBHEHHIO JIi-
nyHoBa (4.51):

u(X)=—1(O k) =—E(p21x1 +PpnX,), (4.53)
r r

Py P )—o 1 —a 0 )p, Pp __1 0

Py PN 0 -« T I —oApy P» 0 q
DTO MaTpUYHOE YPAaBHEHHE PABHOCUIILHO CUCTEME YEThIPEX YPABHEHHM
—0op,, —0p,, ==L p,,—0p,, —0p,, =0; —0p,, +p,, —0p,; =0; 2p,, —0p,, —0P,, =,
KOTOpasi UMEET PEIICHUE
p, =1/20; p,=p, =1/40; p,=1/4a’+q/20 .
COOTBETCTBEHHO ONTUMAJIbHBIN 3aKOH yrpaBieHus (4.53) npuHUMAET BU]

Kk Kk
X)=— -
u(X) 1

X
1
o’r

dar VT ) R

[ToguepkHeM, YTO PAaCCMOTPEHHOE PEIICHUE 3a1auyl CUHTE3a PEryssaTopa IOoy-
YEeHO CYIIECTBEHHO Jierde, 4eM B mpumepe 4.1 Ha OCHOBE KBaJpaTHYHOTO (PYHKIIHO-
Hajia kadectBa (4.21).

Heobxomumo otmeTutsb, uto nipu periennn 3aaadyu AKOP mo kpurepuio 06006-
IIEHHOW pabOThl MMEIOTCS HEKOTOPBIE BBIUYMCIUTENbHBIE TPYIHOCTH, CBSI3aHHBIE C
pelIeHueM MaTPUYHOTO ypaBHeHUs JIssmyHOBa, 0COOCHHO ITPH BBICOKOW Pa3MEPHOCTH
KOHCTpyHpyeMoi cuctembl. OTHAKO B CHITy JINHEMHOIO Xapakrepa ypaBHeHus Jlsmy-
HOBA U €JUHCTBEHHOCTH €r0 PeIeHUs (sl yCTOMYMBOM MaTpuLbl A) 3TH TPYAHOCTH
HECOU3MEPUMBI C TPYAHOCTSAMHM, BO3HMKAIOIIMMH IIPU PEIICHWU MAaTPUYHOIO ypaB-
HeHUs Pukkaru.

4.2.2. Ilpumenenue metoaa KpacoBckoro k HeJinHeHHBIM 00beKTaM

[Tonxon k pemenuto HenuHerHou 3agaun AKOP (4.1) — (4.5) onpenensercs
Teopemoil 4.1, KkoTopasi CBOJUT HAXOXKJICHHE ONTUMAJIbHOTO ympaBieHus (4.12) k
peumiennto ypaBHeHud JIsmyHoBa (4.38). MeToasl penieHus MOCIECIHETO YPABHEHHUS
(cM. moapasza. 3.3) NpenonpeneisitoT COOTBETCTBYIOIME MTPOUEAYPhl CHHTE3a OITH-
MaJbHBIX PETYJISATOPOB. JTO CBUAETENBCTBYET O IiyOokoi cBa3u Teopuun AKOP c
teopueit ycronunBoctu A.M. JlsmyHoBa. IIpouenypsl CHHTE3a pPEryJATOPOB pac-
CMOTPHUM Ha MPUMEpPaX.

IIpumep 4.4. J{ns npuBona npumepa 4.2 pemuM 3agaqy ONTUMAJIbHOTO YIIpaB-
JICHUS TI0 KPUTEeprio 0000HIEHHONW paboThl, CPOPMUPOBAHHOMY Ha OCHOBE KBajpa-
THYHOTO QyHKIHOHANA (4.28). B 0CHOBY mpolieypbl CUHTE3a MOJIOKUM METO]T CTe-
NEHHBIX PSAAO0B, UCTIONB3YEMBIN J1J1st TpuOIMxKeHus: GyHkuuu JIamyHosa.

B cBs3u ¢ TeMm, uro meton A.A. KpacoBCKOro mpuMeHHUM TOJIBKO K YCTONYHBBIM
o0BbeKTaM, MPOBEAEM peryiisipu3anuio o0bekTa (4.27) npocterium crnocodbom — my-

TE€M 3aMEHbl UHTETPUPYIOLIETO 3B€HA allepUOUUECKUM:
X =a, X +a,x,="f:
1 11°%1 12%2 1° (4.54)
X = + 2+ku=f, +k
X2 - a22X2 a222x2 u= 2 u’
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rne a,=1; a,=-B/J; a,=-B,/J; k=k,/J; npuuem xod3pdunmeHt
a, #0, a,; <0 sBEgeTcd MalbIM  MapamMeTpoM peryispusanuu (a,, —0, npu
a,, =0 aneproaMuYeCcKOe 3BEHO MIPEBPAILAETCS B MHTETPUPYIOILEE).

OntumanbHOE yrpaBiieHHe 00beKkToM (4.54), cornacHo Teopeme 4.1, onpeaens-

CTCA BbIPpAXKCHUCM

u=— X 8X) (4.55)
2r 0x,

B KoTopoM (yHKIMs S(X) SBiIsIeTCs BRIHYXIECHHBIM pElICHUEM ypaBHEeHHUs JIdamyHoBa

(a,x; +a,x,)+ (aX, +2,,X5) = =q; X| = (X, (4.56)
oX, ox,

Kak u B mpumepe 4.2, pynkuuto S(X) Oyaem onpeaensiT B BUIEC CTECICHHOTO
BbIpakeHus (4.31), 4acTHbIE IPOU3BOAHBIE KOTOPOW COOTBETCTBEHHO MMEIOT BHJ
(4.32). Iloacrapnsis mpousBoaubie (4.32) B (4.56) u npupaBHuBas K03 OUIHUEHTHI
IIPU OJUHAKOBBIX MPOU3BEACHUAX KOOPAUHAT O0OBEKTA, MOJYyUYUM CUCTEMY airedpau-
YeCKUX YpaBHEHUH 171 HaX0xkJIeHus KodpdunuenToB Ajj, Ajx Gynkuuu bennmana:

2. ¢

X0 | 2a,A, =4y,
XX, ! _

%2+ (2a,A,, +a, A, ta,A, =0,
Xat |apAg, +2a,A,, =-q,,

3. _
X;: 33a,A,,=0,

2. . _
X X, 32112A111 + 2311A112 +322A112 =0,
X, X5 2a,A ., Ha A, +2a,A 0, HayA, =0,
; . apA 1, +3a,A,, +2a,,A,, =0.
Pemennem 3Toil cucTeMbl IMHEHHBIX YpaBHEHUH OIpenesieM UCKOMbIE KO3 PUIu-
€HTBI:

X

- —2a,A — +a,A
A, = qll; A, = a5 LA = (4 +a, 12);
2ay, 4y Tay 2a,, (4.57)
2a,,,A A, +2a,,,A
A, =A,,=0; A, =— Ay A,, =- 8y T 28y
a,, +2a,, 3a,,

Cornacno (4.55) u (4.32) kBa3MONTUMAaJIbHBIN 3aKOH YNPaBJICHUSI OMUCHIBACTCS
BBIPKEHHEM
k >
u=——(A,x, +2A X, +2A )X X, +3A,,,x2) (4.58)
r
¢ koapdunuentamu (4.57).
OTmeTuM, 4TO MPOLEAYPHl CUHTE3a ONTUMAIILHBIX PETYJISATOPOB B puMepax 4.2
u 4.4 METOIOM AMHAMHUYECKOTO MporpaMMupoBaHusd U metogoM A.A. KpacoBckoro
C HMCMOJIb30BAHUEM CTETICHHBIX PAJIOB MPAKTUYECKUA TOXKJIECTBEHHbI, HO TMOCIEIHSS
BBITIOJIHAETCS C MEHBIIUM 00bEMOM BBIYMCIICHHM.
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IIpumep 4.5. Onpenennm onTUMaIbHOE YIpaBiIeHWE OOBEKTOM BTOPOTO IO-
psiiKa, ONUCBHIBAEMOT0 AUPPEepeHInaTIbHBIMU YPAaBHEHUSMU:

K. (1) = t) + ku(t),
{).(1( ) =a;,X,(t) + ku(t) 2 (4.59)
X,(t)=a,x,(t)+a,x,(t)+a, X, (t), a, <0, a,, <0,
10 KPUTEPHIO 0000IIICHHOM pabOThHI
J= _[(Q11X12 (1) +qpX,” (O +1u’ () +r1u (D)L q,,,q,, >0.
0 (4.60)

B ocHOBY cuHTe3a ynpaBlieHUs TOJIOKUM MPOILEAYypY pelIeHHs ypaBHeHuUs JIs-
IyHOBA C UCTOJIb30BaHueM Gopmyisl (3.29).

B cootBerctBUM ¢ Teopemoit 4.1 onTuMmanbHOe yrpaBiieHue o0bekToMm (4.59)
OMKCHIBAECTCS BBIPAKEHUEM

u Z—EBS(X) , (4.61)
2r ox,
B KoTopoM (pyHKuus S(X) sABgeTcs pelieHreM ypaBHeHus JIamyHoBa
oS 0
g(allxl) + g(amxl Ta,X, + a211X12) = _q11X12 - qzzxg . (4.62)
1 2

OoOwekt ympasienus (4.59) onuceiBaercst nuddepeHInaTbHBIMA yPaBHEHUSIMU
B kaHoHuueckou (opme .M. MenbaukoBa. Jljis HEro ¢ UCHOIB30BAaHUEM (HOPMYIIBI

(3.29), kak mokasza”o B npumepe 3.2, MOKHO AHAIMTHYECKH TOYHO PELINTh ypaBHE-
Hue (4.62):

SX)=A, X} +ALX,X, +A, X5 +A X, +A X X, A, X, (4.63)
Cornacho (4.61), (4.63) Hax0IUM ONITUMAJILHOE YIIPABJICHUE

k
u= —E(2A“xl +ALX, +3A,,x2+2A, % X, +4A, X ), (4.64)
KO2(pPUIIMEHTBI KOTOPOTO B COOTBETCTBUU C (3.38)
q 11 1 1 |
Au =—— _qzzaf[ + - J; A12 =q220(1£ - )
2a,, 2a,, 2a,, a +ta,, da,, a, +a,,
1 1 1 1 1 1
Ay =q220°10°2(_ + - + } A, Zqzzaz[ - }
a,, a,+a, 3a, 2a,+a,, a, 2a;,+a,

11 1
A = 062 - - + ‘
1 =9 2[ 2a22 4311 2311 +322]

4.3. Bb10op BecoBbIX KO3(P(PHUIHMEHTOB HHTEIPAJBHBIX KPUTEPHEB KAa4eCTBa
Jns konkpetHocTu paceMmotpuM 3anauy AKOP nns o6wekta (4.1) o cienyro-
meMy (QyHKIIMOHAy KauecTBa:

I= J‘(Zqiixiz O+ erju?(t) + X1 (1) HG 0 X5 (1) +..)dt (4.65)
=1

o i=l
C BECOBBIMH MOJIOXKHUTENBHBIMU KO3 dULmeHTamMu ¢, T, 1, =12, ..., q;y15 Qoo
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B cooTBeTcTBUM ¢ M310KEHHBIMU BbILIE ITpolLeaypaMu pemenus 3agadyu AKOP,
MO’KHO TOJTYYUTh ONTHUMAJIbHBIN 3aKOH 00paTHOMN CBSA3U
U(X) = F[X’ qii H rjj ,qijkl] ) (466)

npudeM crpykrypa ¢ynkumn HX,q;,1;,q;,] 111 naHHoro odbekra omnpenernsercs

CTPYKTYpOU MOABIHTETpaNbHON QyHKIMH Kputepus (4.65), a ee mapameTpsl — BeCo-
BBIMU KO3 DUITUEHTAMH KPUTEPHSI.

Tax xak nogsiHTErpanbHast QyHKUMs Kputepus (4.65) BbIOpaHa MOJI0KUTEIBHO
OIIPEIECNIEHHON, TO 3TO TAPAHTUPYET YCTOMUMBOCTh 3aMKHYTOM CHUCTEMBI YIIpaBJICHHUS
(4.1), (4.66), T.e. ee MpUHIHUNHAIBHYIO paboTOCIOCOOHOCTh. [loKa3aTenn kauecTBa
ee paboThl (TOYHOCTH, OBICTPOACHCTBHE, NIEPEPErYTUPOBAHUE U APYTUE UHKECHEPHBIC
KpUTEpUn (PYHKIIMOHUPOBAHUS CHCTEMBI) OYAYT OMpeNessThCs 3a/laBaéMbIMH 3Haye-
HUSIMU BECOBBIX Kod(¢uimeHToB ¢yHkiuonaia (4.65). HeobxonuMo moadepkHyTh,
YTO 3aBUCUMOCTh MEXKy BECOBBIMU KOA((DUIIMEHTAMU KPUTEPUS U YKA3aHHBIMH WH-
’KEHEPHBIMH MOKA3aTeNIMU KaueCTBa CUCTEMBI SBIIACTCA CIOKHOM Jaxke Ui JTUHEH-
HbIX 00BEKTOB ymnpasiieHus (4.16). B cBs3u ¢ 3TuM 3a1aya BbIOOpa 3HaYEHUIN BECO-
BBIX KO3(PHUIIMEHTOB KpUTEPHsI, 00ECIECUNBAIOIINX TpeOyemMble NHKEHEPHBIE MOKa-
3aTeau KauecTBA, B HACTOSILEE BpEMs SIBISETCS OCHOBHOW MpoOJIEMOM B TEOPHUU
AKOP. Jlns ee penieHus npeyiokKeHbl OTAEIbHbIE MTOIXO0AbI, METOJbI U PEKOMEH/1a-
uu [25, 27, 29-31].

Jlig nipeiBapuTENIbHOTO BbIOOpa KOA(PGUIMEHTOB (DYHKLIMOHANIA YaCTO UCIIOJb-
3yeTCsl METOJ] PaBHBIX BKJIAJJ0OB MAaKCUMAJIbHBIX OTKJIOHEHHH [25].

4.3.1. MeToa paBHBIX BKJIA10B MAKCUMAJIbHBIX OTKJIOHEHH I

DTOT METO/I OCHOBAH Ha MPE/IOI0KEHUH, YTO TIpHU npoekTupoBanuu CY noutu
BCETJla U3BECTHBI MPEJICIbHO JOMYCTUMBIE OIIMOKUA WJIA OTKJIOHEHHS MEPEMEHHBIX
X u Hanpumep, st 37€KTpONprBO/ia BCETJa MOKHO ONPEACIUTh MaKCH-

imax * imax *

MaJbHbI€ 3HAYEHUs JIJIS yTiia MOBOPOTA BBIXOJHOIO Baja, CKOPOCTH €ro BpalleHHs,
HanpsDKeHUs] TUTaHUs, TOKa U BpaIllalolero MOMeHTa aurarens. Ecnu Takue mak-
CUMaJbHble OTKJIOHEHHS YKa3aHbl, TO MPEIBAPUTEIbHBIN BHIOOP KOA(DOUIIMEHTOB

(I)YHKHI/IOHaJIa PCKOMCHAYCTCA IIPOU3BOINUTL HA OCHOBC COOTHOIICHUH

2 _ 2 _ _ 2 _ 4 _ 4 _
qllxlmax _q22x2max _“‘_qnnxnmax _qllllxlmax _q2222x2max -

_ 2 _ _ 2
- ﬁllulmax T T mmummax‘

[ToguepkHem, 4To oauH U3 KodhduimenToB GyHkiuoHana (4.65) MOXeT ObITh
OpUHAT 32 0a30BbI U BHIOpaH MPOU3BOJIBHO, HAalpuUMep, (;; =1. Toraga paBeHCTBa

(4.67)

(4.67) mMoO3BOJSIET paccUnTaTh MOCIEAYIONIHE KO3 (PUIIUEHTH KPUTEPHUSL:

_ 2 _ 2 _ 2
q22 - (leax /XZmax) "“’qnn - (leax /Xnmax) ’ qllll - 1/leax’

q2222 = (leax /Xgmax )2"“’ﬂ11 = (leax /Ulmax )2"“ :

Koneuno, Takoe 3aiganuie k03QGuineHToB GyHKIIMOHAA MOKHO pacCMaTPUBATh
TOJIbKO Kak mpeaBapurenbHoe. CornacHo obmei unee meroga AKOP, mocne ompe-
JEJICHUS. ONTHUMAJIbHBIX YIPABICHUH CIEAYET IPOBEPKA KayeCcTBa MPOLIECCOB YIIPAB-
JICHUSI B CHHTE3UPOBAHHOW CUCTEME Ha OCHOBE €€ MOJEIIMPOBAHUs Ha aHAJIOTOBOM
win 1udpoBor (Kak MPaBWIO) BBIYUCIUTENBHON TexHUKe. Ecnmu mporecchl B 3TOM

(4.68)
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CHUCTEME B KaKOM-JIUOO OTHOILIECHUH HE YAOBJIETBOPSIOT MPOEKTUPOBIIKKA, TPOU3BO-
TUTCS LIeJICHANIpaBiIeHHas: KOPPEKTUPOBKA BECOBBIX KOA((PUIIMEHTOB KPUTEPHS Kaue-
CTBa M ONpeJieJICHUE CKOPPEKTUPOBAHHBIX ONTUMANIbHBIX yrpasienuid. [Tpu Heobxo-
JTUMOCTH 3Tarbl uTepanoHHoro npoiecca AKOP moBTOpsitoTCS HECKOIBKO pas.

B pa6ote [10] nmpennoxena MoauduKkaius paccCMOTPEHHOTO METO/1a BBEACHUEM
B HEro KO3 PUIMEHTOB Beca d; COCTaBIAIOUIUX KPUTEPHUS. 3A€Ch 3HAUEHUs KOA(P-

(HIIMEHTOB KPUTEPHUS 3a1aI0TCS B BUJIE
_ 2
q; =d; /X

1max ?

/x2

2max *°** *

(4.69)

C ucnonp3oBaHueM cOOTHOIICHUH (4.69) kpuTepuii kauecTBa (4.65) MOXKHO HEepenu-
caTb B (popme

s . _ 4 . _
1 _1’2"“’n’ qllll _dn+1 /leax’ q2222 _dn+2

< 2n 2n+n
I=[(QdX] +2dx] + X du])dt, (4.70)
0 i=l i=n i=2n

npuueMm X, (t)=x,(t)/x

.
imax °

u;(t)=u;/u; . <1 SBIAIOTCS OTHOCHTEIHHBIMH, HOP-

jmax
MHUPOBAHHBIMH K €IMHUIIE 3HAUCHUSIMHU MTEPEMEHHBIX 00BEKTa yIPABICHHUS.

3anmanue Bcex KodpduimentoB kputepus (4.70) paBHBIMH €IMHULIE OTBEYAET
BbIOOPY K09 (PHIIMeHTOB (PyHKIIMOHAIA B COOTBETCTBUHU CO CITIOCOOOM paBHBIX BKJIa-
JI0OB MaKCHUMAaJIbHBIX OTKJIOHEHUH. B 3TOM cilydae 3HaueHUs MHTErpajoB OT ciarae-
MBIX MHTETPAHTa UMEIOT OJUHAKOBBIA MOPSAIOK ISl IEPEXOAHBIX MPOLIECCOB MPOECK-
TUPYEMOI CHUCTEMBI, T.€. BHOCAT MPHUOIM3UTENBHO PaBHBINA BKJIAJ B 3HAUCHUE MPUHS-
TOro yHKIMOHaNa KauecTBa. Breaenue korp¢punuentos d,,d,,... mo3BoiseT qud-

(depeHIupoBaTh BCE COCTABISIOLINE KPUTEPUS, UCXOAs, HAPUMEP, U3 HEKOTOPBIX
buznueckux 0coOEHHOCTEN ABIKEHUS 00BEKTa MM TPpeOyeMbIX yCIOBHM (PyHKIHO-
HHUPOBAHUS CUCTEMBI. TaK, MO)KHO PEKOMEHAOBATh CICAYIOIIUNA METOINYECKUI TPU-
eM BbIOOpa 3THX KOd(h(DHUITMEHTOB.

JUisl BBIXOAHOM, 11e/1eBOM KOOpAUHATHI CUCTEMBI (HampumMep, X, (t)) xoaddumu-

eHT Beca d; NMpUHMMaeTcs MaKCUMAaJbHBIM U PaBHBIM 1, a 3HAYE€HHsI OCTAJIbHBIX KO-
3¢ dunreHToB d; Ha3HAYaIOTCA U3 NPENoIaraeMoil HEeXeJlaTeIbHOCTH OTKJIOHEHUH
KOOpJMHATHI X;(t) B CpaBHEHMM C LIEJIEBOW KoopauHaTtou X, (t). Hanmpumep, ecnm

OTKJIOHEHHSI HEKOTOPO MEePEeMEHHOM SBIISIOTCA HEKPUTUIHBIMU ISl KauecTBa (PyHK-
[IUOHUPOBAHMS CUCTEMBI, TO 3HaUeHUE Kod((uUIlMeHTa Beca Mpu 3TOM MEepPEeMEeHHOM
3ajaeTcs OJIM3KUM K Hy0. Ecnu e 3HaYeHHs OTAeNbHON KOOPUHATHI WIH HEKOTO-
poii ee PyHKUIMU HE AOJDKHBI MPEBBIIAThH 331aHHOTO YPOBHSA, TO K03 uimeHt Beca
IpU 3TOM KOOpAMHATE BHIOMPAETCS TAKUM, YTOOBI BBHIMOJIHUTH UMEIOIIEECs OTpaHu-
YeHUE.

[Tocnenuioro mporenypy BbIOOpa MOXKHO (HOpManU30BaTh, UCHOIB3YSI METOJIbI
HEJTMHEHHOTO MPOrpaMMHUPOBAHHS.

4.3.2. IlpuMeHeHUE METO/I0B HEJIMHEHHOT0 MPOrPaMMHPOBAHMSI
[Tycte TpeOyeTcsi yIOBIETBOPUTHh OTPAaHUYCHHS 1O HEKOTOPOW COBOKYITHOCTH
(YHKITMOHAJIOB
J[X(0),U(t)]<0,i=12,..N. 4.71)
BrimonHeHNe ATHUX OrpaHWYCHHW O3HAYAeT BBIOJHEHHE OIPENEICHHBIX TEXHUYE-
CKUX TpeOOBaHUH K CHCTEME YIIpaBJICHUS, HApUMep, TpeOOBaHUN K YPOBHIO Iepe-
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TPY30K, HalpsHDKEHWH, AeGopManuii OTACIBbHBIX 3JIEMEHTOB KOHCTPYKITUU JJICKTPO-
PUBOJIA WIIM K XapaKTepy MEePeXOIHBIX MPOIeccoB (OBICTPOAEHCTBUIO, KOJeOaTeb-
HOCTHU U T.JI.).

O6o03HaunM D o0nacTh BO3MOXKHBIX 3HaueHUil napameTpoB d;,d,,... pyHKIHO-

Hana (4.70). TpeOyercsa onmpenenuTh Takue napamerpsl d = (dl,dz,...)T, MpU KOTO-

PBIX YIOBJIETBOPSUIUCH Obl ycioBus (4.71). Ot ycinoBus BBIIEIAIOT B N-MEpHOM
npocTpaHcTBe HEeKoTopyto obsacte Q. [Ipu N=2 obnacte 2 mpejacraBiieHa Ha pHC.
4.1. Ilpu 3amaHHBIX 3HAYEHHUSX COCTABISIOUIMX BEKTOpa mapameTpoB d QyHKIMOHA-
Jbl J; NPUHMMAIOT KOHKPETHbIE 3HAUEHUS, T.€. IIPOLECcCy yNpaBieHus OyIeT cooT-

BETCTBOBAaTh HEKOTOpas n3odpaxaromas touka R[J,J,,...,Jx]. 3anaya Oyzner peme-

HAa, €CITU U300pakarolas ToYka momnajaeT B oonacts .

Jlnst oThIcKaHusl mapaMeTpoB d, MpU KOTOPBIX YINpPaBIsEMbId MPOLECC YAOBIIE-
TBOpPSET YCIOBUSIM (4.71), MOKHO BOCIIOJIB30BATHCS METOIAMHU TEOPUHM ONTUMHU3ALUN
byHKIU, ecu BBECTU Mepy P yAalleHus nzoOpaxaromieit Touku R ot obmactu Q.

B xadecTBe Takoil MEpBI MOKHO B35Th, Harpumep [40],

p=maxl], .

1

N

Puc. 4.1. O6macts BO3MOXKHBIX 3HaYEHUH mapameTpoB d

Torma ycnosue
minp <0 (4.72)
deD
OyneT HeOOXOAUMBIM U JTIOCTATOYHBIM YCIIOBHEM DPa3pEIIMMOCTH TMOCTaBICHHOMN 3a-
Jla4M OIpe/IeNIeHUs BECOBBIX KOA(P(PUIIMEHTOB KPUTEPHUS KauecTBa.

N3BecTHO, uTO 3amaya (4.72) MUHUMH3ALMU PACCTOSIHUS P MO TapaMmeTpam
de D ecTp 3a7a4a HEIMHEMHOTO NPOrPaMMHUPOBAHMS, JJIsl PELIEHUS] KOTOPOM MOTYT
OBITH UCITIOJIb30BaHbI U3BECTHBIC AITOPUTMEI [9, 14, 32] .

Crnemyer OTMETUTD, UTO MEpa P HE ABJISIETCS €IMHCTBEHHO BO3MOXHON. MOXKHO

BBECTH MEpY
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*
P = Z Ji s
rae » ' 03HaYaeT CyMMHPOBAHHE IO HEY/IOBICTBOPECHHBIM yCIOBUAM. AGCOIOTHBIH

MUHUMYM Takoi Mepbl OyeT paBeH HYJIO U JOCTUTaeTcsl TOrJa, Korjaa u3o0paxaro-
mrast Touka R momagaer B oOmacth €, T.e. Korna OyayT yAOBIETBOPEHBI YCIOBHS
(4.71). Takum 00pa3oM, HEOOXOAMMBIM H JIOCTATOYHBIM YCJIOBHUEM DPa3pelIMMOCTH
MCXOIHON MOCTaHOBKHU 3a/1a4u Oy1eT
minp; <0 . (4.73)
deD
BBeneHHble Mephl p U P | MO3BOJIAIOT 33/1a4y MOMCKA mapameTpoB d, mpu KOTo-
PBIX YIOBIETBOPSIOTCA yCinoBus (4.71), cBeCTH K PEIICHMIO 33/1a4 HEIMHENHOTO TIPO-
rpammupoBanus (4.72) i (4.73).

KoHTpoJibHBIE BONIPOCHI

1. Chopmynupyiite 3aa4y aHaAIUTUYECKOTO KOHCTPYHUPOBAHUS ONTUMAIBHOIO
perynstopa (AKOP) B noctanoBke JleroBa—Kanmana. B yeM cocTosIT OCHOBHBIE JJOC-
TOMHCTBA CUHTE3a CUCTEM yIIpaBJieHUs ¢ ucnoib3oBanueM teopun AKOP?

2. 3anummrte ypaBHeHue [ amumibroHa—SkoOu-bennmana s oObekTa

X=A(X)-X+B(X)-U, kauecTBo yIpaBlIeHUs KOTOPOrO OLCHHBACTCS KBa[pPATHY-

HBIM (YHKIIMOHAJIOM.

3. B kakoii (opme MOXKHO TpeNCTaBUTH pelleHUWE ypaBHEHUs ['amMuIbTOHA—
Axobu—bennmmana — ¢pynknuio bemimana st TMHEHHOTO 00bEKTa yIIpaBiaeHUs ?

4. 3anuiuTe MaTpUYHOE ypaBHEHHE PHUKKaTH, ompeaessioniee MaTpUIly ONTH-
MaJLHOTO 3aKOHA OOpaTHOM CBSI3U JJIA JTUHEHHOTO oOBekTa. [losicHuTe BXOAsIINE B
HEro MepeMEHHbIE U TapaMeTphI.

5. IlepeuncnuTe U MOSICHATE OCHOBHBIE 3TAIBI PEIICHHUS] MATPUYHOTO YPaBHEHUS
Puxkatu merogom HetoToHa—Padcona.

6. Kakum o0pa3om BbIOMpaeTcsi HaualbHOE MPUOIMKEHUE PELICHUSI YpaBHEHUS
PuxkaTtu B urepanonnom metone Hetorona—Padcona?

7. Ilepeuncinute U MOSCHUTE OCHOBHBIE ATAallbl pEIICHUs YpaBHEHUs ['aMuibTo-
Ha—SkoOu—beiMana METOJOM CTETIEHHBIX PSJIOB.

8. Uro mpexnctaBiser coboit kputepuil 06061menHoi pabotsr A.A. Kpacoscko-
ro? IloscHuTe GU3NYECKUN CMBICH €r0 CIaraeMbIX.

9. Chopmynupyiite ocHOBHYIO Teopemy A.A. KpacoBCKOro o CWHTE3€ OITH-
MaJbHOTO PETYJATOpPa O KPUTEPUIO 000OIIEHHOM pabOTHI.

10. Ykaxure npenmyniectsa Mmerona cuare3a A.A. KpacoBckoro B CpaBHEHUU
¢ noaxonom JleroBa—Kanmana.

11. K kakuM oOBEKTaM YIpaBieHUs HEMOCPEACTBEHHO MOXKHO NMPUMEHSTH Me-
TOJ CUHTE3a ONTHUMAJIbHBIX PETYISATOPOB MO KpUTEpUI0 00001eHHoi padoThi? Ilo-
yemy?

12. B kako#t opme ompenensieTcss ONTUMAIBHBIN PErynsiTop Uisl JUHEHHOTO
00BbEKTa 10 KPUTEPHUIO 0000IICHHOM pabOThI?

13. Yro Takoe peryispusanus ONUCAaHUS OOBEKTa YIPABJICHHS B METOJE
A.A.Kpacosckoro? IlpuBenute ciocoObl peryisipu3aium.
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14. B yeM cocTOUT CyIIHOCTh OCHOBHOU mpo0Osiemsl B Teopun AKOP — mpo0ute-
MBI BbIOOpa K03 GUieHToB (GyHKIIMOHAIA KaueCTBa YIpaBiIeHUS ?

15. Ha ocHOBe KakuxX COOTHOIICHHI BBIOMPAIOTCS 3HAYECHUS KOIPPHUIMEHTOB
(GyHKIIMOHAIA Ka4eCTBa B METO/IC PABHBIX BKJIAI0OB MAKCUMAJIbHBIX OTKIOHEHUI?

16. IlosicHuTe Mae0 NPUMEHEHUSI METOJIOB HEJIMHEMHOrO MPOrpaMMUPOBAaHUS B
pelnieHnu mpoo6seMsl BbIOOpa K03 PUIIMEHTOB (GyHKIIMOHATIA KA4eCTBA.
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5. METOJ MATPUYHBIX CTEIIEHHBIX PA/10OB
B PEHIEHUN HEJIMHEUHBIX 3A/IAY AKOP

[Ipn m3ydyeHHM HayK MpPUMEpHI HE
MCHCC HOy‘-II/ITe.HBHBI, ycM HpaBI/I.IIa.
H. Heroton

B nanHOM pa3znerne pacCMOTPEHHBIE paHee METO/Ibl CUHTE3a ONTUMAJIbHBIX pe-
TYJSITOPOB JUIS DJIEKTPOMEXAHUYECKHX CHCTEM OOO0OIMIAIOTCS, KOHKPETU3UPYIOTCS
NPUMEHUTEIBHO K OOBEKTaM YIPaBICHHUS C MOJUHOMHAIBHBIMH HEIMHEUHOCTSIMH
JOCTaTOYHO HIMPOKOro kinacca. O00OIIEHNE OCHOBAaHO Ha HCIIOJIb30BAHUE TEOPHUU
MaTpULl ¢ KPOHEKEPOBCKUM (TIPSMBIM) IPOU3BEACHUEM.

5.1. Knacc noJimHOMHAIBLHBIX 00bEKTOB yIIPaBJIeHUsI
U HOBasl (hopMa UX ONMUCAHUSA

Heo6xoaumo moauepkHyTh, 4TO MOJMHOMHANIBbHAs Monens (1.1), (1.2) mpume-
HACTCSA HE TOJBKO JJIi ONMMCAHMUS TUHAMHUKH DJIEKTPOMEXAHWYECKUX CUCTEM, HO U
00BEKTOB CaMOM pa3IMYHON MPUPOALI. J[71s1 000CHOBAHUS 3TOrO YTBEPKACHUS TPH-
BEJIEM IIPUMEPBI M3 Pa3HBIX 00JacTel HAYKU U TEXHUKH, B KOTOPHIX MPUMEHSIOTCS
IMOJIMHOMHAJIBHEBIC MOJIEIN TUHAMHUKH.

1. O0beKThl XUMHYECKOM TEXHOJOIHH. THITMYHBEIM KJIACCOM ITOJIMHOMHAIb-
HbIX OOBEKTOB YIpaBJIEHUS SIBISAIOTCS XUMHYeckue peaktopsl [S0]. Jns moneneit
JUHAMHUKA XUMUYECKUX MPOIECCOB XapaKTEPHbI KBAJIPATUYHbIC HEIMHEHHOCTH BUJA
v, = K-C4-Cp, ONpPEnesommne B COOTBETCTBUU C 3aKOHOM JIEMCTBYIOIIUX MACC CKO-
POCTbh XMMHUUYECKOW PEAKIIMU MEXIY UCXOAHBIMA KOMIOHEHTaMU A, B ¢ KOHILIEHTpa-
musmu C,, Cp ¥ KOHCTaHTOM ckopocTH K. Tak, Hanmpumep, TuHaAMUKa 0OpaTUMOro
reTepOreHHOro mpoiiecca npeppaiieHus Bemects A u B B npoayktr C ¢ BbiAee-
HHEM TEILIA ONIUCHIBAETCSA CUCTEMOW YPaBHECHUM:

4D _ Lo 1)k, 0 (0= KC,(0C, (1) + K,Co(0),
iV

dCy(1) _ l@B (1) +k,C, (1) — K,C,(1)C,y (1) + K,C,(1),
iV

dc @) =K.C,(1)C,(t)— (k. +K,)C.(1),

1, 2D 7 (6) =k [VECo(5) = VEC (0)+ O, (1),

K, =ky+k T, K,=ky+k,-T,

rae V — o0beM peakTopa; D4(t), Pp(t) — MacCOBbIE TTIOTOKU BeleCTB A U B B peakiu-
OHHBIN 00BeM ammapata, @y(t) — MacCOBBIN MOTOK XjaaareHta; K;, K, — KOHCTaHTbI
CKOPOCTH TMPSMOU U 0OpaTHOM peakiiuii, KOTOpbIe MPEAIOoJIaraloTcsl JIUHEHHO 3aBU-
CAILIMMH OT TeMmmepaTypbl 1 ¢ OCTOSIHHBIMU Kodpduumentamu ko, k;, kx, kz;,  ka,
kg, kc — k03hQUITMEHTH MPOMOPIIMOHATBLHOCTH, CBSA3BIBAIOIINE MOTOK BEIIECTBA Ha
BBIXO/IC U3 PEAKIIMOHHOTO 00heMa ¢ KOJIMYECTBOM BEMIECTBA B JaHHOM oOBveMme; T,
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ko— TIOCTOSTHHAsI BpeMEeHHU M KO3 (UIIUECHT YCUIICHHSI TETUIOBOM MOJICITH PEaKTOpa.

2. [IpombinieHHbIEe 00BEKTHI ¢ peHUuKIOM. OOBEKT C PEIUKIOM MpECTaB-
nsieT coOoM arrmapaT, B KOTOPOM YacTh BBIXOJHOTO MPOJYKTa BO3BPAILAETCS HA €ro
BXOJl JIJIsi OoJiee MOJIHOM, KaueCTBeHHOU nepepaboTku. Takue anmapaThl BeChbMa pac-
IPOCTpPaHEHbl B Pa3IMUHBIX 00JIacTAX mpoMbliuienHoctu [50, 51]. B kauecTBe mpu-
Mepa 00bEKTOB ATOTO KJIacCca paCCMOTPUM IIAPOBYIO MEJBHUILY € KJIacCU(PUKATOPOM
[51]. OcHoBHas ymnpaisieMasl IIEpEMEHHAsl TAHHOTO arperara — KOJMYECTBO Mare-
puaa, IMPKyJIUPYIOLIEro B ero paboyemM o0beme. Y CTaHOBJICHO, YTO MPU MaJIOM 3a-
1ace BXOAHOTO MaTepHayia TaKXkKe, KaK U MPHU CIUIIKOM OOJIBIIOM, pab0oTa METbHUIIBI
Hed(PexTuBHA. DTO YKa3bIBACT HA DKCTPEMATIBHBIM XapaKTep CTATUYSCKOM XapakTe-
PUCTUKHM IIApOBOM MeNbHHUIBI. Eciyu momadya mMarepuana OCyLIECTBISETCS C MOMO-
b0 UMHTETPUPYIOLIETO MEXAHU3MA, TO NMEPEXOAHBIE MPOLECCH B MEIIBHUIIE MOXKHO
ONMCATh CUCTEMOW YPABHEHHUM:

X(t)=b-u(t),

)'cz(t)=a21xl(t)—xz(t)+amx22(t),
rae x;(f) — BXOJHOW MOTOK MaTepuala B OTHOCUTENbHBIX €AUHULIAX; X,(1) — 3amac ma-
Tepualia B arperare; a,;, dzp, b — mapaMeTpbl MEJIbHUIIBIL.

3. O0BexThI 0MOJIOTMH H JKO0JOrHuM. IlomnHOMHAIbHBIE MOAEIN OUHAMUKU
IIUPOKO UCTOJIB3YIOTCS PU MOJACIUPOBAHUU MPOLIECCOB, MPOTEKAIOIIUX B OMOIOTH-
YECKUX U DKOJIOTMUECKHX CHCTeMaX. Tak OOJIbIIMHCTBO COBPEMEHHBIX MOJEIEH,
OTMUCHIBAIOIINX AUHAMUKY MOMYJISIUANA, CBA3aHO C MOJAEISIMU, MPETI0KeHHbIMU JIOT-
kol 1 Bonbreppa [52]. B kauecTBe npocTeileil MLIocTpaluu pacCMOTPUM JIBa BU-
Jla COOTBETCTBEHHO C MOMYJAMUSAMHU X; U X;. CTaHAapTHAs MOJEIb B3aUMOJICHCTBUS
ATUX BUJIOB ONPEALIISAETCS CUCTEMOM MOJIMHOMHAIBHBIX YPaBHCHUMN:

x(t)=ax/(t)—ox(t)x,(t)+Bx(t) 6 —x/(t)],
X(t)=a,x,(t)—ax,(t)x,(t)+ Bx,(t) 6, —x,(t)].
Cnaraemoe a;x;(t) TpPeaCTaBJISIET CKOPOCTh POCTa MOMYJSLIMK MO0 MajiabTycCy, WIeH
W, x;(t)x>(t) OMUCHIBACT CBSA3b XUITHUK-XEPTBA (3/1eCh MapaMeTphl @y, & MOTUYNHCHBI
YCIIOBHIO Sign @ = -sign @), a unen [Bix(t)[ 6; - x,(t)] onuceiBaeT 3¢ heKT HACHIIIIE-
Hust. OTMETHM, YTO HEKOTOPHIC M3 IMapaMeTpoB a;, @, 6, B, i = 1,2 ypaBHEeHUi
MOYHO pacCMaTpUBaTh KaK yNPaBISIONINE BO3ICUCTBUS HA PA3BUTUE MOIMYISAIUAMN.

B npuBeneHHBIX BhIIE TPEX MNpPUMEpPAX 3aTPOHYThl HamOoJiee MIUPOKUE 00-
JACTU TEXHUKHU U €CTECTBO3HAHMS, B KOTOPBIX UCMOJB3YIOTCS MOJIMHOMHUAIBHBIE MO-
nenu sisneHuil. BooOie ke moamHoMUalibHasi MOJIEIb MOSBIISIETCS BO BCEX CyvasX,
KOT/Ia TPYIIBI IEPEMEHHBIX B3aUMOJCHCTBYIOT MEXKIY COOOM, KOHKYPHUPYS WM H3-
MEHSISICh COTJIaCOBAaHHO, a TaKXkKe B T€X CIIydasx, KOrJa CeMEMCTBO MePEMEHHBIX BO3-
MYyIIIaeTCcsl mapaMeTpuuecku. s moaTBepKAeHUsS MHOT000pa3usl MPUMEHEHUH T10-
JTUHOMUAJIBHBIX MOJICJIEM OTMETHM, YTO OHU HaXOJST HCIOJb30BaHUE TaKXKe IMpHU
MOJICIMPOBAHUN U YIIPABJICHUHU IPOIECCaMH B JIETATENBHBIX ammapatax [25], mpu
UCCIIEIOBAHUM JUHAMUKHU TPOIECCOB ypOaHU3aAIlUU. 371eCh YMECTHO IMOAYEPKHYTH,
YTO KJIACC UCCIETYEMbIX 0OBEKTOB MOYKHO 3HAYUTEIIHHO PACIIUPUTh, BKIIOUUB B HE-
ro OOBEKTHl C HEJIMHEHWHBIMH XapaKTEPUCTHUKAMU, SBIISIIOIIUMHUCS HENPEPhIBHBIMU
JEHCTBUTEIHLHBIMHI (DYHKIIMSMU, TTOCIIE TIPEIBAPUTEITHLHOMN allMIPOKCUMUIIANA UX TIOJTHU-
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HOMHUATHHBIMHA 3aBUCUMOCTSIMU. TeopeTrnaeckoe 000CHOBAaHNE TAKOMY PaCIIHPEHUIO
naet teopema BeiiepiTpacca [49], cornacHo KOTopoit M100yi0 HENPEPHIBHYIO JEHCT-
BUTEIbHYIO QYHKIHIO a(X;, Xy,...,X,) HA JJIOOOM KOMITAKTHOM MHO>KE€CTBE N-MEPHOIO
IPOCTPAHCTBA €€ apryMEHTOB MOXKHO PaBHOMEPHO MPUOIU3UTH COOTBETCTBYIOIIMM
NOJIMHOMOM. JIMHAMUKa MOJyYeHHOW TaKUM ITyTeM MOJIMHOMHAIBHONW CHUCTEMBI Oy-
JET C HEKOTOPOW TOYHOCTHIO allPOKCUMHUPOBATh JUHAMUKY MUCXOJHON HEIMHEWHOU
CUCTEMBI.

VYkazaHHO€ MIMPOKOE PACHPOCTPAHEHHE MOJIMHOMHUAIBHBIX MOJIENICH JIJIsL OIU-
CaHHUs MPOIECCOB CaMOW Pa3IMYHON MPUPOABI BHI3BAJIO MOSBICHUE U CTAHOBJICHUE
TEOpPUU MOJUHOMHUAIIBHBIX CUCTEM, OT/ICJIbHbIC aCHEKThl, HAMPABJICHUS KOTOPOM Ha-
ITK OTpakeHue B pabotax [53 - 56]. C menpio pa3BUTHS 3TOH TEOPUM MPEICTaBIs-
eTcs 1eJecO00pa3HbIM MPEAJIOAKUTh COOTBETCTBYIOIIUM METOJ PEHICHUs 3aJa4yu
AKOP nns yka3aHHBIX OOBEKTOB, YUYUTHIBAIONMINN OCOOCHHOCTH WX JBUKCHUS, CITe-
MUKy U3BECTHBIX METOJOB OMMCAHUS W aHAM3a ATUX JABIXKEHHU. 3amady onTH-
MaJIbHOTO yMpaBJeHUs paccMOoTpuM B noctaHoBke A.A. Kpacosckoro [25]: TpeOyeT-
Csl HAWTU 3aKOH yIpaBiieHUs B GyHKIUU KoopauHat U(X), KOTOpbIA BMECTE C 00BEK-
toM (1.1), (1.2) 0oO6pa3yeT aCUMITOTHYECKH YCTOMYMBYIO CUCTEMY YIIPABIICHUS, TI€-
peBOASIIMN €€ M3 MPOU3BOJILHOIO HadyalibHOTO cocTosiHus X(7=0) = X, B KOHE4YHOE
X(t—o0) = 0 ¢ MHUHUMAJIBHBIM 3HA4YCHHEM (PYHKIMOHAIA OOO0OIEHHONW pPaOOTHI
(DOP):

[ T T l a_S ' -1 pT a_S
J_£ X" (HOX (1) +U (t)RU(t)+4(aXJ B(X)R'B (X)aX de, (5.1)

rae O, R — 3a1aHHbIE CHUMMETPHUYHBIE, TIOJIOKUTEIBHO ONpPEIeIEHHbIE MAaTPHIIBI, OTI-
pEneNIoNe KPUTEPH ONTUMAIBHOCTH TBUKEHUS CHCTEMBI.

[Ipumenenue ¢pyHkironanza 0000meEnHON padotel (POP), onTumMuzanus mo Ko-
TOPOMY MaJIO YTO MEHSET B TEXHUYECKOM CYIIECTBE TPEOOBAHUIA, PEIBIBISIEMbIX K
JBMKEHUIO ONTHMAJIBHON CHCTEMBI 10 CPAaBHEHMIO C KBAJAPATHYHBIM HMHTETPATbHBIM
(GyHKIIMOHAIOM, IMO3BOJISIET CYIIECTBEHHO COKPATUTh BBIUMCIMTENBHBIC 3aTpaThl B
pelIeHNH CIIOKHBIX 3amau ympasieHust [25]. Kpome Toro, ofriee comocraBieHue
CHCTEM, ONTUMAJIbHBIX B cMbIciie MUHUMYMa ®OP 1 kiaccuueckux (yHKIIMOHAIIOB,
B OTHOUICHUU TPAJAMLIMOHHBIX MPSMBIX IMOKa3aTeslel KauecTBa IMEePeXOIHBIX MPOoLec-
COB CBUJAETENLCTBYET B N0oJb3y POP [9]. OTn obcTosATENBCTBA 1al0T BO3MOYKHOCTD
NEPEeUTH OT TEOPETUUYECKUX MCCIETOBAHUM K PEIICHUIO JOCTATOYHO CIOXKHBIX MpaK-
TUYECKHUX 3a/1a4 YIPABICHUS MHOTOMEPHBIMH HETMHEHHBIMU OOBEKTaMH.

Hcnons3oBanue noxyonpenenéunoro ®OP (5.1) cymecTBeHHBIM 00pazom 00-
Jer4yaeT HaxOKICHHE ONTHUMAJIbHBIX yIIPaBICHHIMA

U(X)=-0.5R"'B" (X)% (5.2)

BCJIEICTBHE JTMHEHHOCTH U (HEepeHIINATBHOTO YPaBHEHHS B YaCTHBIX MPOU3BOIHBIX
as ) .

— | A(X)=-X"0X, 53

[ o j (X)=-Xx"Q (5.3)

onpenenstoniero Gpyuaknuio S(X) bemnmana-JlsmynoBa. OCHOBHBIM OOIIIMM METOIOM
pemenus nuddepeHiuanbHoro ypasuenus Jlsmynosa (5.3) ¥, COOTBETCTBEHHO, He-
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nuHelHbIx 3a7a4 AKOP B HacTosiiee BpeMst SIBISICTCS METOJ] CTEIEHHBIX PSOB, KO-
TOPBIN JOCTATOYHO MOAPOOHO ObLT paccMOTpeH B pazienax 3 u 4. Ero npuMenenue
00BEKTaM BBICOKOTO MOPsI/IKA CBSI3aHO C BBHITTOJIHEHUEM OOJIBIIOTO YKCIa aHATUTHYe-
CKHX OINEpaluil MIEpEMHOKEHUS, CII0KEHUS TTOJIMHOMOB MHOTUX MEPEMEHHBIX U MTPU-
BEJICHUS MOJIOOHBIX ClIaraéMbIX MOCJIEe YKA3aHHBIX Olepanui. TH orepanuu OKa3bl-
BA€TCSl BO3MOXHBIM OCYIIECTBUTH MPEIBAPUTEIILHO aHATUTUYECKH, U METOJ CUHTE3a
CBECTU K YMCTO BBIYMCIMTENLHBIM OMNEpalusM, €clid ONMucaHue 00BEKTOB yIpaBJe-
uus (1.1), (1.2) mpencraBuTth B cienyromieit hopme
XO=AX)+A[XOOXDO]+A[XO®X®XM)]|+B(X)U®), (5.4)
rae A, A, A; — MaTpuIbl pasmepHoctd Ixn, Ixn’, Ixn’ mapamMeTpoB oObEKTa;
X®x=x"— KPOHEKEPOBCKOE MPOU3BEICHNE (CTEIIEHb) BEKTOPA COCTOSIHUS 00BEKTA,
MaTpunia B(X) UMEIOT TOT K€ BUJ M CMBICI, 4TO U B popmyre (1.1) [41, 42].

B oOmem cioyuae kpoHEKepOBCKoOe (MpsSMOe) MPOU3BEIACHUE BEKTOPOB (Mart-
pun) A=(a;), i,j=1,...m u B=(b;), i,j=1,...,n omnpenensercs Kak 0J04Hasg MaTpuUa
A®B=(a;B) pasmepHoctu mnxmn [43, 44]. CornacHo 3TOMy OIpPEIEIICHHUIO IS
00bEKTa BTOPOTO MOPSIKA UMEEM

x, X
2 1 T
X®x=x= =(xx, xx, XX Xx),
X
" 5.5
Bl _| M _ )
=l o |T (20,20, X, XX, X, X,X,X, XyX,X, X,X,X, X,X,X, X,X,X,) .
X
2

Ucnons3ys BexkTopsl (5.5), Ha ocHoBe onucanus (1.1), (1.2) nerko cocraBUTh MaTpu-
1161 KO puimeHToB A;, A, As.

B nanpHeiimem kpome onucanus (5.4), KOTOpOE YCJIOBHO Ha3bIBAETCs KBajpa-
TUYHO-KYOHYECKUM, IITUPOKO MCTOJIb3YeTCsl KBaIpaTUIHas MOJIEITh

X(t)=A1X(t)+A2[X(t)@X(t)]+B(X)U(t) (5.6)
JJI51 O6T)CKTOB C HCCUMMCTPHUYHBIMU XaPAKTCPUCTUKAMU, U KY6I/IIICCK8,H MOACIIb
XO=AXO+A[XO®XH®X(1)]+B(X)U() (5.7)

IUIsl 0OBEKTOB C CUMMETPUYHBIMUA XAPAKTEPUCTUKAMU OTHOCUTENIBHO Hadajla KOoop-
nuHAT (a30BOT0 MPOCTPAHCTBA.

[TomuepkHem, 4TO (OpMaIbLHO MpPH pelIeHUuU paccMaTpuBaeMbix 3anady AKOP
MO’KHO ObLIO ObI OIpaHUYMUTHCS MpocTenieil Moaenbo (5.6). [leficTBUTENBHO, ONU-
CaHH€ HEJIMHEHUHBIX 00BEKTOB, COAECPKAIINX HEJIMHEWHbIE WICHBI B BUE POU3BEIE-
HUI (pa30BbIX KOOPAMHAT BbIIIE BTOPOM CTENEHU, MOXKHO MPUBECTH K BUAY (5.6) my-
TEM PACIIUPEHUs MIPOCTPAHCTBA COCTOSHUS OOBEKTAa HOBBIMU KOOPAMHATAMH, IPE.-
CTaBJIAIOIIMMU COOOM MPOU3BEAECHUS MCXOJIHBIX KoopauHaT. Hanpumep, ypaBHeHHe
CTallMOHAPHOT0 OOBEKTA MEPBOTO MOPSAAKA C KyOMUEeCKOW HETMHEHHOCTBIO

x() +ax(t) + a,x* () + a,x’ (1) = bu(t)
3a cu€T BBEICHUs HOBBIX KOOpAMHAT X,(f)=x(1) Xx,= xf( t ) mpeoOpasyerca K

BUIy (5.6). DTO MOXHO CHAENATh CICTYIONUM 00pa3oM. YpaBHEHUE paccMaTpUBae-
MOTO 00BEKTa B HOBBIX KOOPJMHATAX MPUHUMAET BH/T
x(@)=—a,-x(t)—a, x,({t)—ay x,(t)x,(t)+b-u(t),
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a COOTBETCTBEHHO NPOU3BOAHAA X, (1) — hopMy
X, (1) =2x,(t)x,(t) = 2x,(¢) [bu(t) —a,x,(t)—a,x,(t) —a,x,(t)x, (t)] =
= 2bx, (H)u(t) — 2a,x,(t) — 2a,x,(1)x,(t) — 2a,x2 (2).

Cucremy AByX MOCJHEIHUX YpaBHEHUI BO3MOXKHO 3amucaTh B BUJe ypaBHeHHS (5.6)
CO CJIEIYIOIIMMU MaTPULIAMMU:
-a, -—a, 0O —a, 0 O B b

0 —2a) 4 0 2a, 0 —2a,) 2bx,(1) )
JlanHbIil MpuMep MOKa3bIBAET, YTO onucaHue o0bekToB (5.4) U Apyrux ¢ 6oliee BbI-
COKOM CTENEHbI0 HEJIMHEHHOCTU MOKHO CBECTH K YpaBHEHUIO (5.6) U COOTBETCTBEH-
HO MoJelNb (5.6) ONMUCHIBAET NOCTATOYHO IIMPOKHUHN JJISI NPHUIIOKEHUM KJIacC HEJu-
HEHUHBIX 00BEKTOB YIIPABICHUS.

B To e Bpems HEOOXOAMMO MOAYEPKHYTh, YTO MHOTHE OOBEKTHI YIPABICHUS
UMEIOT CUMMETPUYHBIE HEJIMHEHHBIE XAPAKTEPUCTUKN OTHOCUTEIBHO Hayana Koop-
auHaT (a3oBoro nmpocTpancTBa. CUMMETpPUS XapaKTEPUCTHK CYIIECTBEHHO YIPOIIa-
€T aHaJlu3 JIBIXKEHUS ITHUX OOBEKTOB U COOTBETCTBEHHO CHHTE3 PETYISTOPOB IS
Hux. Tak, HampuMep, ONTUMAaNIbHbIE 10 0000IIEHHOMY KBaJIpaTUYHOMY (PyHKIIMOHA-
Jy KadyecTBa PEryJsaTOphl IJs JAaHHBIX OOBEKTOB TaKKE UMEIOT CHMMETPHUYHBIC Xa-
pakrepuctuku. Kak mokasan aHanus, CBOAUTH ONMKUCAHWE CHUMMETPHUYHBIX 0OBEKTOB K
Mozenu (5.6) HenenecooOpa3Ho Mo CACAYIOUUM MPUYUHAM.

Bo-niepBbix, B onucanuu (5.6) CBONCTBO CUMMETPUM XapaKTEPUCTUK 0O0BEKTa
CTAHOBUTCS J1aJIEKO HEOUYEBMJIHBIM, €r0 HEOOXOJUMO YCTaHABIMBATh CIEIUAIbHBIM
UCCIIEOBAHUEM.

Bo-BTophIX, niepexos ot onucanus (5.7) Kk (5.6) MOBBIIIAET pa3MEPHOCTh BEK-
TOpa COCTOSIHUSL 0OBEKTA, YTO MPU CUHTE3€ ONTUMAILHOTO PETYJIsSTOpa 3HAYUTEIIBHO
YBEJIMYUBAET O0BEM BBIYMCIICHUN.

B-TpeThux, nmepexoa oT ONUCcaHusi CHMMETPUYHOTO OOBEKTa C BHICOKOI cTere-
HbIO HEJIMHEHHOCTHU K Mojiesiv (5.7) OCYIIECTBUTh 3HAUUTENIHHO MPOIIE, YEM K MOJIe-
au (5.6). [Tokaxkem 3T0 Ha mpuMepe OOBEKTa C MOJIMHOMHAIBHON HEIMHEHHOCTHIO
IISITON CTETEHU

A=

x(1) +a,x(t) + a, x> (1) + ax’ (1) = bu(t) . (5.8)
B (azoBbIx koopauHaTax
x(t)=x(t) x, =x13(t)
ypaBHeHue (5.8) npuHUMaET BU
x,(t)=bu(t)—ax,(t)—ax,(t)— asxl2 (t)x,(1). (5.9)
CoOTBETCTBEHHO MPOU3BOIHAS BTOPO KOOPAWHATHI OyIET ONPEACTSATHCS TaK
%, (1) =3x2(1)%,(1) = 3xf(z)[bu(r) —a,x,(t) —ax, (1) —asxf(z)xz(z)] =
= 3bx; (H)u(t) —3a,x, (t) — 3a,x; ()x,(t) — 3agx, (1)x2 ().
Cucremy ypauenuit (5.9), (5.10) nerko 3anucath B hopme (5.7) BBEIs B pacCMOTpe-
HUE MaTPUITBI

(5.10)
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-a, -—a, 0O —a;, 0 0 0 O0 0O b
A= , Ay = , B= . -
0 —3a 0 -3a, 0 -3a, 0 0 0 O 3bx; (1)

[Tepexon ke oT onucanus (5.8) k mogenu (5.6), BO-NEPBBIX, OCYIIECTBISIETCS
HEOJHO3HAYHO, 4, BO-BTOPBIX, B JIIOOOM ciy4yae TpeOyeTcs He JBe, a Tpu (a3oBble
KoopAuHAThl. OJIMH U3 BApUAHTOB BBEJEHUS KOOPAUHAT CIIETYIOIINNI:

x(t)=x(t), x, =x12(t), x3=x22(t).
[ToBTOpSIsSt aHaNOTrMYHBIE TPeOoOpa30BaHUs, TOTydYaeM
x, (1) =bu(t)—a,x,(t) —a,x,(t)x,(t) —asx,(t)x; (1), (5.11)

&, (1) = 2, (D)%, (1) = 2, (1) bu(t) = a,x, (1) — ayx, () x, (1) = agx, ()x,(1) | =
=2bx, (H)u(t)—2a,x,(t) —2a,x,(t) —2a.x, (1) x, (1),
&,(1) = 23, (D)1, (1) = 4x, ()] bx, (Du(t) = a,x, (1) = ayx, (1) — agx, ()x, (1) | =

=4bx, (t)x,()u(t) —4a,x,(t) —4a,x, () x,(t) — 4(15x32 (7).
Cucrema ypaBuenuii (5.11) — (5.13) npencraBuma B popme (5.6) ¢ MarpuiiamMmu

(5.12)

(5.13)

—a, 0 0 0 —a, —a, 00 0 00 0
A=| 0 24 —2a,|,A=/0 0 0 00 22, 00 0 |
0 0 —4aq 0 0 0 00 —4a, 0 0 —4a,
b
B=| 2bx (1)

4bx, (t)x, (1)

B cBsi3m ¢ ykazaHHBIMH OOCTOSITEIHLCTBAMU B PadOTE pacCMaTPUBAIOTCS JIBA
OCHOBHBIX KJlacca OOBEKTOB YIIPaBIEHUS, OMHUCHIBaeMbIX Mojaemsimu (5.6), (5.7), u,
KaK UX KOMOWHAIus, paccMarpuBaeTcs Taikke kinace (5.4). Ilocnennuit umeer Bax-
HOE CaMOCTOSITEIbHOE 3HAUYEHHE: YacTO HEJIMHEWHBbIE XapaKTePUCTUKU pPEabHBIX
OOBEKTOB C WHKEHEPHON TOYHOCTHIO ANMPOKCUMHUPYIOTCS MOJUHOMAMHU TPEThEH
crerienu (5.4), npuueM nepexo kK mojaenu (5.6) Herenecooopa3eH u3-3a CyIeCTBEH-
HOTO YBEJMYECHHUS pa3MEpHOCTU BekTopa coctosinusg. Kimacc (5.4) B manHO# pabote
UMEET U METOJIMYECKOE 3HA4YeHHE: BMECTO TOr0, YTOOBI OTACIHHO paccMaTpuBaTh
pemenus 3amad AKOP st o6bexToB (5.6) u (5.7), B paboTe NpUBOAUTCS pelIeHUe
ATOM 3aaun 111 00BEKTOB (5.4), U3 KOTOPOTO KaK YAaCTHBIE CIy4au BBHITEKAIOT pellie-
HHUS 1719 00BEKTOB OCHOBHBIX KJ1accoB (5.6) u (5.7).

[ToquepkHeM, 4TO ISl TEOPUU ONTUMAJBLHOTO YNPABJICHUS, COTJIACHO MPOBE-
JIEHHOMY 0030y JIMTePaTyPHBIX UCTOYHHUKOB, hopma (5.6) umu (5.7) onucanus o0b-
€KTOB SIBJISICTCSI HOBOM, XOTSI MOJIEIb (5.4) UCIob30Bajgachk B padote [45], B KOTOpoit
MoKa3zaHa IeJeco00pa3HOCTh €€ UCIIOJIb30BAHUS VIS aHAIN3a JIBIKCHUS dTHX 00BEK-
TOB C TIOMOIIBI0 (PYHKITMOHATBHBIX psAI0B BombTeppa.

3aBepiiasi pa3aenn, OTMETUM, Y4TO C YYETOM MPEJIOKEHHOTO Crocoda paciim-
pPEHUSI BEKTOpA COCTOSIHUSI HEJIMHEWHOW CHCTEMBI YIPABJICHUS, COBOKYITHOE MHOXeE-
CTBO O0OBEKTOB, IMOANajaromee moa onucanus (5.6) wim (5.7), Ha HaAII B3I, SIBJIS-
€TCs OYEHb IUPOKUM I MpUMeHeHus. [ TaHHBIX 0OBbEKTOB IMpejIaracTcsi METO/
CHUHTE3a AJITOPUTMOB ONTHUMAJIBHOTO YIIPABJICHUS, KOTOPBIM MAa€T pe3yiabTaThl, COB-
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nagaromue ¢ pesyiabraramu AKOP npu oteickanun Qynkuuu bemnmana-JIsmyHoa
CTaHAAPTHBIM METOJIOM CTENEHHBIX PSAOB, HO B CPABHEHUU C HUM TOpa3lo Jierde
noaaéres aNropuTMU3alUU U YMEHbIIAET 00bEM BBIUMCIIEHUN BCIIEJICTBUE MCIIONb-
30BaHMS MAaTPUYHBIX OIEPAlMil, BKJIIOYAsl ONEPALMI0 KPOHEKEPOBCKOIO IIPOU3BEIE-
HUS MaTpUL.

[IpenBapuTenbHO, MPEXKAE YEM M3JaraTb JAHHBIM METOJ CUHTE3a, IIPUBEIAEM
OCHOBHBIE PE3YJIbTAThl TEOPUU MATPUL] C KPOHEKEPOBCKUM IIPOU3BEICHUEM.

5.2. CBeeHusi U3 TEOPUH MATPHIl ¢ KPOHEKEPOBCKUM MPOU3BEACHHEM
CuHHTE3 ONTUMAIIBHOTO YIPABJIECHUS CBOJUTCS K PEIICHUIO YPaBHEHHUS B 4acT-
HBIX MPOU3BOAHBIX — ypaBHeHus JlsmyHnosa (5.3). Pemenue sToro ypaBHeHus Oyaem
OTIpENeNATh B CIEMyIONIeH dhopme:

S(X)=C(X®X)+C,(X®X®X)+...= Y CX"',  (5.14)
=2
rae C,, C; Cg... — MaTpUIBI pa3MEPHOCTH [ xnz, 1 ><n3, Ixn’. Bripaxxenue (5.14) yc-

JIOBHO JAJI€€ HA3bIBAETCA MATPUYHBIM CTEIIEHHBIM PSIIOM, KOTOPBIA ITPEAIIOIAracTcs
CXOOSAIIUMCS.

Tak Kak JaHHBIA MOAXOJ CHHTE3a HEJIMHEWHBIX CHCTEM IIPEIIOJIaraeT Hemo-
CPEACTBEHHOE MCIIOJIb30BAHUE TEOPUU MATPHUIL] C KPOHEKEPOBCKUM (MPSIMBIM) ITPOU3-
BEJICHUEM, TO KPaTKO, 0€3 JT0Ka3aTelbCTB, MPUBEIEeM U3BeCTHBIC [43, 44] U HUCTIONB-
3yE€MbIE B TAJIIBHEUIIIEM CBOMCTBA MPSIMOTO IPOU3BEICHUS MATPULL.

Crnenyroiye CBOMCTBA KPOHEKEPOBCKOIO IMPOU3BEACHUS HEMOCPEIACTBEHHO
CIEYIOT U3 ONPEICIICHUS:

a) Ecmu u=const,mo(UA)®B=A® (uB)=u(A® B);
0) (A+B)®C=A®C+B®C,;
8) A®B+C)=A®B+A®C, (5.15)
2) A®(BX®C)=(A®B)®C;
0) (A®B) =A"®B".
B maHHBIX COOTHOIIECHUAX MPEOIAraeTCs, YTO Pa3MEPHOCTH BXOASAIINX B (DOPMYIIBI
MaTpHUI] TAKOBBI, YTO BCE OINEPAIUN OCYIIECTBUMBI.

OtMeTHM, 4TO, BOOOIIE TOBOPSI, KPOHEKEPOBCKOE MPOU3BEIEHNE HE KOMMYTa-
TUBHO. HaMm moHagoOuTcs eire 0JJHO CBOMCTBO, KOTOPOE HE CTOJb OYEBHUIHO, HO IIIH-
POKO HCTONB3yeTcs B Oymymem. Ero dbopmymupyer cruenytomas Teopema [43]:
eciu A, C — KOMNIEKCHO3HAUHble Mampuybl pasmepHocmu mxm u B, D - xowm-

NIeKCHO3HAYHbLEe MAMPUYbL PASMEPHOCMU NXN, MO
(A®B)(C®D)=AC®BD. (5.16)

OTta TCOPEMA MPUBOAUT K HECKOTOPBIM BA’KHBIM BbIBOJAAM, KOTOPBIC YKAKEM B
clIcayromeM CJIEeACTBUU: ec/iu A, B — xomnnexcuosnaunwvie mampuyvl pasmepHocmu
mxXm u nXn, mo

A®B=(A®I ), ®B), (5.17)
det(A ® B) = (det A)" (det B)", (5.18)
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eoe I, I, — eOunuunvle mampuysl pazmepHoCmu mxm, nXn; eciu OONoJHuUmenbHo A
u B ueocobwvie, mo
(A®B)'=A"®B™". (5.19)
[Tpu pemenun ypaBuenus (5.3) Ham npunercs psaf (5.14) nuddepenupoBatsh
1o BeKTopy X. B cBs3M ¢ 3TMM paccMoTpuM onepanuu AU GepeHIrpOBaHUS IO BEK-
TopHOMY aprymeHTy. [lycTs BekTOp X siBnsieTcst pyHKUIMEH mapamMeTpoB a;, dy, ..., d,
U CYIIECTBYIOT YaCTHBIE IPOU3BOJHBIE 3TOTO BEKTOpA MO KAXJAOMY U3 I1apaMeTPOB.
OmnepaTop IPOU3BOIHOMN IO BEKTOPY @ OMPEAEIUM KaK BEKTOP-CTOJOeI] [46]:

T
iz( J , J J j , (5.20)
da \da, da, Oa,
T.€. JUIsl HEKOTOPOi ckansapHoi pyHkuuu fla) numeeM
da)_(or & oY
da |\ 9a,'da, "9a, )

OTa Npou3BOJHASA TaKKe Ha3bIBaeTCAd TpagUeHTOM M 0003HAYaeTCs CHMBOJIOM
V. f=df(a)lda.

[Tockonbky omepartop (5.20) siBIE€TCS BEKTOPOM-CTOJIOIIOM, TO OH HE MOXET
OBITh IPUMEHEH K BEKTOPY

n

T
[ToaToMy Oynem MpUMEHSITH €r0 K BEKTOPY-CTpoke X', pe3ylbTaToOM SIBJISIETCS Mart-
puna

awoa o

da, da,  Oa,

dx, ox ox

T M n
dj; =|da, da,  0a, |, (5.21)

oy ox, O,

da, da,  Oa,

1.€. onmeparop d/da TpUMEHSETCS K KaXKIOMY DJIEMEHTY BEKTOPa-CTPOKU. Yacto

MaTpuIla TpaHCTIOHUPOBaHHAS K (5.21) Ha3pIBaeTCs SKOOMAHOM U 0003HAYACTCS CUM-
BosioM J { X(a )} [20], rae

(Ja{X(a)}),-,:(d—Xj _| 2 (5.22)

— b
da da ;
IpUYEM, KaK IIPUHATO B TEOPUHM MATPHUI], UHIAEKC i 0003HAYaET HOMED CTPOKH, a | —

HOMEp CTOJIOIA.
[Tpumenss oneparop d/da K CKalspHOMY IPOM3BEIECHHUIO JABYX BEKTOPOB
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VTWZ(VI, Voy ooy vp)- =vw VoW, +Fy W,
w,
HOJTY4UM
d av’ o dW'
—(V'W )=——W+ V=
da da da
%w+ +av”w %v+ +aw”v
oa, ' da, " oa, ' 9da, '
v, va ow, aW,,
—Lw =L w, | |y =Ly,
=| da, da, +| da, da, " |. (5.23)
avl avp awl awp
—Lw =L w, | |y =Ly,
da, da, da, da,

Ha ocHoBe paBeHcTBa (5.23) ycTaHOBUMM BaXKHbIE YaCTHBIE COOTHOIIIEHUS. Eciu
3JIEMEHTHI BEKTOpA V HE 3aBUCAT OT mapameTpoB a; i = 1,2,..n meciu W =a, T10
u3 (5.23) cnenyet

4 iyria)=y, (5.24)
da

Ecnu, Hao00poT, 351eMeHThl BekTopa W He 3aBHUCAT OT mapameTpoB a; U V =a, TO
A amw=w. (5.25)
da

BaxxHO noguepkHyTh, 4YTO NpU 3amMeHe BEKTOpOoB V 1 W Ha COOTBETCTBYIOILIUE
MaTpHUIlbl, HOCIEAHUE JIBa paBeHCTBa (5.24), (5.25) ocTaloTcs cipaBeIJIUBBIMU.

[Iycth A — kBagpaTHag matpuua. Torga Ha ocHoBe (5.24), (5.25) nus xkBaapa-
TUYHON (DOPMBI BHITIOHSAIOTCS CISAYIOIINE PAaBEHCTRA!

4 (xTay)=ar,

dj (5.26)
—(XTAY)=(X"TA)" =A"X,

dY( )= ( )

%(X TAX)=2AX, ecim A = A" — cUMMeTpUYHAS MATPUILA.

Tenepb paccMOTpUM OIEpalvy, COAEpPKAIllMe YacTHbIC Mpou3BoaHbIe. [lycTh
cymectByeT rnangkas pyakmus f=f{Y, X, t), Y=Y(X,t) u X = X(t), npuuem X, Y —
BEKTOPBI COOTBETCTBYIOIIUX pa3MepHocTeil. Onpenenum Jyisi HUX CIEAYIOUIUE Orfie-
paruu auddepentmpoanus. Haiinem npousoanyto [20]:

df _ oy’ 'af+8f (5.27)
dX | 9X | oY oX '

[ToquepkHeM, 4TO B mepBOM ciaraemMom (5.27) MopsAI0K COMHOKHUTENIEH OTInYaeTcs
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OT TOpsIIKa COMHOXHUTeNeH npu auddepeHIMpoBaHUHN CI0XHONW (PYHKIMK IO CKa-
JSIPHBIM apryMeHTam

df(yxt)_of dy o

dx dy Ox Ox
YTO MOXKHO OOBSICHUTH HEOOXOAMMOCTBIO OOECIIEYEHHS YCIOBUH BBIMOJIHUMOCTH
MaTPUYHBIX ONEpPaLUi: YTOOBI MOIYUYUTh BEKTOP-CTOIOEI HEOOXOAUMO MATPHUILY YM-
HOXXHUTH Ha BEKTOP-CTOJIOCII.
CornacHo [20] paccMOTpUM MPOU3BOJHYIO

a [ (v .(aij_dx{af}T_anal 528)
dt |9X | ax ) \ay dt |9Y | or o '

3ametuMm, uto B (5.28) mepBoe M BTOPOE ClIaraeMble MPEJICTABISIOT CKAISIPHOE MPO-
W3BEJICHUE COOTBETCTBYIOIIUX BEKTOPOB.

AHanOTUYHBIC OTEpaIui MOKHO OTPEIEIUTh M HaJl BEKTOPHBIMU (QYHKITASIMHU
Z, Y, X: Z=ZY, X, t), Y=Y(X t), X=X(t). Idng HUX cupaBeJIUBbI CICAYIOIINE
dhopmyinsl quddepentupoBanus [20]:

I 7
dZ: 0Z . Y +8Z , (5.29)
aX Y 0X 0X
daz [azT |(oy™Y ax ov| [0z" T ax oz
—=|= —+ + +——. (5.30)
dt Y oX ot ot o0X dt ot

Hcnonb3ys ykazaHHble COOTHOIICHUS TU(PdEepeHITUPOBAHMS, TOKaKEM
yrBepaxaenue 5.1: eciu G(X) u H(X) — sewpecmeennosnauHvle 6eKmMop-QyHKyuu om
gekmopa X, mo Npou3eo00Hasl OM UX KPOHEKePOBCKO20 NPOU3BEOEHUS. UMeeM GUO

Kl r G X) r o o HT(X)
—(GO®HOOI === == ®H" (X)+G"(X)® . (5.31)

JokazarenscTBO cooTHOWEHUs (5.31) onmpaercs HEMOCPEACTBEHHO Ha OIpe-
aenenue (5.21). Jlns KOMIAKTHOCTH 3amHCed pacCMOTPHUM JBa BEKTOpa-(QyHKIHH
pa3MepHOCTH 3X [

8(X) h(X)
G(X)=|g(X)|, H(X)=|h(X)|,
8:(X) h(X)
e X=(x, x, .. x, )T. OO6o01meHne noka3aTenbeTBa sl 0ojaee BBICOKOHM pas-

MCPHOCTH BCKTOPA HC MPCACTABIACT IPUHIUIIMAJIbHBIX SaTPYHHeHHﬁ.
,HJIH 9TUX BCKTOPOB HAXOJIUM

[GX)®H(X)] =(g(X)-h(X) &(X)h(X) g(X)h(X)
&(X)h(X) g(X)h(X) g(X)h(X)
&(X)h(X) g(X)h(X) g(X)h(X)),
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0 T
—[G(X)@H(X)] =

(3&( X) 381( X) ahz( X). 381( X) 3h5( X)

(X )+
afa( X)

&(X)

(X )+ &(X) (X )+

oh(X)
% &(X)

Bgz( X) Bgz( X ) th( X ) Bgz( X)

h( X)+

“&(X) hy( X )+

&(X) “hy( X )+

ahg(X)

oh(X
th ) g(X)

agz( X) hl( X). 383( X) ah'z( X). agz( X)

h( X )+ &(X) hy(X)+ 8(X) (X )+ 3(X))=

agl( X) agl( X) agz( X) agz( X) agz( X)

(agl(X)

h(X) h(X) h(X)

883(X) h(X) ags(X) (X) agsg(X) @(X)J{a}gxx)‘gl(?ﬂ 3%(;)
(X

hy(X) h(X) hy(X)

| @(X),
&(X) = a(X)

ahl(X) &(X) ahz(X) orx) P o ox) BX) o ox) IlX) g x) IX)

o (X)|=
X X oX X X )4 & )j

_(dg(X) 0g(X) dg(X)
—( 5% % % )®(’H(X) h(X) h(X))+

dh(X) dh(X) alg(X)j_aGT(X)
+&(X) &(X) gg(X))®( xS
Takum o6pa30M MOJIy4aem

T T oH'(X)
® .
o OH (X )G (X)®=

_[G(X)®H(X)] oG (X) QH"(X)+G"(X)® aHa)EX)

JOKa3bIBACMOC COOTHOIIICHHC.

CrnencTBueM 3TOTO YTBEPHKICHHUS SBISIETCS YTBepaAeHue 5.2: npoussoousie
OmM KPOHEKepOBCKUX CmeneHell Onpeoesisitomcs 8blpadceHusimu

%[x X =IX" +X"®I=I®X",

aiX[X RX®XT =I®X  ®X  +X ®I®X +X ®X ' ®I=1® XY, (532)

oX

IlepBoe cooTHomienue (5.32) HemocpeACTBEHHO BbiTekaeT u3 (5.31) mpu

G(X)=H(X)=X. Jlna moxa3zaTelbcTBa BTOPOTO COOTHOIIEHUS 0003HaunM G(X)=X
H(X ) X®X:

—[X®X®X] :—[G(X)®H(X)] J9G (X)®HT(X)+GT(X)®8H8)§X):
=I®(X®X)T+XT®a(Xﬂ=I®XT®XT+XT®[I®XT+XT®I}=

—IRX X +X ®I®X + X ®X ®I=1® X,
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[Ipomomkas peKyppeHTHO YKa3aHHBIA MPOLECC, MOJIYYHUM IOCIEIHEE COOTHO-
menue (5.32).

Kak o6o0mienne cTpykTypbl MaTpuilbl miepBoi hopmyisl (5.32) paccMoTpum
marpuly A®I +1 ®B, rone A, B — kBazpaTHble MaTpHLbl Pa3MEPHOCTH MmXmi,
nxn. VI3BectHO [44], yTO COOCTBEHHbIC 3HAYEHHUSI ATOM MATPHUIIBl COBNAAAIOT C N
ypcnamu A+, r=12,..m, s=12,.,n, npudeM A, 4 - COOCTBEHHbBIC 4YHCIIA
cooTBeTcTBeHHO Matpull A u B. Ilo aToii npuunne matpuny A®/[ +1 ®B 4vacrto

Ha3bIBAIOT KPOHEKEPOBCKOW cymMMon MaTpull A 1 B. OTMETUM TakXe, 4TO COOCTBEH-
HbIC 3HAYCHHsI MaTpUIIBl A® B coBMamarT ¢ mn quciamu AL .

OueBUIHBIM CIICJICTBUEM YTBEPXKACHUS 5.2 SBISETCS yTBep:KaeHue 5.3: npo-
uze00Has om psoa (5.14) onucvieaemcs svipasxiceHuem

oo d [, - o
% =3{ZC,X “‘} /aX =(X"®NC +(X M Onc] +.=Y (x" M end,.(5.33)
i=2 i1
PaccMmoTtpum i-ro ciiaraemoe TpaHCHOHUpOBaHHOTO psanaa (5.33). dns Hero no-
Ka)keM yTBep:xkaenue S.4: eciu gexkmop Z umeem pazmeprocms nx 1, mo
xer1yz=x"e®z). (5.34)
[IpeaBapuTenbHO ISl MPOU3BOJIBHBIX BEKTOPOB X, Y U BekTOpa Z pa3MepHOCTH

nx/, TOKa)XxeM COOTHOIIEHHUS
Y®I)Z=Y®Z,

(I ®Y)Z=ZQ®Y, (5.35)
(X®I ®Y)Z=X®Z®Y.

I[OKaBaTeJ'IBCTBO OCYHCCTBIIACTCA HCTIOCPCACTBCHHO HA OCHOBC OIIPCACIICHHA KPOHC-
KCPOBCKOI'O IIPOU3BCIACHUA:

ylln ylz
I Z
Y®I)Z= Valo |z 2| P2 =Y®Z,
yNIn yNZ
Y 0 0
YN 0
0 M1 Y
: Do ] Y
(I, ®Y)Z = Z=|"7 |=Z®Y,
0 Yy 0 :
. Ly
0 0 Y
0 0 Y
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_ N ) oY
YN 0 0
0 Y 0
(X®I ®Y1Z=|X®| | L |z=
0 Yy 0
0 0 N
0 0 Yy
Y 0 --- 0 X1Z1Y
N DO aiad
0 0 y)| x,2,Y
_ : 2l=] ¢ |=xezey.
Y 0 - 0)| x,7,Y
Z
0OY - 0 ! x,2,Y
x| . . . :
00 - Y xzY

N3 Beipakenuit (5.32) u (5.35) HEMOCPEACTBEHHO ClieIyeT COOTHOIIEeHHE (5.34).

B 3akntoueHue paszzgena mpUBEEM CBEIEHUS O HOPMaX BEKTOPOB UM MATPHII
[43], koTOpbIE UCTIONB3YIOTCA MpH aHaIu3e cxoaumocTtu psiaa (5.14). Hopma BekTopa
ONPEAEIAETCS KaK €ro JJIMHA (METPUKA):

" 12
h(X) =(Z‘xi‘2] (5.36)

i=1
— TaK Has3bIBacMas €BKJIMI0Ba HOpMa. OHAKO 4acToO yA00HO HCIIOIb30BaTh HE €BK-
JUJOBBI HOPMBI, a 0oJiee MPOCThIC BBHIPAKEHUS METPUKH, YJAOBJICTBOPSIONINE Clle-
OYIOIINM aKCHUOMAaM JJIUHBI:

0) h(cX)= ‘c‘ h(X) nns m000ro KOMIUIEKCHOTO YHCIA C;
B) (X +Y)<h(X)+h(Y).
Hanpumep, B naibHENIIIEM UCIIONB3YETCSI METPUKA BEKTOPA
P(X) = max|x,|. (5.37)

[To ananoruu ¢ BEKTOPOM OIpeensieTcss MaTpuuHasi HopMa (OOBIYHO 3aMUCHI-
BaeMasl B BHUJIC HA ), Kak BelecTBeHHas (PyHKIM, ONpe/iesieHHas: Ha BCEX KBajpar-
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HBIX MaTpHulax A ¢ KOMILUIEKCHBIMHU 9JICMCHTAaMH, €CJIM OHAa yAOBJICTBOPACT CJIICHYIO-
MMM aKCHOMaM:
a) [A|=0; ||A]=0, ecru A=0;
0) HCA” =‘cH‘AH U1 TF000r0 KOMILUIEKCHOTO YHCJIa C,
B) |A+B|<|4]+|B
) [4B]<[4]|5].
Hawnbonee pacipocTpaHEHHBIMU MAaTPUYHBIMU HOpMaMU SBISIOTCS [43, 44]:

. i 12
M{z\%\j , 539)

i,j=1

.
9

|4 :n.n}z}x‘aij‘. (5.39)
B I[aHBHefIIHeM HCIOJB3YIOTCA COTJIACOBAHHBLIC BCKTOPHBIC WM MATPUYHBIC
HOpMBI. BekTopHas Hopma A(X) 1 MaTpuyHas HOpMa HH Ha3bIBAXOTCS COTJIACOBAHHBI-

MU, €CJIM JJIsi BCEX KOMIUJIEKCHO3HAYHBIX N-MEPHBIX BEKTOpoB X U Marpull A4 pas-
MepHOCTU nXn umeeM h(AX) < HAHh(X) .

N3BectHo, yTo MartpuuHas HopMa (5.39) coriacoBana ¢ Hopmamu (5.36),
(5.37), nokazaHa COrjaacoBaHHOCTb €BKJIUAOBBIX MAaTPUUHOM U BEKTOPHOU HOPM [43].

N3 omnpeneneHuid KpOHEKEPOBCKOTO MPOU3BEACHUS MaTpull U HOpM (5.37),
(5.39) HEenocpenCTBEHHO CIEAYET, UTO

p(xMy = pt(x), (5.40)

HAX["] <||Alp(X*) =n* max|a,| p* (X), (5.41)
2¥)

ko, k
rae A — KkBaJpaTHasi MaTpulla pa3MEPHOCTH 1 XN

5.3. PeumieHne 321241 ONTHMAJIBHOTO YIIPABJICHUS

5.3.1. PeKyppeHTHBIii AJITOPUTM CHHTE3a PeryJjasiropa

B ocHOBe cuHTE3a ONTUMAJIBLHOTO PETYNIATOPA JICKUT pelieHne ypaBHeHus JIs-
nyHoBa (5.3). I[ToncraBum B 3TO ypaBHEHHUE OpemonaraeMoe pemenue (5.14), tounee
ero npousBoAHyto (5.33):

- T
[Z((XT)“ ® I)Cfﬂj AX +AXP+Axh=—0 xP
i=1

B KOTOpOM ciaraeMoe X ' QX 3amucaHo ¢ UCIOJIb30BaHUEM KPOHEKEPOBCKOM CTere-
n X2 1e. X'0X = 0,X [2], rae (J; — COOTBETCTBYIOIIAS MAaTpUlla PasMEPHOCTH
Ixn’. Tlociie BBIOMHEHHS ONEpAIlHH TPACTIOHNPOBAHHUS [OTydacM ypaBHEHHE
(ZCM(X[” ® I))(AIX +AXF A xPh=—0 x" (5.42)
i=1
C yuetom cooTHoteHus (5.34) pacCMOTPUM CIEAYIOIIEE €TI0 CJIaraeMoe:

xTenax=x"enz=x"ez)=(x"®Ax)= 543

= (I[i]X[i] ®A1X) — (I[i] ®A1)X[i+1] Z(Al ®I[i])X[i+l],
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AHanoruyHeiM 00pa3om npeoOpazyemM U NOoCIeaYIONIUE cllaraeMble YpaBHEHHS
xenaxP=x"enz=x"ez)=(x"e®,x")=

= (X @ 4,xP) = (1T ® A,)x 1 = (4, ® 11)x ), 54
xTenax"=xTenz=x"ez)=x"eax") =

= (I[i]X[i] ®A3X[3]) _ (I[i] ®A3)X[i+3] _ (A3 ®I[i])X[i+3].
C yuerom cootromenuii (5.43), (5.44) ypaBrenue (5.42) npeobpasyercst K BULY

Yc,a"ea) x>, dea) x> e, aMea) xM =—g,xP.
i=1 i=1 i=1
(5.45)
B Bripakenuu (5.45) npupaBHUBaeM KO3(PPHUIIMEHTHI TPU OJMHAKOBBIX KPOHE-
KepoBCKUX cTenensax X', i=2,3,... .
IIpn i=2 nmeem

C,(I®A)=-0,, (5.46)

wiy, eciu Matpuna (I ® A)) HeocoOeHHas, TO

¢, =-0,[T®A)] .

IIpu i=3 aHaJOTMYHO MOJIy4aeM

1

C,UP®A)+C,(I®A)=0, wm CS=—CZ(1®A2)[(1[21®A1)] (5.47)

COOTBETCTBEHHO NpU =4 HMEEM
C,(IM®4)+C,(IP®A)+C,(1®4,)=0,

WIH

C, =—[Cgm+cz(1®/7:)}[mr. (5.48)
Urepanusa npu i=5 maer

@A) +C, (1T @A) +C, (17 ® A,) =0,

WIH

C, =—[C4M+C3m}[m}l. (5.49)
[Iponomxkas urepanuu, METOJIOM MaTEMAaTUYECKON MHAYKIIMN YCTaHABIIMBAEM

Ci = —[ck (" T®a,)+ ck_lm}[mr L k=34.. (5.50)

PEKYPPEHTHBIN alITOPUTM HaXOXACHHUS KOA(G(OUIIMEHTOB cTemneHHoro psaa (5.14),
OMHUCHIBAIOUIETO HCKOMYIO (yHKuuio JlsmyHoBa. Ota ¢yskuus, corimacHo (5.2),

(5.33), 0o1HO3HAYHO ONpPEAEIIAET NUCKOMBIN 3aKOH YIIPaBICHUS
oo —_— T
b

U(X)=—-0.5R"B" (X)Z[CM(X[” ® 1)}
i=1
JTOCTABJISIONINN MUHUMYM (YyHKITMOHATY KadecTBa (5.1).

(5.51)
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5.3.2. YcaoBust 0CynmieCTBUMOCTH PEKYPPEHTHOI0 aJITOPUTMA CHHTE3a
PexyppenTtaslit iporiecc (5.50) Beruucienus: kodgpduimentos Gpyukiuu Jsmy-

HOBa OCYILIECTBUM, €CJIM IMOoJy4aeMble MaTpuubl (/ M ® A), k=1,2,..., ABIAI0TCA He-
0COOBIMH. YCTaHOBHUM, IPU KAKUX YCIOBHUSAX YKa3aHHbIE MATPHIIbl 001a/1al0T AaH-
HBIM CBOMCTBOM.

CHavana paccMOTpUM MaTpumy npu k=1: (I®/\Al/) =I®A+A®I=
=A ®I+1®A . Crpykrypa 3T0i MaTpuisl aHajnorudHa martpune A®I +1 ®B,
Ha3BAaHHOW KPOHEKEPOBCKOM CyMMOM maTpull A, B, U UMerolell COOCTBEHHbIC 3HA-
yenust A +4, r=12,..m, s=12,...n,tne A, [ - COOCTBEHHBIC YHC]IA COOTBET-
ctBeHHO Matpul A u B [43]. Ilpu A=B=A matpuisl m u A®I +1 ®B
COBIIJIAl0T, TTO3TOMY m uMeeT coOCTBeHHbIe 3Hadenns A4 +4,, i,j=12,..,n,
COCTaBJICHHbIE U3 COOCTBEHHBIX uMcesl MaTpullbl 4;. Ha 3TOM ocHOBaHMM MaTpuily
m MOYKHO Ha3BaTh JIBOMHON KPOHEKEPOBCKOW CYMMON MaTpHUIbl A;.

3ameTuM, 4To ypaBHeHHe (5.46) sBiusercs apyroi ¢hopmoil 3anmucu (C UCIONb-
30BaHUEM OINEPAUU KPOHEKEPOBCKOTO NMPOU3BEAECHUS MAaTPHUILl) MAaTPUYHOTO ypaBHE-
Hus JlanyHoBa

AP+ PA =-Q, (5.52)
npudeM Matpuua C, pasMepHOCTH I X n° MONydaeTcs U3 KBaAPaTHOM 71X/ MATPHIB P
3aMHUChI0 €€ CTPOK MOCIEAOBATEeNbHO APYT 3a APYroM B BUAE OJHON cTpoku. [l
ypaBHeHus (5.52) B pabote [43] mokazaHa JeMMa: mampuuroe ypasuenue Jlanyrnoea
onpeoensiem 83aUMHO OOHO3HAYUHOE COOMBEMCMBUE MeHCOY BeUjeCm8eHHbIMU CUM-
mempuyHviMu mampuyamu P u Q 6 mom u moavko mom ciyuae, koeoa mampuya A
He umMeem Hy1e8blX COOCMBEEHHbIX 3HAUCHU U Nap COOCMBEHHbIX 3Hauenull A, [, Ol
komopuix A+ u=0.
BcenencrtBue skBUBaICHTHOCTU ypaBHeHMH (5.46) u (5.52) nemMma omnpenenset
Y YCIIOBUSI OJIHO3HAYHOTO pEIICHUs1 YpaBHEeHUS (5.46): yCIOBHS JIEMMBI BCEra BbI-
MOJIHAIOTCS JJIsl YCTOMYHMBOM MaTpHIIbl 4;, BEIIECTBEHHbIE YACTU COOCTBEHHBIX YH-
ceJl KOTOpOM OoTpulaTeNbHBl. B CBSI3M € 3TUM NpU NMPUMEHEHUHU METOJa CHUHTE3a
A.A. KpacoBckoro no Kputreputo o000IIeHHON padoThl MpernoiaraeTcsi yCTonyu-
BOCTbH JIBUKEHUI 00BEKTa yIPABICHHUS.

Tenepr paccMOTpUM HCclaeayeMyro Marpuny npu  k=2: (I Pl ® A)=
=IQIQA+IX®AR®I+A ®I®]. Tak Kak cripaBeIJIUBbI IPeOOpa30BaHUs
IP'®A)=IQI®A+IRARI+ARI®] =
—IQ[IRA+ARI|+(ARN®I=I®A +B ®I,

*
TO paccMarpuBaemasi MaTpHIla MPECTaBIsSET KPOHEKEPOBCKYIO CYMMYy MaTpHil A ,
*
B . TloaToMy OHa MMeeT COOCTBEHHbIE 3HAUECHHS PaBHbIE CyMME COOCTBEHHBIX YHCET
* * . .
MaTpuil A, B, KoTopble B CBOIO ouepe/ib paBHbl A +A4,, i,j=1,2,...,n Jsd MaTpuisl

* . *
A n ﬂi, i=1,2,....,n — nuga matpuubl B . OTCI0a HEMOCPEACTBEHHO CIEAYET, UYTO

marpuua (17 ® A)=IRIRA+IX®A®I+A ®I®] umeer coOOCTBEHHBIE UUCIIA
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A +/1j +A., 1,j,k=12,.,n. Ha 5TOM OCHOBaHWM JaHHYIO MAaTpPUILy MO aHAJIOTHHU C
(I ® A) OyneM yclI0BHO Ha3bIBaTh TPOMHON KPOHEKEPOBCKOM CyMMOMN MaTpHLbI 4.

. 2] n A o
CrnencTBueM OTMEUEHHOTO CBOMCTBA COOCTBEHHBIX YMCEN MaTpulbl (/1 2l g A)

U YKa3aHHOM JIEMMBI SIBJISIETCSI YTBEPKJICHHUE, UTO cucTeMa ypaBHeHUH (5.47) umeer
OJIHO3HAYHOE PELIEHHWE B TOM U TOJBKO TOM Clly4ae, Korja mMarpuua A; He uMeeT
HYJIEBBIX COOCTBCHHBIX 3HAUYCHHHM U TPOEK COOCTBEHHBIX 3HAYCHUU A, LLV, IS KO-

TopbiX A+ u+v=0.
JlaHHOE YTBEp)KACHHE OYEBHIHBIM 00pa3oM 0000IaeTcsi Ha MAaTPHUILY

04 (k] ® A,), KOTOpYyIO II0 aHANOruu OyJeM Ha3bBaTh (k+1) KpOHEKEPOBKON CyMMOMH
Matpulibl A;. YTBep:kaenue 5.5: Pexyppenmuviii ancopumm (5.50) ¢ obpamuoti

I |
mampuyeu (1 M ® A)) 00HO3HauHO onpeldensem 6eKMop KO3ppuyuenmos GyHKkyuu

Jlanynosa 6 mom u moibko mom ciydae, koeoa mampuya A; He umeem Hyn1e8blx co0-
CMBEHHbIX 3HAYEHUl /?w i=1,2,...,n, u cymma moowvix (k+1) cobcmeennvlx 3nauenuil

omoti mampuyvl e pagna wymo: A +A4 +..+ A4 #0, i,b,.0i =121,

Emie pa3 noguepkHeM, 4TO YCIOBHSI 3TOTO YTBEPKACHHSI BCET1a BBINOIHSIIOTCS
JUI yCTOMYMBOW MaTpULbl A;, MOTOMY NpU IPUMEHEHUU NpPEIaraéMoro MeTojaa
CHUHTE3a ONTUMAJIBHBIX CUCTEM MPEAIOIaraeTcsi yCTOMUYNBOCTh YKa3aHHOW MaTpPHUIIBI.

VYpaBuenus (5.2), (5.14), (5.46), (5.47), (5.50), (5.51) onuceiBaroT peliecHUE
paccmatpuBaeMoil 3a1aun AKOP 111 00b€KTOB ¢ KBagpaTHYHO-KyOHMUYECKUMU HEJU-
HEWHOCTSIMU TaK Ha3bIBA€MbIM METOJIOM MATPHUUYHBIX CTENEHHBIX PsAOB. YHCIEHHBIE
pe3yNbTaThl, JaBAEMbI€ METOJIOM, COBINAJAIOT C pe3yJIbTaTaMH CTaHAAPTHOIO METOA
CTENEHHBIX PAJIOB, HO OHU MOJYYarOTCs MPU 3HAYUTENBHO MEHBIIIEM 00bEME BBIYMC-
JIEHUH BCJIEACTBUE MCKIIOYEHUS MPOLEIYpPhl COCTABICHUS U PEIICHHS] CUCTEM YpaB-
HEHUH JJIs1 UCKOMBIX (MHOTOYHMCIIEHHBIX) Kod(dduunentoB Gpynkuun JlsmyHnosa (oHa
BBINOJIHEHA MIPEBAPUTENIBHO) U UCIOJIb30BAHUS BBIUMCIUTEIbHBIX MATPUYHBIX OIIE-
parnuii, BKIO4asi olnepanuo KpOHEKEPOBCKOro mpousBeaeHus mMaTpull. CoBrajaeHue
pE3yJIbTaTOB OOBACHSAETCS METOA0JIOIMUYECKON TOXKJIECTBEHHOCTBIO METO/I0OB — Me-
TOJbI OTJIMYAIOTCSI TOJBKO (popMoli 3amucu ypaBHeHui. MaTtpudHas ¢opma 3anucu
pacyeTHBIX COOTHOLIEHUM OKa3ajach 00jiee KOMIIAKTHOM M MPUCHOCOOJIEHHOM IS
QITOPUTMHUYECKON peanu3anuu Meroaa. Ocobo moayepkHeM, 4YTo MaTpudHas popma
METO/1a MO3BOJIMIIA MOIYYUTh MPOCTOE PEKyppeHTHOE cooTHoweHue (5.50) g mart-
putl ko3pduirento GpyHkuuu JlsmyHoBa, ¢ MOMOIIBIO KOTOPOTO MOXKHO DPELIUThH
3amauy AKOP nmpaktuuecku ¢ mo00# 3aJaHHON TOYHOCTHIO.

W3 naHHOro METOoJa KaK YacTHBIE CIIy4au BBITEKAIOT aJITOPUTMBI CUHTE3a OIl-
TUMAJIBHBIX PETYJIATOPOB AJI1 OOBEKTOB TOJBKO C KBAaJpPaTHYHBIMU I TOJBKO KY-
Ooudeckumu HenuHeHOCTsIMU. [lonmaras B ypaBHenusix (5.46), (5.47), (5.50) A;=0,
MOJIy4yaeM aJrOPUTM pacyeTa OonTUMabHOro ympasieHus (5.51) oObekTamMu ¢ KBaj-
paTUYHBIMU XapakTepucTukamu o ¢yHkiuu JlsmyHnona (5.14), marpuunbie k03¢ du-
LIUEHTHI KOTOPOM ONpeAesaeTcs CIEAYIOIENd PEKyppEeHTHOM poLeypoil

-1

CkH:—Ck(?"‘T_/(@AZ)[mT, C,=-Q,[U®A)] . k=23... . (5.53)
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CooTBeTCTBEHHO, Nonaras B ypaBHeHusx (5.46), (5.47), (5.50) 4,=0, nony4aem an-
TOPUTM pacyeTa ONTHMAJILHOTO YIPaBJIeHUS 0ObEKTaMH ¢ KYOMYCCKUMH HEIUMHCH-
HOCTSIMH, JUISI KOTOPOTO MaTpu4yHbie KO3hdUIHEHTH PYHKIUN JIAITyHOBA HaXOIATCS
10 PEKYPPEHTHOW TIPOLIECIype

~ ~ — 1

N,..=0, N,=-0,(A®I) |,

TGS )/v (5.54)

Ny, = =N (A, @ 1Py (A @ 1Py | k=12, .

[TomuepkHem, uto corjiacHO (5.54) onTUMAaIbHBIA PETYIATOP, TAK K€ KAK U
O0OBEKT yMpaBIICHUS, UMEET CUMMETPUUYHBIE XapaKTEPUCTUKHU, TaK Kak K03 uireH-
THI TIPU CJaraeéMbIX HEYETHBIX cTerneHed (yHkiuu JlsmyHnosa (5.14) paBHBI HYIIIO.
[ToaTBepaUTH 3TO MOKHO cliienyromum odpazom. M3 ypasuenus (5.47) npu A,=0 u

HEBBIPOXKJICHHOCTU MaTpuilbl (/ 2] ® A ) HenocpeacTBeHHO BeITekaeT C;=0 . Tak kak
matpunia Cs nTuHeHBIM o0pa3zoM (5.50) Beipaxaercs uepes C; , To Cs=0 u T.1.

5.3.3. YciaoBus cX0OAUMOCTH MATPUYHOI0 CTENIEHHOTO PAAa

BrlmeckazanHoe 0 IPEIOKEHHOM METOJE CHHTE3a ONTHUMAJIbHBIX PETYIISITO-
POB CIPABEJIMBO TOJBKO MPU CXOAUMOCTH psiza (5.14), onmuchIBaOmEro (PyHKIHIO
JIammyHoBa. Y CTaHOBUM YyCIJIOBUS CXOAUMOCTH 3TOTO PAJA.

Bocrnonbs3oBaBmIMCh MOHATHEM HOPMBI BeKTOpa (5.37) MU COOTHOLIEHUSAMH
(5.40), (5.41), nna pana (5.14) noCTpOUM MaKOPUPYIOIIUM €T0 psif

Yex<Ylext<Ylelx. (5.55)
i=2 i=2 i=2

Hpez[nonaraﬂ, 49TO HOpMa BCKTOPA COCTOAHUA HX H OI'paHNYCHA YUCJIIOM
|X]=py. (5.56)

OTpeNeNIIonUM 00J1acTh (pa30BOTO MPOCTPAHCTBA OOBEKTA YIIPABICHUS, B KOTOPOU
paccMmaTpuBaeTcs IBUKEHUE 00beKTa, Ha ocHOBE (5.55), (5.56) nomydaem

seol< ik |=lely (557

— MaXOPUPVIONIUU PAO, OMHOMEPHBIM OTHOCUTEIHHO )
X

S (x)|=

Ha nmepBoM srame HaiijieM OLEHKY HOpPM HClH JUIsl HauboJiee MPOCTHIX pac-

CMaTpUBaeMbIX 0OBEKTOB C KBAAPATUYHBIMH HETUHEHHOCTSIMH, JJI1 KOTOPBIX MaTpH-
bl C; BBIYUCTSIOTCS B COOTBETCTBUU C anroput™MoM (5.53). Jiig 3TOro B COOTBETCT-

BUU C JAHHBIM aIrOPUTMOM ompenenuMm Hopmy Bekrtopa C,, (1 g ®A)). Tak kak

matpuua (I ® A) nmeer pasmepuocts n**'xn**! u npencrasuser cymmy (k+1)
MaTpHI|

Mea)=1"oA+1"e0A @I+ 1" T@A I+ +A Q1M  (558)

TO

C..("ea)|<|c., |l ®a)

<|c..

1Ak +1). (5.59)
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Teneps ouenum HOopmy Bexktopa C, (1 g A,)), matpuna ([ g A,) KOTOpPO-
ro SIBIAETCS TPAMOYroNbHOM pasmepHocTd n'xn'™’. Jlns ykasaHHO# HeKBaxpaTHOI
MaTpHIlbl HepaBeHCTBO (5.41) He BhIMOJHSAETCSA. B CBSI3U ¢ 3TUM BO3HMKaeT HEOOXO-
JUMOCTb PacUIMpEHUs MOHATHUS HOPMBI (5.39) Ha npsiMoyroibHble MaTpulbl. C 3TON
LEJIBI0 PACCMOTPUM BEKTOp Y pazMepHOCTU nX I, ONpPENENIEHHbIN Yepe3 m-MEpHBI

BEKTOP X C MOMOIIBIO MAaTPUIIbI A Pa3MEPHOCTH N XM1:

T
Y=AX=[Za1].xj, Doayx;, Zam 1) . (5.60)
j=1 j=1

Hatinem ero Hopmy

[¥]}=max]y ‘—EE,%i‘Z“m max[Z\ il \}ma{Z\ U@\XH (5.61)

1<i<n 1<i<n
Ha ocnoBe HepaBeHcTBa (5.61) my1s mpsSIMOYTOJIBHBIX MaTpHIl MOKHO BBECTH B pac-
CMOTpPEHUE COTJIACOBAHHYIO HOPMY BUA

=] S| 56
J=

B COOTBETCTBUM C KOTOPOM HY H < HAHHX H.HOI[‘{CpKHCM, 4TO CcyMMHUpoBaHHE B (5.62)

BEJIETCS 110 MHJEKCY CTOJIOLOB, YUCIO KOTOPBHIX M COBIAIAET C PA3MEPHOCTHIO HC-
XOJTHOTO BeKTOpa X (CyMMUPYIOTCS DJIEMEHTBI CTPOK MaTpPHIIbI).
Ha ocHoBe HepaBeHCTBa

m m
||1<2)

4] =max| >l |< X Jay.|=
1 1

JUISL IPSIMOYTOJIBHBIX MaTPUL] MOKHO TAKKE BBECTU HOPMY

=m- max\ \ (5.63)

LJ

(5.64)

ij

HAH m- max‘
i,j

(m — 9ucio CTONAOLIOB MaTPHIIBI), SIBISIFOIIYIOCS aHaJIoroM HOPMBI (5.39) kBagpaTHOU
Matpuiibl. Tak Kak COrjacHO HEpaBeHCTBY (5.63)

[4lse) <14l

TO Jajiee MpUMEHsETCs MaTpuaHasi HopMa (5.62) kak 6ojee TOHKas, TOUHas.
C ucnonbs3oBaHreM HOPMBI (5.62) oLleHUBaeM HOPMY BEKTOpA

c.(a* o a|<fe|a*Te a <|c Ik (5.66)

N3 pexyppenTHoro anroputMma (5.53) ciaeayer paBeHCTBO OIIeHOK (5.59), (5.66):
Ic.. e itk k=23

(5.65)

(5.64)°

H, COOTBCTCTBCHHO,
_|lc HHAzH k _la) &k
] &+ ] +D

[TomuepkHeM, 9TO Ha CXOAUMOCTH psiaa (5.14) rmaBHBIM 00pa3oM BIHSIOT KO-
s umrenTsr C; mpu OOJNBIIUX 3HAYCHUSX HHIECKCA kK —>00, IJIT KOTOPHIX OTHOIICHHE

Hck+1

=|c.|a 4 =2.3,.... (5.67)
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k/(k+1) — 1, a Benmuuna
1 const=JA Al

JI71s1 TUX 3HaYEHUM ¢ Ha OCHOBE PEKyppeHTHOro anroputma (5.67) ycranaBiuBaem
S =lc.la [e]=lcla=|cle. la]=lc]a=]C.]q--
lc|=]c.] 47 k=2.3..... (5.68)
Psn (5.57) ¢ yuetom (5.68) npuHUMaET BUJT

s5(x)|< kzz;,uckupéz =G| 0% +[Ci[| o3 +[ . % + (5.69)

=|C.|l o5 +Cllaps +Colla*px +--=|Coll o3 [ 1+ apy + 475 +-..]
I’COMCTpH‘ICCKOfI MMporpecCumn CO 3HAMCHATCIICM
a0 =qpy =py |4]/]A]- (5.70)
W3BecTHO, YTO reoMeTpudeckasl Iporpeccust CXOOuTes Npu g, = P, HAZH/ HA1H <l. U3
AJaHHOI'O HCPAaBCHCTBA JICTKO HaUTH paanyc 00J1acTH (baBOBOTO MMPOCTPAaHCTBA 00BEKTa

oy <lAlIAL 571

B kKoTopoul psa (5.14) cxomauTcsa MU, COOTBETCTBEHHO, CYIIECTBYET OINTHUMAJIbHOE
ynpasiieHue (5.51).

Cxkato moBTopuM paccyxaeHus (5.55) — (5.71) npuMeHUTETBLHO K 00BEKTaM C
KyOMYECKUMU HEJIIMHEWHOCTSMHU, IJIi KOTOPBIX MaTpullbl C; pslia BBIYUCISIOTCS IO
anroput™My (5.54). Tak kak Cyy;=0, T0 psg (5.57) npuHUMaET BU

()| Xl (5.72)
i=1
Ha ocHoge (5.54), (5.59), (5 66) Hax0UM
k A, k
[ =] ZkHH AH L “ AH TR CRE)

AHANTOTHYHO MPHU OONBIINX 3HAUYCHUAX k HMEeM
= const=|A /]
[To pexyppenTHoit popmyite (5.73) momyuaem
c=lc.la. lel=lcla=]cla le]=lc]a=]c.]a-.-
IS =|C. a7 k=23..... (5.74)
C yaerom (5.74) psin (5.72) mpeobpa3yeTcst K BUILY

S 2NCulps =[C:llox +ICil oy +lCilpx +
k=1

=|C.ll o3 +[Cllapy +Clla?p% +--=|Coll o3 [ 1+ a5 + @ p5 +-. ] =

= HC2H,0§ [1+ qry + qzr)? +...], Iy =p§
r€OMETPUYECKON MPOTrPECCUU CO 3HAMEHATEIEM
¢ = ar; = pi|Al/lA]-
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N3 ycmoBus CXOOUMOCTH F€OMETPUYECKON MPOrPECCUU ¢ ;<] HAXOIUM PaanycC

o <\IAlIA] 579

obsiactu a30BOro MpoCcTpaHCcTBa 00BEKTA, B KOTOPOH psia (5.14) cxomurcs.

Hakonen, ompenenuM 0051acTh CYHIECTBOBAHUS ONTHUMAIBLHOTO YIPABICHHUS
IUIsl OOBEKTOB C KBaJIPaTUYHO-KYOMYECKUMU HEJIMHEWHOCTSMHU, JJISi KOTOPBIX KO-
dbunmenTs! psiaa (5.14) HaxoasTcs B cOOTBETCTBUH ¢ (5.50) muinm

Ckﬂm =_[Ckm+ck_lm} k=34... .

HpI/IMeHﬂH K JaHHOMY COOTHOHMICHHIO IMOHATHA HOPMBI, aHAJIOTHUYHO HNPCAbIAYIIUM
ClIydasaM I1ojydacMm

-

C‘k+1 H(I[

T )|+
Ceallalk+D=|C, ]k +|c..|la e -D.

|4 % A k-1
el e e
COOTBETCTBEHHO, TP OOBINMX 3HAYCHUAX k yCTaHABIMBAEM

=|c|a+|c| g o= N L

HCk+1 ‘ ‘

CooTtHoenue (5.76) MOKHO paccMaTpuUBaTh KaK pa3HOCTHOE JIMHEHHOE ypaB-

Cr =34,.. .

HCHHUC BTOPOTI'O IMOPAAKAa OTHOCHUTCIBHO pemeTanoﬁ (bYHKHI/II/I s 0611166 pCUICHUC

KOTOPOTO UMeeT Buj [26]
k k
|C.|=d\z +d.z5. (5.77)
B (5.77) d,, d,- HeKOTOpBIE MOCTOSIHHBIE, & Z;, Z, - KOPHH XapaKTEPUCTUYECKOTO
ypaBHEHUS
2 2
=q,2+qy, 2,=4,/2%4(q,/2) +q, . (5.78)
YTouHUM penraemMyro 3aaady: HaM HEOOXOIUMO HAWTH 00JIACTh CXOIUMOCTH

CTETIEHHOTO pAJa
s Zlcl|x?[=Xlclex -
i=2 i=2
K02 (PUITMEHTBI KOTOPOTO BBIYUCIISIIOTCS COTJIACHO ypaBHeHuto (5.77). JIns oneHkw

00JJaCTH CXOJMMOCTH MOYKHO BOCIIOJIB30BAaThCsl M3BECTHBIMH (opMynamu Kormm-
Anamapa win [lanambepa

p, <1 1172(’( Ic. ) p, <1 PIE[HHSW\H] (5.79)

rje cuMBOJ lim o3HayaeT HauOoJbIee 3HaUCHHE TIpeaena [47].
[Tpumenum popmyny damambepa B nMpearonoKeHIN ‘zl‘ > ‘zz‘ :

hm H k+1H hm dzlkﬂ'i'd Zk+1 ZZEI d1+d2(Z2/Z1)k+l — 7.
=\ C | ) = dizf +dyz Yool d +d,(z,/7) 1
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Torma

Py <1z, z,=q,/2+(q,/2) +q, . (5.80)
OtmetnMm, uTo mpuMeHenue Gpopmyisl Kommu-Anamapa naet Tot ke pe3yibTar. Tak-
xe mnomuepkHeM, uto u3 (5.80) nmpu ¢g;=0 u ¢,=0 cuenyiot cootHouenus (5.71) u
(5.75). OTO MOATBEPKIAET MPABHIBHOCTh YKA3aHHBIX COOTHOIICHUH.

Cootnomenus (5.71), (5.75), (5.80) onpenensitor 1jisi 00BEKTOB TPEX PaCIpo-
CTpPAHEHHBIX KJIACCOB paJNyChl obsacTel ux (ha3oBOro MpoCTPaHCTBA, B KOTOPBIX pa-
00TOCIIOCOOEH MPENIOKEHHBIH METOJI CUHTE3a ONTUMAJBHBIX CHUCTEM YHPABIICHHUS.
Kak cnenyer u3 gopmyinsl lanambepa, BenuunHa oOpaTHasi paanycy ykKa3zaHHOU 00-
JacTu

Py UG

B ONPEIECICHHBIM 00pa3oM CBsi3aHAa CO CKOPOCTHIO CXOJMMOCTH CTEIEHHOTO psfa,
onuceiBaroniero ¢ynkiuio Jlsmynosa. [is 00bEKTOB ¢ KBaJIpaTUUYHBIMHU MU KyOH-
YECKUMHU HEIMHEHHOCTSIMU CKOPOCTh CXOAMMOCTH NPEIOKEHHOTO PEKYPPEHTHOTO
METOJ]a CPaBHHUMA CO CKOPOCTBK) COOTBETCTBYIOLIEH N€OMETPUUECKON IPOTrpECCHH.
W3 cBOWMCTB reOMETpUUECKON MPOTrPECCUHN JIETKO YCTAaHOBUTb, UTO JJISl TOTO, YTOOBI B
METOJI€ CHUHTE3a BO3MOXKHO OBUIO C MH)XEHEPHOW MOTpeImHOCThio (X 5%) orpaHu-
YUTHCSI TPEMsl UIEHAMM CTETIEHHOTO Psiia B OMMCAHUU ONTHUMalIbHON (yHKImuU JIs-
nyHOBa (TpeMs UTepalMsIMHU), 3HaMEHaTe b MPOTPECCUM JOKEeH ObITh 1/3 U MeHee.
[TpumeHHuTENBHO K O0BEKTAM € KBaJAPATUUYHBIMU HEJIMHEHHOCTSIMHM 3TO BBUIMBAETCS B
CIIEIYIOIIYI0 TPAKTHUECKYI0 PEKOMEHJAIUI0: KOA(P(UIMEHTH NPHU KBaJApPATHUHBIX
YJieHaX HETUHEHHON XapaKTepUCTHKU MPUOIM3UTENHFHO B TPU pa3a JOJKHBI OBITH
MEHBIIIE TI0 MOJYJII0, YeM KO3 (UIIMEHTHI JINHEHHOW YacTu Moaenu o0bekTa. bomee
TOYHYIO OLEHKY HEO0OXOAMMOrO YHCiIa UTEPALMA MOMXHO YCTAaHOBUTBH IOJCUETOM
3HameHatess nporpeccuu (5.70) n ganee MOAEIUPOBAHUEM CUHTE3UPYEMBIX CUCTEM.

[loguepkHeM, 4YTO yKa3aHHas BO3MOKHOCTb OLIEHKH CKOPOCTH CXOIUMOCTH
MaTPUYHOTO CTENEHHOIO Psiia ABJSETCS OJHUM M3 BaXKHBIX JIOCTOMHCTB MpeJyiarae-
MOTO METO/la CUHTe3a — Ul CTAaHAApTHOI'O METOJIa CTETEHHBIX PsI0B HEM3BECTHBI
TaKHE OLICHKH.

5.4. Metoa cuHTe3a ONTUMAJIbHBIX CHCTEM YIIPABJIEHHUSA
5.4.1. OcHOBHBIE YTANBLI METO1A

B npeapinymux paszzgenax onucaHa CyIIHOCTb M JIaHO OOOCHOBaHME Mpeiia-
raeMoro MeToJla CHHTE3a ONTUMAJIBHBIX PETYJISITOPOB — METOAA MATPUYHBIX CTEIICH-
HBIX psiioB. CyMMUpYs MPEAbIAYIIHE Pe3ybTaThl, KOHKPETU3UPYEM OCHOBHBIC dTa-
bl IPUMEHEHUS 3TOr0 METO/A.

1. 3agaroTcst UICXO/IHBIEC JAHHBIE JI CUHTE3a CUCTEMbl YIIPABICHUS: MATPUIIBI
napameTpoB A;, A A; u B o0bekTa (5.4); matpursl Q, R kpurepus kadectra (5.1);
IpaHUIBl 00JACTH JOMYCTUMBIX HaUaIbHBIX COCTOSHUN (OTKJIIOHEHMI) OOBEKTA.

2. 1o no6oi M3BECTHOW METOJUKE MPOBEPSACTCS YCTOWYMBOCTH MATPHUIIBI A;
(OTpHIIATEIBHOCTh BEIIECTBEHHBIX YacTeil ee COOCTBEHHBIX uucen (KopHei)). Eciu
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MaTpula A; HEyCTOWYHMBA, TO MPOU3BOAUTCS PETYISIPHU3AIMSI ONMHCAaHUS 00BEKTa (CM.
paznen 4.2).

3. ITo pexyppentHomMy asnroputmy (5.50), unu (5.53) npu A3;=0, uiau anropur-
My (5.54) npu A,=0 paccunutbiBatoTcss Matpuilbl KoddduimentoB C,, C; C...
dbyukiuu Jlsmynosa (5.14).

4. TTo dopmyne (5.51) onpenensercss ONTUMAIbLHBIN 3aKOH yIIPaBICHUS.

5. Ilo dopmymne (5.80) paccuntbiBaeTcs paanyc oogactu $Ha3oBOTO MPOCTpaH-
CTBa 00BEKTA, B KOTOPOUW pabOTOCTIOCOOCH AaHHBIM METOJl CHHTe3a. Eciiu rpaHuIlsl
JOMYCTUMOM 00JIaCTH MPOCTPAHCTBA COCTOSHUN 00BEKTa 3a/laHbl U OHU HAXOJATCS B
obnacTu paboToCOCOOHOCTH MeToa, TO cooTHomeHue (5.80) MO3BOJISIET OICHUTH
YUCJIO UTEPALMH aJropuT™Ma Mo 1.3, HeOOXOAUMBIX IS JOCTHKEHHUS 3a/laHHON TOY-
HocTH pemienus 3anaun AKOP B gormyctumMoit 061acTi cocTOsTHUN 00BEKTa.

6. Ocy1ecTBieTcsl MOJEIUPOBAHUE CUCTEMBI YIIPABJIEHUS C CHHTE3UPOBAH-
HbIM 3aKOHOM YIPaBJIEHHS C MOCJIEAYIOIIEH OLEHKON MOKa3aTeliel KayecTBa Iepe-
XOJIHBIX TPOILIECCOB CUCTEMbI M TOYHOCTH PELICHHS MOCTABJIECHHOW 3aJa4d OITH-
MaJbHOTO yrpaByieHHs. TOYHOCTh pElIeHHs] MOKET OBITh OLIEHEeHA 1o unciaM Si(Xy),
Ju(Xo), Si(Xo) - J(Xo), tne Si(Xp) u Ji(Xy) — cooTBeTCTBEHHO 3HaueHus GyHKIuu JIs-
NyHOBa U KpuTepusi kadecTBa (5.1), BBIUMCIEHHBIX MPU HCHOJIB30BAHHM k YJIEHOB
(utepaumii) psga (5.14).

7. Ilpyn HEOOXOUMOCTH C LEJIbIO TOJIYYeHHS TPEOyeMbIX 3aKa3uMKOM IMOKa3a-
TeJel KadecTBa NEPEXOAHBIX IMPOLIECCOB CUCTEMBI U COOTBETCTBYIOIIEH TOYHOCTH
pemienus 3agaun AKOP nm. 3 — 6 HOBTOpSAIOTCS NpHU YTOYHEHHBIX 3HAYEHHSIX MaT-
pun O u R kpurepus (5.1) 1 HOBOM YHUCIIe UTEpALIUi aIrOPUTMA CHHTE3A.

B npencrasnennoit B npunoxxennu 1 nporpamme MMCP.mcd, pazpaboTanHoii
B cpene Mathcad 2001, peanuzoBansl nm. 1 — 6 IpenoKeHHOro MeTo1a cuHTe3a. B
JAHHOM pacnedaTrke MporpaMMbl MPEACTABIEH MPUMEp pacyeTa MmapaMeTpoB peryJs-
TOpa JUIs 3a7a4u ynpasiieHus, chopmynupoBaHHOU B npumMepe 4.4 co CleayIOIIMU
napametpamMu a;;=0.1, az=-3, a,,=-1, k=b=1, q;;=1, qx=1, r=0.5. Pacnieuatka
MOKa3bIBAET COBMAJCHUE PE3yJIbTaTOB pacyeTa ¢ pe3ysibraramu npumepa 4.4 (obo-
3HAUYEHUS MEPEMEHHBIX B MOCOOMHU U MpOrpaMMe, 3a PEeIKUM HCKIIOYEHUEM, COBIIa-
natoT). OHa TaKKe CBUJIETEIIbCTBYET, UTO MPEIJI0KEHHBIN METO CUHTE3a UMEET J10C-
TaTOYHO MPOCTYIO MPOrPAMMHYIO pEaIn3alHIo.

5.4.2. YnpoueHue MeTOAa CHHTEe3a - IPUMeHeHne KPOHepepoBcKoii crenenu-I1
3aMeTUM, YTO MPH BBIUUCICHUH MPEII0XKEHHBIM MeToAoM Matpull Cj; Ko3¢-
¢buIueHToB 00paTHBIX CBsI3€H perynsTopa sl 00BEKTa BBHICOKOTO MOpsAKa N, MpH-
XOIHUTCA 0bpaiath Matpuity (5.58) Gombioii pasmeprocti ' xn**’, aro compsixe-
HO C CYIIECTBEHHBIM 00BbEMOM BbIYMCIEHUI. OObeM BBIUMCICHUNA MOXHO CYIIECT-
BEHHO COKpAaTUTbh, €CIIM BOCIIOJIIB30BATHCSA IOHITHEM KPOHEPEPOBCKOM creneHu-11
[44], xoTOpas oTIMYaEeTCA OT CTENEHU (5.5) MEHBIIEH Pa3MEPHOCTHIO 32 CYET UCKIIIO-

YEHUS MOBTOPSIOIIUXCS DJIEMEHTOB
(2] _ T (3] _ T
X =(xx xx, x,x,) , XV =(xxx xxx, %%, 5,%x,) . (5.81)
JI1s1 00BeKTa TPETHEro MOpsAKa PAa3MEPHOCTH YKa3aHHBIX BEKTOPOB YMEHBIIIAIOTCS C
9 u 27 coorBercTBeHHO 10 6 1 10:
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x% = (x1x1 XXy XXy XXy XXy XX )T )
x" =(x1x1x1 XXXy HXXy XXXy XXXy NX3Xs XXy XXXy XXXy X3XaXs )T
OtMmeTuM, 4TO 3JIEMEHT X;X, B BekTOpe (5.81) mpeacraBiisieT BTOPOU U TpeTUid
AJIEMEHTBI X;X; U X2X; B (5.5), COOTBETCTBEHHO JIEMEHT X;X;X; B Bektope (5.81)
NpEeaCTaBiIsAeT 2, 3 W 5-M BJAEMEHTBI XX Xy, XpXoX;, XoX;x; B (5.5), a 2JIeMEHT XXX,
B BekTOpe (5.81) — 4, 6 u 7-1 BIEMEHTBl X;X>X>, X2X;X2, Xxpx; B (5.5). Ha aToMm oc-
HOBaHHUM i1 00BEKTa BTOPOTO MOPsAKA CUCTEMY ypaBHEHHH (5.46) MOXHO YIpO-
CTUTH (YMEHBIIUTh UX YHKCIIO), TPOCYMMHUPOBAB B MATPUIIC m 3JIEMEHTHI BTO-

pOro M TPEThbero ctoidila U, COOTBETCTBEHHO, BTOPOM M TPEThEH CTPOKH, NMPUUYEM
cymma cTpok Oepercst ¢ kodpduiumentom 0.5. AHATOTMYHO YHPOUIAETCS CHUCTEMA

ypaBHeHui (5.47) cymmupoBanueM B Matpuie (/ 2 ®A)) aneMeHTOB 2, 3 U 5-1 CTpoK

U CTOJIOLIOB M, COOTBETCTBEHHO, 3JIEMEHTOB 4, 6 U 7-ii CTPOK U CTOJIOIOB, MPUYEM
CyMMa CTpPOK Bbrumucisiercs ¢ kodddunrentom 1/3 (cm. npumep 5.1). Jlerko cocra-
BUTH AHAJIOTMYHBIE PEKOMEHAAIIMHI IO CYMMHPOBAHUIO JIEMEHTOB CTPOK U CTOJIOIIOB
MaTpHIl 1711 00bEKTOB 00Jiee BHICOKUX MOPSIKOB.

Ipumep S.1. [Ins cpaBHEHUsS] METOJOB CHMHTE3a €lle pa3 (HO aHATUTHYECKH)
pEIIM TIPEIIOKEHHBIM METOJIOM 3a7ady yIpaBieHus, cHOPMYIUPOBAHHYIO B MPH-
Mepe 4.4.

B nanHOoM mpumepe CTaHAapTHBIM METOJOM CTENEHHBIX PSAOB HAXOAUIOCH
ONITHUMAJIBHOE TI0 KPUTEPUIO 000011eHHO# paboThl (5.1) ympaBiueHue s 00beKTa

X o=a,x +x,=f;

_ ) . (5.82)
Xy =AyX, +ay,Xx, +bu=f, +bu.
Onucanue 3Toro 00beKTa MOKHO IPEACTaBUTh B (hopme
X=AX+A[X®X]|+BU (5.83)
C MaTpUIlaMU
a, 1 0 00 O 0
Al = N AZ = N B =
0 ay 0 0 0 a,, b

Jlns nanHOTO 0OBEKTA COCTaBUM ypaBHeHUs (5.46), onpeaenstomue matpuity C,
K03 (DUIIMEHTOB NPU KBAJIPATUUHBIX ciaraeMbix ¢GyHKuuu Jlamynosa. C 3Tol 1emnbio
pacKpoeM MaTpuily

a, 1 0 0 a, 0 1 0
0 a, 0 O 0 a, 0 1

I®A)=I®A+ARI= + =
0 0 a, 1]]0 0 a O

0 0 0 a,) (0 0 0 a

2a,, 1 1 0
| 0 a,+ay 0 1
1o 0  a,+a, 1

0 0 0  2a,
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C ncnonb30BaHUEM 3TOM MaTpullbl ypaBHeHHe (4.46) NpUHUMAET BH]T

2a,, 1 1 0
0 a,+a, 0 1
(cu Chy €y sz) 0 0 a, +a, 1 =_(qll 00 422)’ (5.84)
0 0 0 2a,,
WJIM B TOKOOPANHATHOM (popMe
2a,,¢c;, =—q,,
¢, +c,(a, +a,)=0, (5.85)
¢, ¢y (a, +a,)=0,
€, + €y +2a,,05, =—q,,.
[TocnenoBaTenbHBIM pelICHUEM ypaBHEHUH (5.85) HaxoaUM
- - - (g, +Cpy +
¢, = 4 . Cpy = Ci oy = ¢ , Cy = (gy +cp, 621)‘ (5.86)
2a,, (a), +ay) (a,, +ay) 2a,,

COOTBETCTBEHHO KBaJApaTH4HaA 4aCTb (I)YHKLII/II/I .HHI'IYHOBa IMPUHUMACT BUJ

2
S,(X)= CZX[ - €1 X, X, F CpX Xy + Cy Xy X, + Cop Xy Xy =

X, X 2¢,, X, X (q,, +c,, +¢, )x,x, (5.837)

=c11x1x1+(CIZ+021)x1x2+c22x2x2Z_qll11_ 115X Gy TCp TG 22
2a (a,,+a,,) 2a

11 11 22 22
Otcroma crmemayer, 4TO TPH COTJAcCOBaHWUM O0003HaUYeHW Aj;=c;;, App=cpp+cay,
Azy=cy,, pemienus (4.57) u (5.86) coBnagaror.

Otmetnm, yTO 1Uid HaxoxaeHus QyHkiuu (5.87) B mpumepe 4.4 TpUILIOCH

pelaTh CUCTeMY TpeX MepBbIX ypaBHeHUH (4.56), a B pumepe 5.1 — cuctemy 4eTh-
pex ypaBHeHHi (5.85). OnHaKo eciu BOCHOJIB30BAThCS PEKOMEHJIALUAMU MO YIpO-

IIEHUIO CUCTEMBI YpaBHEHUM (5.46), MPUXOAUM K YPAaBHEHUIO

2a,, 2 0
(Cn € sz) 0 (a,+ay) 1 :_(%1 0 %2)’ (5.88)
0 0 2a,,

KOTOpoe mosrydaeTcs u3 (5.84) cyMMupoBaHUEM BTOPOU M TPEThEH CTOJIOIOB U CTPOK
MaTpull 3TOTO ypaBHeHUs ¢ Koddpdunumentamu 1 u 0.5. B mokoopaunataoit gopme
3anucH ypaBHeHUE (5.88) SKBUBAJIEHTHO CUCTEME YpaBHEHUN

2a,¢, = =4y

2¢, +cp(ay, +ay,) =0,
Cpp +2a,Cy) = =G,

COBMAJIAIOLIEH C TOYHOCTBIO /10 0O003HAUYEHUN C MEPBBIMU TPEMSI YPaBHEHUSIMU CHC-
TeMbl (4.56), 4TO TOBOPUT 00 SKBUBAJICHTHOCTH METOJIOB, IPUMEHSIEMBIX B IPUMEPax
44u5.1.

Tenepb coctaBuM ypaBHeHUS (5.47) AN HCCIEAYEMOTO OOBEKTa, OMpEAesio-
e Matpuity C; Ko3hHUIMEHTOB IpU KyOWYECKUX COCTaBISIONNX QyHKIMH Jlsmy-
HOBA. [[7151 3TOTrO HAlIEM MaTpHILY
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IQI®A+I®ARI+ARI®] =

(IP'®a4)

+ + Il
S o ocoocooc~ foococoooco—~ fdooco—~o0oo
SO o000 C g OO0 O00O0O0 O oo ~0o0o
00001%0000001%0001000%0
0000auOOOOOOOanOOOlOOOanOO
001%0000001%0000000%000
OOaHOOOOOOOGHOOOOOOOGMOOOO
1anOOOOOOlanOOOOOOOauOOOOO
an0000000%0000000%000000

Il + +

. (5.89)

3a,,

0
3a,,

a,, +2a,,

0

a,, +2a,

0

2 0 0
3a,, 0 0

0 2a,+a, 2

0 0 3a,,

2a,, +a,,
0
0
0

0
0
0
0

Harinem takxxe marpuny
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C,I®A)=C,(I®A,+A®I)=

000 O O0O0OO0O O
000ua, 000 O
=(cy € & ) 000 0 000 0 +
000 0 00 0 ay, (5.90)
0O 00O0O0O0O O 0
0O 00O0O0O0O O 0
+Hew o ) 000000 a, O =
000 0O0O0 0 ay

:(0 0 0 chay, 0 0 cay, 2C22“222)-
VIIPOCTHM COCTaBISEMYIO CHCTEMY YPaBHEHHMH CYMMHPOBAHHEM B MaTpPHUIIAX

(1[2]®A|) U sz, KaK paHee yCTaHOBJIEHO, DJIEMEHTOB 2, 3 W 5-U CTPOK H

CTOJIOLIOB U, COOTBETCTBEHHO, 3JIEMEHTOB 4, 6 U 7-i1 CTPOK U CTOJIOIOB ¢ KO3 hUIu-
eatamu | s cton61oB u 1/3 11 cTpok:

3a,, 3 0 0
0 2a,+a 2 0
0 110 ” 4 +2a 1 (00 (et 26,a5,).
11 22
0 0 0 3a,,
Taxum o6paszom, A uccieayeMoro oobekTa ypasHeHue (5.47) npuHUMAaeT BUT
e (3a, 3 0 0
Ciin 0 2a,+ay 2 0
. =-(0 0 (¢,+c,))a 2¢,,4,,, ),
C122 O 0 all +2a22 1 ( ( 12 21) 222 22 222)
Cory 0 0 0 3a,,

WJIM B TIOKOOPAMHATHOHN hopMme
3a,,c,,, =0,
3c,,, +(2a,, +a,,)c,, =0,
11 11 T4 )C (5.91)

2¢), +(ay, +2a,,)cy, = (¢, +¢,)dy,,

Ciop + 30y Cp0p = =205 0.

Cucrema (5.91) ¢ TOYHOCTBIO 1O 0003HAYEHUH COBIAJAET C ITOCIETHUMU Ye-
THIPEMS YpaBHEHUSIMU CUCTEMBI (4.57), 4TO ele pa3 MOATBEPKAAECT UICHTUYHOCTD
pEe3yJIbTaTOB CPABHUBAEMBIX METOJIOB.

B 10 k€ BpeMs naHHBIN IpUMEpP HATJISAHO MMOKAa3bIBAET, YTO MAaTPUYHBIN METO
CTEIIEHHBIX PSIIOB HE TIPHUCIIOCOOJICH K aHATUTHYCCKUM pacueTaM, OH SIBIISICTCS YHUC-
JIEHHBIM METOJIOM, JIETKO MPOrPAMMUPYEMBIM I IpUMEeHEHUs1 Ha DBM — cMm. npu-
noxenue 1: muctunr nporpammbl MMCP.mcd pemenust nenuneitnoi 3agaun AKOP
B cpene Mathcad 2001.
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5.4.3. YnpouieHue MeT01a HA OCHOBE JUATOHATU3ANUM ONMUCAHUS 00bEKTOB

. . K] A
Yucno omepaiuii npu BBIYMCICHUU OOpaTHOM MmaTpuibl ([ [ ]®A1) TaKKe

MO>KHO MHOTOKPATHO COKPaTUTh, €CIM MPEABAPUTEIIBHO ONUCAaHUE OOBEKTa yNpaB-
nenus (5.4) NpuBECTH K BUly C JUArOHAJIbHON MaTpuliei A;. B aTom ciaydae marpuna

(1 (K] ® A,) Oyner quaroHaJbHOM, B 4YEM JIETKO yOeOUThCs HENOCPEACTBEHHBIM IIepe-

MHOXEHHUEM YyKa3aHHBbIX MaTpuil. s Hee oOpaTHas MaTpuila SBISETCS TaKXkKe aua-
TOHAJIBHOM C 3JIEMEHTaMHU Ha TJIABHOMW JMaroHajad, paBHBIMH OOpaTHBIM 3HAUYCHHSIM
COOTBETCTBYIOIIMX AJIEMEHTOB 0OpaiaeMoil MaTpuiibl. TakuM 0O6pa3om, B 3TOM CIIy-
gae aJrOpUTM OOpaIlleHUs] MaTPHUIIBI OKAa3bIBAETCS MPEICTBHO MTPOCTHIM.

B 3aBucuMOCTH OT BHIa MaTpUIlbl A; MOXKHO TIPEJIOKHUTD JIBa CIIOco0a mepe-
X0J1a K IMaroHaJIbHOMY OMMCAHUIO 00OBEKTA YIIPABIICHHUS.

Cnoco6 1. Ecin marpuiia A; uMeeT BEIIECTBEHHBIE COOCTBEHHBIC YHCIA, TO
MOKHO BOCIIOJIB30BaThCA MpeoOpa3oBaHreM KoopauHaT o0bekta X=CY c maTpuiei
npeodpazoBanus C, sBistoineiicss mojganbHol K A;. Kak u3BectHo [49], mopanbHas
MaTpuila COCTABIACTCS U3 COOCTBEHHBIX BEKTOPOB MATPHUIIBI A, MO3TOMY JJIsl €€ OIl-
peAeIIeHns] MOKHO BOCIIOJIB30BAThCSl MPOTPAMMaMH HAaXOXEHUS COOCTBEHHBIX YH-
cel U COOCTBEHHBIX BEKTOPOB, UMEIOIIMXCS B U3BECTHBIX MAaTeMAaTHYCCKUX IMaKeTax
Mathcad, Matlab, Mathematica.

Jl1s1 mpeoOpa3zoBaHHOTO 0OBEKTA B COOTBETCTBUU C ONMUCAHHBIM METOJIOM CHH-
T€3a HAXOJUTCS 3aKOH YIIPaBJICHUS U*( Y). 3akoH oOpaTHOW CBSI3M JJII MCXOJHOTO
oObekTa onpeaensiercs ypasuennem U(X)=U *( C'X ).

Cnocod 2. Ecnu matpunia A; UMeeT OTJIWYHBIE OT HYJS JHaroHaJIbHbIC dJie-
MEHTBHI, TO JJI TOJTYYEHHUs JUaroHaIbHOTO ONMKHCaHUs 00BEKTa MOKHO MCIIOJIh30BaTh
JOTIOJIHUTENBHYIO (Da30BYI0 KOODIAMHATY X,.i(1) = 1 WM X,.(t)=0, x,,,(0)=1:
JIMHENHbIC HeMAroHaJIbHbIC ClIaraéMbIe MOJICId YMHOKEHHEM Ha YKa3aHHYIO KOOp-
JIWHATY MPEACTABIISIETCA KaK KBaJpaTUUYHbIE COCTaBIAwOLIME onucanus (5.4), a B Ju-
HEMHBIX CjlaraéMbIX OIMCAHMSI OCTAIOTCS COCTABJISAIOIIME, OTBEUAIOIIUE JUAroHasb-
HBIM 3JIEMEHTAM MaTpUIlbl A;.

Jlns mpeoOpa3oBaHHOTO TaKUM 00pa3oM OOBEKTa, MMEIOIIETO PACIIMPEHHBIHN
BEKTOP COCTOSIHUS X pa3sMepHOCTH n+ 1, HaXOAUTCS 3aKOH ynpasieHust U (X) npen-
JIO)KEHHBIM METOJIOM CHHTE3a. YTpaBJCHUE IS UCXOAHOTO O0OBEKTa OIpesesseTcs
YPaBHEHUSIMU: UX)=U (X)), x pes = 1.

Heo0xonumMo OTMETUTBH, YTO BTOPOM CHOCOO AMAroHalv3alid ONUCAaHUS B
CPaBHEHUU C MEPBBIM SIBJISIETCS MEHEE TPYJOEMKUM, HO IPUMEHHUM K 0OoJiee y3KOMY
KJIacCy 0OBEKTOB.

5.5. O0001meHHBI METO CTENEHHBIX PSI0B

N3510KUM NpUMEHUTEIBHO K 00bekTaM (5.6) mpocTteiimii BapuanT 0000IIIeH-
HOTO METOJla CTENEHHBIX PAJIOB B pelieHuu ypaBHeHus JlsmyHosa (5.3), MOBbIIIa0-
IEr0 TOYHOCTh €T0 PeLIeHUsl U, COOTBETCTBEHHO, TOUHOCTH petienus 3aaauu AKOP.

Meron Oa3upyeTcss Ha IMEpBOHAYAIBHOM OTPAaHUYEHUU CTENEHU MOJMHOMA,
OMKCHIBAIONIETO (PYHKIMIO JISSMTyHOBa, BBHITEKAIOMIETO U3 €CTECTBEHHOTO MPEIIOJIo-
KEHUS, YTO PACCUUTATh OECKOHEUHO MIMHHBIN psin (3.1) HeBo3MoxkHO. [loguepkHem,
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YTO B CTaHJIAPTHOM METOJIC CTENEHHBIX PAJIOB CTENEHb MOJIMHOMA (YUCIIO YJICHOB
psa) 3apaHee HE OTrpaHWYMBACTCS, a MPEANOJaraeTcs PEKypPEeHTHO YBEIMYHMBAIO-
mieiica. Hampumep, npu onvcaHuu MpOCTEUIIer0 BapraHTa METoaa OyJeM CUUTATh
MaKCUMaJIbHYIO CTETEeHb MOJHMHOMA PaBHOW 4YeThipeM. B 3TOM ciydae ypaBHEHHE
(5.45), npuHuMaroIiee BUA

3 1 . 3 1 .
Sc,a"ea) x> e, Mea,) x"=-0,x, (5.92)
i=1 i=1
GyZeT CONepIKATHCS YICHBI C MAKCUMAIIBHOM cTernenbio X,
Ipeanonoxkum, uto MaTpunbl Kodppuuuenro C,, C, ONpeneneHsl B COOT-

BETCTBUU C METOJOM MATPUYHBIX CTEIICHHBIX PSIIOB, C HCIIOJIB30BAHHEM COOTHOIIIE-
Huit (5.53). Moaudukanust MeToJa COCTOMT B TOM, YTO 3JIeMeHThl MaTpuliel C, Oy-

7€M HaXOJUTh U3 YCIOBUS NPUOIUNCEHHO20 0OHYIeHUsT OCTABIINXCS YJICHOB YeTBEp-
TOM U IATOU cTeneHel ypaBHeHus (5.92):

C4(;1®\/I[3]) =_C3 m,

C,(A,®1M=0.
CucreMa ypaBHeHHiT (5.93) ABISETCS TEPeONpPeCICHHON: YUCI0 ypaBHeHHH 11’ +n’
MPEBBIIACT YHCIO HEeM3BECTHBIX 71°. Hambosee mpoCTEIM M MaTeMaTHYECKH 0GOCHO-
BaHHBIM METOJIOM DEILCHUS MEPEOIpeeICHHON CUCTEMbl YPaBHEHUM SIBISIETCS Me-
ton HauMmeHbux kBaapatoB (MHK) [48]. lna npumenennss MHK cucremy (5.93)
3aMUIIeM C UCTIOh30BAaHUEM OJIOYHBIX MAaTPHIL

C,A=D, (5.94)

(5.93)

rae
Zz[(AIQDI[S])S(Az(@I[}])} l~)=[C3(A2®I[2])EO]
Jis nonydyenust cuctembl ypaBHeHud MHK ymHoxkaem ypaBHenue (5.94)

~T
cIpaBa Ha MaTpuily A :

C,AA =DA . (5.95)
Ee pemennem onpesenseM HCKOMYIO MaTPHUILY
Y o\l
C,=DA' (AAT) | (5.96)

[ToguepkHEeM, YTO BO3MOXKHBI M 00JI€€ CIIOKHBIE BADUAHTBI METOAA, HAIIPUMED,
B COOTBETCTBUM CO CTaHJAPTHBIM METOJIOM OIPEAEIAIOTCS TOIBKO KOI(P(MULIUEHTHI
matpunbl C,, a seMenTsl Matpul C,, C, HaXOAATCA METOAOM HaUMEHBIINX KBaJapa-
TOB PEUICHUEM MEPEOINPENEICHHON cucTemMbl ypaBHeHUl (5.47), (5.93). Bo3moxHO
TaKke eMeHThl Becex Matpull C,,C,, C, nonuHoMuansHoi ¢yHkuun JlsmyHosa on-

penensts MHK. Tak kak nckomsie koddpdunuenter C,,C,, C,, B OTIUYHE OT CTaH-

JApTHOTO METO/Ia CTEMEHHBIX PSAIOB, ompenesnsercsa 0e3 oTOpachiBaHUSI YpaBHEHHM
1t KO3G(OUIIMEHTOB MPHU YJIeHaX ISTOW CTETICHH, TO MOXHO HAIEAThCs, 9TO 0000-
IIEHHBIA METOJT 1acT Ooisiee TouHoe pemeHue 3amaun AKOP. TIposepum 3T0 mpenrio-
JIO’KEHHE MOJEIHPOBAaHNEM COOTBETCTBYrOIMX CAY.
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IIpumep 5.2. TpeOyeTcs HaliTH yripaBieHHEe 00BEKTOM
X, (1) = x, (1),
%, (1) = ayx, +ayx, +a,, x} +a,x,x, +a,x; +bu(t), (5.97)
a=-2,a,=-3,a,=-1,a,=-1,a,,=-1, b=1,
KOTOpO€ MEPEBOAUT €ro u3 HadaibHOro cocrosHus x,(0)=2.5, x,(0)=0 B KoHeu-

HOe X, (00)=0, x,(c0)=0, c MUHUMANBLHEIM 3HaUEHHEM (DYHKIIMOHATIA

J = J[qle(t) +q,x; () +r(ul (1) +M2(t)):|dt —min, g;=g.=I1. (5.98)

HeoOxoaumMo mpou3BecTH CpaBHUTEIBHOE MOAEIUPOBAHNE KBa3HONTUMAIIBHBIX CUC-
TE€M YIpPaBIICHHUS, CHHTE3UPOBAHHBIX CTAHJAPTHBIM U OOOOIIEHHBIM METO/IaMHU CTe-
neHHbIX psioB. [lpu MogenupoBaHny BecOBOM KOI(PPHUIIMEHT I KpUTEPUS PEKOMEH-
AyeTcsi BBIOpAaTh TakOW BEJIMUYMHBI, YTOOBI MEPEXOAHBIE MPOLECCH CUCTEM HMEIH
anepuoNYECKUi XapakTep U ObLIN KaK MOKHO C OOJBIINM OBICTPOJCHCTBHEM.

Cmanoapmmulil Memoo cmeneHHulX ps0o8
Pemenne chopmynupoanHoii 3amaun AKOP, monydeHHOE yKa3aHHBIM Me-
TOJIOM C TOYHOCTBIO JIO WICHOB IMATOM CTEIIEHN NUMEET BH/T

1
M(X) = _Z ’ (A12x1 + 2A22)C2 + 14112')("12 + 2A|22x1x2 + 3A222x22 + 141112')(:13 + 2A1122x12x2 + 3141222')("1')("22 +

3 4 3 2.2 3 4 5
+4A2222x2 +A11112'x1 +21411122x1 xZ +3A11222x1 )C2 +4A12222x1x2 +5A22222X2 +A111112x1 +

+2A111122x14x2 + 3‘4111222)(13)(22 + 4‘4112222)612)623 + 5‘4122222)61)624 + 6A222222x25)’ (5.99)
rae
A, =125 A,=05 A,=025 A, =-015 A,=-025 A, =-0175 A,, =-0075
Ay, =0073 A, =0125 A, =01293 A, =00707 A,,, =00246 A, =-0,023
Ay =—0,0625 Ay, =—00778 A, =—0,0631 A, =—-0,0293 A,,,, =-0,00853
Aoy =00114 A, =0,03125 A, =0,0482 A, = 0,04584,,,,,, = 0,0303

A =0,0123 A, =0,00305
Pacuer xoaddunuentoB ynpasienus (5.99) ocyuiecTBieH ¢ UCMOJIb30BAaHUEM IIPO-
rpammbl MMCP.mcd, npencTtaBieHHON B IPUIIOKEHUU 1.
[lepexoqHple MpOLECCHl JBUKEHUS CUCTEMbl M3 HAYAJIBHOIO COCTOSHHS
X(t=0)=X,=(25 0) npu r=0,65 npuBeaeHsl Ha puc. 5.1. PucyHok noarsepkaer,
yTo cuHTe3 CAY OCyIleCTBIICH NpaBWIbHO: S(X,)=8.85=J(X,)=28.65.

0Ob606weHHbIl Memo0 cmeneHHbIX psi008
Ecnu orpannuuThCs B MOTMHOMHUAIBHON (QyHKIIUMH JIAMmyHOBa claraeMbIMH He
BBIIIIE YETBEPTOI CTENEHHU, TO MPOCTEUIINI BaApUAHT 0OOOIIEHHOTO METOJA CTENEH-
HBIX psoB Ansi chopmynupoBanHoil 3agaun AKOP maet cnemyromuii Bua 3akoHa
yrpasieHus (ucrnoias3oBana nporpamma OMCP.mced npunoxenus 2):

ugny (X )= —%(O,le +0,5x, —0,35x,x, —0,25x" —0,15x; +0,04624x] — (5.100)

—0,04486x] +0,0625x x, +0,16395x,x3).
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[TepexoaHbie MPOIIECCHI CUCTEMBI TIPH JIBIKCHUHA O0BEKTa M3 HAYAIBHOTO CO-
CTosgHUA X(r=0)=X, =250 mn COOTBETCTBYIOILIICC YyIpaBJICHUE, IIOCTPOCHHOC B

nakere MathCad 2001, mpuBegensl Ha puc. 5.2. MoaeaupoBaHUE MMOKa3aao, 4TO
HauJy4iiee ObICTPOACHCTBHE CUCTEMBI YIIPABICHHS MPH HAMMEHBIIIEM Tepeperyiiu-
pOBaHMHM JOCTUTAaeTCs mpu 3HaueHuu r =0,5.

CpaBHUBas TOJIyYEHHbIE 3aKOHBI, HEOOXOJAMMO OTMEHUTH, YTO MOJUHOMHUAIb-
Hoe ymnpaBieHue Tperbeit crenenu (5.100) obecrieynBaeT MpakTUYECKU TO K€ Kaue-
CTBO MEPEXOIHBIX MPOLECCOB, KaK U YIPABJICHHE MATON cTeneHu (5.99), X0t 3aK0HbI
TPETHEN U MSITOM CTENEHEN MO CBOEHM CI0KHOCTH CHIIBHO PAa3HATCA (pacueT CUrHajia
OoOpaTHOM CBS3M MO MEPBOMY 3aKOHY TpeOyeT MpUOIM3UTENbHO B 2.6 pa3a MeHbIIE
Onepalnril YMHOKECHUS U CIIOKCHUS).

10
10

u} o.s 1 1= 2 2.5 ] 35 4 4.5 5

o t 5

Puc. 5.1. Ilepexoanble mpoLecchl CUCTEMBI ITPHU 1 = 0,65

129



MY g
4
oL
wity 3
Ity

EL ] 7

a t =

Puc. 5.2. TlepexoaHbie mpoiiecchl CUCTEMBI NpH 7 = 0,5
Takum o00pa3oM, 0OOOIIEHHBII METOJ CTENEHHBIX PSIJAOB B CPABHEHUHU CO
CTaHAAPTHBIM METOJIOM JEHCTBUTEIHLHO MOXET 00ECIECUUTh CYIIECTBEHHOE YIpOIIle-
HUE 3aKOHA OOpaTHOM CBSI3U MPHU TOW K€ TOYHOCTU MPUONMKEHUS WM YBEIUYCHHE
TOYHOCTU TPUOIMKEHUS K ONTHUMAIBHOMY YIIPABICHUIO MPU OJUHAKOBOW CTENIEHU
HCIIOJIb3YEMbIX MMOJIUHOMUAIIBHBIX allllPOKCUMAIUH.

5.6. AHaIMTHYeCKOe KOHCTPYHMPOBaHUE ONITUMAJILHOIO PeryJasaTopa
CKOPOCTH I ACHHXPOHHOI'0 IPUBO/IA

B nannom pasnene pa3paOOTaHHBINA BBIIIIE METOJ MAaTPUUHBIX CTEIIEHHBIX Psi-
JOB NPUMEHSETCS Il CUHTE3a KBAa3HONTUMAJBHBIX PETYIATOPOB, UCIIOJIb3YyEMBIX B
CHUCTEME BEKTOPHOT'O YIIPABJIEHUS CKOPOCTBKO ACHHXPOHHOIO JBHUIATElsl AHTCHHBI
pPasvoJIOKALlMOHHON CTaHIIMU, Pa0OTAIOIIEN B PEKUME TIOUCKA LIETH.

Heo0xo1uMo noI4epKHYTh, YTO MPOEKTUPOBAHUE CHIIOBOTO AJIEKTPONPUBOAA
OTHOCHUTCSI K OJJHOW M3 Ba)KHEWIIEH Hay4HO-TEXHUYECKOW MpobieMe, OT ycrexa pe-
IIEHHUs KOTOPOM BO MHOTOM 3aBHCHUT Ka4eCTBO U 3(h(PEKTUBHOCTH pabOThl MHOTOUYHC-
JIEHHBIX arperaTroB, KOMIUIEKCOB M yCTpOWCTB. Ha coBpeMEHHOM 3Tame InpoeKTHpO-
BaHUs CHCTEM YTPABICHHS JOCTHKEHHIO MPEACIbHBIX MOKa3aTeNeil TOYHOCTH U OblI-
CTpOAEHCTBUA (HYHKIIMOHUPOBAHUS SJICKTPONPUBOJA MPEMATCTBYET IIaBHBIM 00Opa-
30M HEJIMHEHHOCTh XapaKTEPHCTHK MNPUBOJA Kak 00bekTa ympasieHus. lloarsep-
KIEHUEM 3TOr0 YTBEP)KICHMS SBIIETCS IIMPOKOE NPUMEHEHHE B IPEHU3HMOHHBIX
ANEKTPONIPUBOAAX JBUTATENIEH MOCTOSHHOTO TOKA, UMEKIIMX MPOCTOE (JIMHEUHOE)
MaTE€MaTUYECKOE ONMCAHUE 10 CPABHEHUIO C JBUTATEIISIMU MEPEMEHHOro Toka. Of-
HAKO JIBUTaTey MOCTOSHHOIO TOKa O0JIaaroT PsiIOM HEINOCTAaTKOB: BBICOKAs CTOM-
MOCTb U CJIOKHOCTb M3TOTOBJIEHUS, OOJbIINE radapuThl U Macca, HEBbICOKAsl HalEXK-
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HOCTb BCJIEJICTBUE HAIMYMS ETOYHO-KOJUIEKTOPHOTO Y3JIa, OTPAaHUYECHHAs IIEperpy-
304Hast ciocoOHOCTh. ITo aTOMY B HacTosiiee Bpems 1apoM OOJIBIIMHCTBA UCIOJIHU-
TEJIbHBIX MEXaHU3MOB B Pa3JIM4HBIX OTPACISIX IIPOU3BOJACTBA SIBIISIIOTCS ACUHXPOH-
Hele aBurarenu (AJl) ¢ KOpOTKO3aMKHYTBIM POTOPOM, KOTOPBIE JIMIIEHBI BBIIICYKa-
3aHHBIX HEJTOCTATKOB.

PerynnpoBaHue 4acTOThI BpAlllEHHs MAallMH IEPEMEHHOIO TOKA M3MEHEHUEM
YacTOThI MUTAOLIETO HANIPSDKEHUS ABIIAeTCs Hanbosee 3p(HEeKTUBHBIMU U S KOHOMHUY-
HBIM criocoboM [57]. B kacce cucteM ¢ 4aCTOTHBIM YIpaBlIeHHEM HamOoJiee coBep-
LIEHHBIMH SIBJISIFOTCSI CUCTEMBI BEKTOPHOTO YIIPABIICHHS] ACUHXPOHHBIMM JBUTATEIISA-
MU [7], OCHOBaHHbIE Ha KOOPAMHATHBIX MPEOOpPa30BaHUAX H3MEPSIEMBIX U PETYJIH-
PYEMBIX NEPEMEHHBIX. DTU 3JEKTPONPUBOBI YCIEUIHO KOHKYPHPYIOT C MPUBOAAMHU
ITIOCTOSIHHOI'O TOKa, MPEBOCXO IMOCIEAHUE 110 AUHAMUYECKUM ITOKA3aTEISIM.

Hwuxe npennoxennsiii MMCP ncnonbs3yercst 11si CHHTE3a CHCTEM YIIPaBJICHUS
YaCTOTHO-PETYJIUPYEMBIM ACUHXPOHHBIM IPUBOJIOM, OOECIIEUMBAIOLIETO KaK BBICO-
KOTOYHYIO CTAOMJIM3aLMI0 CKOPOCTH MPUBOJIA MPU JEHCTBUU BO3MYUIAIOMIMX (aKTO-
POB, TaK U BBICOKOTOYHYIO 00pa0OTKYy HpOrpaMMbl U3MEHEHUS CKOPOCTH, B YACTHO-
CTH, IPOTPAMMY JIMHEHHOTO U3MEHEHHUS OT OJHOTO 3aJaHHOIO0 (CTaOMIM3UPYEMOTO)
3HaYeHus 10 Apyroro. MIMeHHO Takue peKuMbl pabOThl XapaKTEPHBI JUIS AJIEKTPO-
IPUBOJIa AHTECHHBI PAANOIOKAIIMOHHOW CTAHIIMH, PYHKIIMOHUPYIOLIEH B peKUME I10-
ucka nenu (ckanuponanusi) [10].

5.6.1. MaremaTu4eckasi MOAe/Ib IUHAMUKHA ACHHXPOHHOIO 3JIEKTPONPUBOAA.
IlocTaHoBKa 32124 ynpaBJeHUs

KOHCTpYKTHBHO NPOCTOM ACHHXPOHHBIM ABUTATENb C TOYKHU 3PEHUSI TEOPHUH
yIpaBlIeHUS MPEACTABISAET COOON TOCTATOYHO CIIOKHBIN, MHOTOCBSI3HBIM 0O0BEKT pe-
I'YJIUPOBAaHUS C HEJIMHEWHBIMU XapakTepucTukamu. Jns monenu nuHamuku AJl xa-
pPaKTEepHbI KBaJAPATUYHbIE HEJIMHENHOCTH, HAIIPUMED, IPOU3BEIACHUE CKOPOCTH POTO-
pa @ Ha MOTOKOCUEIUICHUE ¥ MATrHUTHOTO IOJS MAIIWHBI, IPOU3BEICHUE DIICKTPU-
4eCKOro TOKa poTopa i, Ha i/, oTpakaromue (PU3NYECKHe 3aKOHBI, JIeXkKallue B IIPUH-
LUWME JEUCTBUS BJECKTPUUYECKUX MallvH. Tak, Hanpumep, onucanue AJ[ Bo Bpa-
IIAOIIENCS CUCTEME KOOPAMHAT, OPUEHTUPOBAHHOM IO BEKTOPY IOTOKOCLEIICHUS

poTtopa, umeeT Bun [7, 58] :
.2

di 1 1 K l
fsd =% Uy — s.<'isd+p'm'isq+*—r'\|[r+Rr'Kr'ﬂ’
dt s Ts Ls'Tr WV
dis 1 1 K is 'is
q = " -usq— *lsq_po‘)lsd_ .r mer_RrKru’
L, T, L, V. (5.100)
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B naHHBIX ypaBHEHMSX NPUHATHI CIEAYIOLIMEe 0003HAUYEHUS: I/, — MOTOKOC-

OCIJICHUC pOTOpa AI[ s Lo lsq — COCTAaBLIIOIIHUEC TOKaAa CTAaTOpa BO BPAIlarOMICUCA

cucreMme KoopauHar (d, g); R ,R ,L,L — COOTBETCTBCHHO aKTUBHBIE COIIPOTHUBIIC-
HUS U UHAYKTUBHOCTH OOMOTOK CTaTtopa M poropa; L — MakcuMalbHas B3auMHas
WHIYKTUBHOCTh MEXIy 000 OOMOTKOHM cTaTopa W JIF0O0OM OOMOTKOW pPOTOpa;
K =L, /L - xo3pQUIUEHT dIeKTPOMAarHUTHON CBsi3u potopa; R =R +RK’,
L =L —-L K — mnpeobpa3oBaHHbIC HWHIYKTHBHOCTh W COIPOTHBICHHE CTATOPA;
T =L /R, T =L /R - nocrosHHbic BPeMEHH POTOPA H CTATOpPa; J — MOMEHT
VMHEPLHUH pOTOpa IBUTaTelss; M, — MOMEHT CONPOTHBIICHHS Ha Bally JBUIATES.
VYpaBuenuss auHaMUKA AJl B MSTH APYTUX OCHOBHBIX CHUCTEMax KOOPAMHAT,
OpPUEHTUPOBAHHBIX 10 onopHeIM Bekropam U, U,, I, I, ¥ , npuBOIUTCS B MOHO-

rpaduu [58]. Tam ke nmaercs KpaTKuil aHalu3 MOJYYeHHBIX Mojeineil. ComnocTaBuB
JAHHBIE MOJENH IMPUBOJA, MOKHO KOHCTaTHUpOBaTh, 4To ypaBHeHus (5.101), 3anm-

CaHHBIC BO BpAIIAIONICHCs CUCTEME KOOPIWHAT, CBSI3aHHOM ¢ BEKTOpOM Y/, , ompee-

JSAI0T HauboJiee MpocToe onucaHue JUHAMUKU A/l ¢ TOUKM 3peHHs Yucia HEeJTuHEH-
HBIX COCTaBJISIOIINX, BXOASAIINUX B MOJEIb ACHHXPOHHOTO JBUTATEN.

CuHre3 BbICOKOKadeCTBEHHBIX CVY 3JIEKTPONPUBOJAOM HAa OCHOBE YKa3aHHBIX
Mozelel U, B yacTHocTh onucanus (5.101), BcTpedaer onpeneneHHble TpPyAHOCTH, U
B M3BECTHBIX pabotax [7, 58, 59] npwu pemenun 3aaa4 ynpasieHus: AJl uCrosib3yroT-
Csl YIIPOLIEHHBIE, KaK MPABUJIO, JIMHENHBIE MaTEMAaTUYECKUE MOAENU ABurarens. [Ipu
ATOM 3a CYET KOMIICHCAIINU HEJIMHEWHBIX NEPEKPECTHBIX CBsI3en [7, 58] unm oTHece-
HUSL UX K BHEIIHUM Bo3MmylneHusiM CVY [59], MHOTOCBSI3HBIA OOBEKT yIpaBIICHUS
NOApA3AEAETCA Ha JBA HE3aBUCHUMBIX KaHAJIa, KOTOPHIE B COOTBETCTBUU C MOJIEIIBIO
(5.101) omuceIBatOTCS ypaBHEHUSMMU:

1) xanan perynupoBaHUs MOTOKOCLETUICHUS

-

dy 1
_rr —-__ . +R - K l s
dt Tr l//r r r Usd
. (5.102)
dl_Sd—_l.i+Kr l//+11/t
a T o T
2) KaHaJ] peryJMpOBaHUS MOMEHTa U CKOPOCTH
di, 1. _ R B
dt ]—:i< sq L>; riii p L: sq°
J . | : ; ‘ ‘ (5.103)
a
=2y K opi-M, |
dt J (2 erll r p sq nj
rae Y, ,,, — HOMHHAJIBHOE 3Ha4€HHEe IOTOKOCLEIUIEHHs POTOpa Ucnoab3yemoro AJl.

Jlanee M3BECTHBIMH METOAAMH JIMHEWHON TEOPUM yIpaBieHHUsS s OOBEKTOB
Broporo nopsaka (5.102) u (5.103) KOHCTPYUPYIOTCSI PETYIATOP MOTOKOCIETUICHHS
JBUTATEIIS U PETYIATOP €ro CKOPOCTU. TakoM MOAXO0 K MOCTPOEHUIO CUCTEMBI PETY-
JIMPOBAHUA U3BECTEH KAK METOJ (MPUHINI) BEKTOPHOTO yripasieHus A/l [7].
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B TexHuueckoil auTeparype moja BEKTOPHBIM YIPABICHUEM ITOHUMAETCS LIeJIe-
HAIIPaBJIICHHOE U B3aMMOCBSA3aHHOE M3MEHEHHE OCHOBHBIX MEPEMEHHBIX ACHHXPOH-
HOTO MPUBOJIA, MPEJICTABICHHBIX BEKTOPHBIMU BEIUYMHAMH, OCYIIECTBISIEMOE TyTEM
(dbopMHUpPOBaHUS AMIUIATY/IbI, YaCTOTHI U (Pa3bl MOJBOAUMBIX K CTATOPY HANPSKEHHM
WIK TOKOB IO 3aKOHaM, 00eCIeYrBAIOIIUM JOCTIKEHUE 1IEIN yrpaBieHus. Bekrop-
HOE YNPABJIEHUE ONMUCHIBACTCS 3aKOHAMU MU3MEHEHHUS BO BPEMEHU aMIUIUTYIbI, MPO-
CTPAHCTBEHHOTO TOJIOKEHUS W B3aUMHOW OPHEHTALMU APYr OTHOCHUTENIBHO Apyra
OCHOBHBIX BEKTOPOB, OIIUCHIBAOIIUX cocTosiHue A/Jl:

® Hanpsbkenue cratopa U,
® TOKM HamarHuuuBaHusd [, , cratopa [ , poropa [ ,
® IIOTOKOCLECIUIEHUS BO3LYLIHOIO 3a3opa ¥, cratopa ¥, poropa ¥, .
Kaxplif U3 yka3aHHBIX BEKTOPOB COCTOSIHUA G, XapaKTepU3yeTcsl aMIUINTYIoH, ¢a-

301 (YTJIOBBIM TOJIOKEHUEM) U YacCTOTOM (YIJIOBOM CKOPOCTHIO BpallleHHs) OTHOCH-
TEJIBHO OpUEHTHUPYIOLIETO (onopHOro) Bektopa G,. COOTBETCTBEHHO, HCXOAHON HH-

dbopmariieit s MOCTPOCHUSI CHCTEMBI BEKTOPHOTO YIPABIICHUS SBIsIeTCS WH(MOpMa-
1Al O MTHOBEHHBIX 3HAYEHUSIX U MPOCTPAHCTBEHHOM IOJI0)KEHUU BEKTOPA MOTOKOC-
LEIUICHHUS] B BO3AYIIHOM 3a30p€, MTHOBEHHBIX 3HAUYCHUSX TOKOB WJIM HANPSLKEHUH
cTaTopa U CKOpPOCTU poropa asuratens. [Ipu s3Tom Bpamaromascs cuctema KOopau-
HaT NPUHUMAETCS OMpPENeIEHHBIM 00pa3oM OPHUEHTUPOBAHHONW OTHOCUTEIBHO 3Jie-
MEHTOB JIBUTATENsl WJIM OMNOPHBIX BEKTOPOB. CHCTeMa BEKTOPHOTO YIPABJICHUS C
ONOpHBIM BekTOpoM ¥ Oblia mpeioxkeHa ¢upmoil “CumeHc” moa Ha3BaHHEM

“TpancekTop” [7]. B Hamel cTpaHe aHaJOTMYHBIE CUCTEMBI YIIPABICHUS, UMEHYeE-
MBI€ CUCTEMAaMM PETYJIMPYEMBIX MPUBOJIOB C YaCTOTHO-TOKOBBIM YIIPABICHUEM, ITO-
JY4YUIIM TaKke IMHUPOoKoe npuMenenue [7, 8, 57].

CTpyKkTypHas cxemMa aCHHXPOHHOI'O 3JIEKTPOIPHUBOJA C BEKTOPHBIM YIIpaBJie-
HUEM, HUCIOJIB3YIOUIETO B KAUECTBE OIOPHOro BekTopa ¥, MpeAcTaBlIeHa HA PUCYH-

ke 5.3. OnuieM KpaTko Ha3Ha4YeHHUE U paboTy ee OJIOKOB.

JlaTuuku MTHOBEHHBIX 3HaueHWM Toka ctaropa (T), HampskeHus crato-
pa (IH) u ckopoctu Bpaiienusi poropa ([C) sSBASAIOTCS NMEPBUYHBIMU MCTOYHUKAMU
curHajgoB oopatHoit cBsizu. B xauectBe T u JIH B manHO¥W KOHQUTYpaluu CXeMbI
UCIIOJIB3YIOTCSL PE3UCTOPBHI, a B kKauecTBe JIC — Taxoreneparop.

broxu I1K1, TTIK2 peanu3yior Tak HazbiBaeMoe mpeodpazoBanue Kimapka, mpo-
M3BOMIS TIEpecuéT TpEX(Pa3HBIX TOKOB W HAMPSHKEHUN JIBUTATENSI B KOOPIUHATHI COOT-
BETCTBYIOIIMX BEKTOPOB, CBSI3aHHBIX C HEMOIBMKHON CHCTEMO# KoopauHaT &, [ [5,

57]. Puc. 5.4 nosicHsieT reoMeTpuUYecKuii cMbIci npeodpazoBanus Kiapka, koTopoe
MaTeMaTHYE€CKHU OMUCHIBAETCA clieayronumM ypasaenueM (st [TK1):

i , L-1/2 0 =12
isﬁ 25' 0 \/5/2 _\/5/2 1 ig |5

/2 12 1)2

1;; — KOOPJMHATBI PE3YIbTUPYIOLIETO BEKTOPa TOKA, iy — TOK HYJICBOH MO-

A lo
rue i

so?

CJIEZIOBATEIIHOCTH, 14, ip, I — TOKU TpEX(a3HOTo IBUTATEIS.
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Toxk i, BBoguTCS 371€CH AJIs TOrO, 4TOOBI B 00LIEM cilydae peoOpa3oBaHUs KO-
OpAMHAT ObUIM MaTeMaTUYEeCKHU B3aMMHOOJHO3HAYHBIMH, TaK Kak TpEXxQasHylo cuc-
TeMy KOOPJAHWHAT MOKHO MpeoOpa3zoBaTh K AByX(}a3HOH, a HA00OpOT — Henb3s (cuc-
TE€Ma ypaBHEHUH IPeoOpa30BaHuUs MTOIYYaETCs IEPEONIPEAECIEHHON ).

Uac
L "_CF"]
| |
| |
: o B |
—»w (2)—» PI : :
A | U |
A " s
SA
Usq Uso, o | _I—:'> :
nn | ke st ol e ||
(DO uvq L MYB o u :_V :
—2 @ PC > > B !
Ve T pung
| aT :
Lsq L isOL P Ly : I I :
- - |
iy nn B i MK1 - iy : IOH i
: A A iy At o B
sin(0) U uglue
cos(0)
lg—! ”soc‘ L Uy
Lt he T lu,|mk2 | o,
ac
LB D)

Puc. 5.3. CtpykTypHasi cxeMa CUCTEMbI BEKTOPHOTO YIIpaBJICHUS
CKOPOCTbIO aCUHXPOHHOTO JIBUTATEs

B B

C
Puc. 5.4. Unmoctpanus k mpeodpazoBanuto Knapka

CoOTBETCTBEHHO, AJIS1 OAHO3HAYHOTO MPSIMOTO M OOPaTHOTO MPeoOpa3oBaHU BEKTO-
pa JOJDKHBI UMETh OIMHAKOBYIO Pa3MEPHOCTh, UTO U MPU3BaH 00ECTIEUUTD TOK ij).
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B paspabaTsiBaemoii cucteme mpeodpa3oBareib YacTOThl (OPMUPYET CUMMET-
PUUHYIO cUCTeMY TPEX(a3HbIX IEKTPOIBMKYIINX CHII M TOKOB. Tak Kak B 3TOM CIy-
yae 11t A/l mpu coenrHeHNH ero 0OMOTOK 3B€3/10M MITM TPEYroJbHUKOM BCET/Ia BbI-
HOJHSIETCS COOTHOIIICHUE

is+ig+ic=0 = iy+ig=—ic, (5.104)
TO MOKHO TOK I, HE HCIOJb30BaTh, 1 COOTBETCTBEHHO YIPOCTUThH (POpMYITy HpeoO-

pazoBanus Knapka:
i 1 0

sar Ly
)"\ 23 1
Takum 06pazom, nz cootHomenuit (5.104) u (5.105) momyquaem [57]:
MaTemaTtndeckoe onucanue 0moka [1K1
L 020,
Lig =l lp= NEE (5.106)
MareMaTtndeckoe omnucanue ooka [TK2
_Mat 2wy (5.107)

u,=u,, U,=—22—>
so A» sp \/_ ’
3
-1
u MaTeMatudeckoe onucanue 6moka [IK™ (oOpatHoe mpeoOpazoBanue Knapka)

—u,+vV3-u —u,_,—~[3-u
U, =u,, u,=—2= bou,=—2 : £ (5.108)

sa’ sB 2

CootBerctBenno Osok Il peanmmuzyer mpsimoe npeoOpazoBanue Ilapka, ocy-
LIECTBJISAS NEPECUET COCTABISAIOIMX BEKTOpAa TOKA CTaTOpa M3 HEMOJBM)KHOW CHUCTE-
MbI KOOPJIMHATHBIX OCeil ¢, B cUCTEMY KOOPJIUHATHBIX Oceil d, ¢ , BPAIIAIONIyIOCs

CO CKOPOCThIO poTopa (cM. puc. 5.5) [5]. O6paTHOEe nMpeoOpazoBaHUE KOOPIUHAT pe-
3yJBTUPYIOIIETO0 BEKTOPA HAMPSHKEHUS U3 BpalIAOUIEHCsl B HEMOABUKHYIO CUCTEMY
KOODJIMHAT BBIIIOJIHAET GJIOK 06paTHOTO mpeobpazosanus ITapka (ITIT'). CooTBeTCT-
BEHHO, MaTEMaTUYECKH MpsiMoe ipeoOpazoBanue [lapka onuckiBaeTcs ypaBHEHUSIMU
[5, 57]:

lgg =lsq - COS(0) +igg -sin(0),

. _ _ ) (5.109)
lgg = ~lsq -SIN(O) +igg - cos(B),

a 00paTHOE — ypaBHEHUSIMU:

Ugq = Ugq - €OS(B) —uy, -sin(d),

5.110
Ugp =Ugq -SIN(O) +u, - cos(6), ( )

rae 6 — yroa noBopoTa KOOpJAMHATHBIX OCell d, ¢ B HEMOABUKHOM CUCTEME KOOPIU-
Hat o, B (cMm. puc. 5.5).

Jlisa cucteMbl BEKTOPHOTO yIpaBieHHs Tpedyercs nHopMmamus O TEKyIleM
IIOJIOKEHUU BEKTOpa MOTOKOCUEIIeHus: poropa. Kitaccuueckue cucteMbl BEKTOPHOTO
ynpasieHus [7, 8], Ha3pIBaeMble B MHOCTPAHHOMW JINTEPATYPE CUCTEMAMM IPSMOU
opueHTauuu 1o noio (direct field orientated control) BeIOMHSIIM HENOCPEACTBEHHOE

M3MEpEHNE MOTOKOCHEIJICHUS ¢ MOMOIIBIO TaTYMKOB XOJIIa, pa3MEUIEHHBIX B CIie-
[UAJIBHBIX Ta3aX CTaTopa, TMOO0 JOMOJHUTEIbHBIX OOMOTOK Ha CTaTope. Y CTaHOBKa
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YKa3aHHBIX JTaTYMKOB Ha CTaHJAApTHbIE TpEXQasHble IBUraTeld TPeOyeT BHECCHHS
U3MEHEHUN B UX KOHCTPYKLIMH, YTO 3HAYUTEIILHO YMEHBIACT IIPUBJIECKATEIBHOCTD

Puc. 5.5. Unmoctpanus k nmpeobpaszoanuto [Tapka

CUCTEM BEKTOPHOTO YIpPaBJICHUSA. B COBPEMEHHBIX CHUCTEMax BEKTOPHOIO yIpaBJe-
Hus (indirect field orientated control — kOCBeHHass Opue€HTaLMS MO TOJI0) TPOU3BO-
JIUTCS OIICHKA TEKYIIETO 3HaYEHUs MOTOKOCUEIUICHUS POTOpa M0 U3MEPEHUsIM ¢azo-
BBIX [IEPEMEHHBIX ACUHXPOHHOTO ABUTATEINA (TOKOB M HANPSYKEHUI) C TOMOIIBIO Ha-
omonatens coctostuus (HC). Ha ocHoBe m3aMepsieMbIX TEKYIIMX 3HAYEHUN KOOPIH-
HAT BEKTOPOB TOKa M HANPSIKCHUS CTATOpa B HEMOJBHKHOU cucTeMe &, [3 HaOIo-

AaTCJIb COCTOAHUA OLCHUBACT TCKYIIUC KOOPANMHATHI BCKTOPA ITOTOKOCIHCIIJICHUA PO-
Topa ¥, l//rﬁ’ Ha OCHOBC KOTOPBIX BBIYUCIIACT MOAYJIb COOTBCTCTBYIOIICTO BCKTOPA

Y., a TAKXKE CUHYC 1 KOCUHYC €T0 yIJjia B HCHO,IIBPI)KHOﬁ CHCTCMC KOOpIUHAT &, ﬂ:

v = v 4y, sin(ﬁ)=%, cos(ﬁ)z%. (5.111)

r r

[Ipennoxennsiit B padote [60] nabmoaatens cocrosaus AJl (6imox HC), onu-

CBIBACTCS CIECAYIOIIEH CUCTEMON YPABHEHUM:
t

t
Vo) =k - [uq (0 dT+ky - [ (1) dT+ks i (1),
0 0 (5.112)

t t
y,p(0) =k -JuSB(T) -dt+k, -IisB(r) dutks i),
0 0

X, L _ X,'R, L ‘R Xp-X, X, L,-L,-L,
A S A S A x, L ’
w-A,

m m m m
X,,X,, X,, — MHAYKTUBHbIE COIPOTUBIICHU OOMOTOK CTaTOpa, pOTOpa U HAMArHu-

m

YUBAHUSL.

[Tomuepkuem, uto ypaBHeHUs HaOmromatens (5.112) sBusroTcs (aKTHUIECKU
nepenucanHot moxensio AJl. B paGote [60] mpuBeneHbl pe3yIbTaThl MOACITHPOBA-
HUS, TIOKA3bIBAIONINE OTHOCUTEIIPHO KaueCTBEHHOE (YHKIIMOHUPOBAHUE JAaHHOTO Ha-
0JI01aI0IIEeT0 YCTPOMCTBA.
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Ha ocHoBe 3HaueHuil 3aganuii l//f L@ u (ha30BBIX KOOPJMHAT MPUBOJIA @) 1 ),
i,(t), i,(t), W,(t) BO BpAILAIOLICHCS CUCTEME KOOPAUHAT ( d, g) perynaropsl mo-
toka PII u ckopoctu PC BepaOaThIBalOT  yHpaBISIONIME  BO3JCUCTBUS
uy(t) u,(t). Bxagecrse perymsiropos PII, PC npumensitores cranaaptasie I1H,
[N /I-perynaropsl [7, 8] niau onTUMaNIbHBIE PEJIEHHBIE PETYAATOPHI [S9] ¢ 3aKkoHaMMU:

ua(1)=U, sign| " =y, (1) =t W)

T +T dt
s T (5.113)
u, ()= USLgn(a) —(1)-T djt”j

[lepen Tem kak monate Ha AJl chopmupoBannsie perynasitopamu PIT u PC cur-
HaJIbl YIPABJICHUS, B TOCIEACTBUAM TpeodpasyeMble ¢ IOMOIIbI0 6ioko I n
[IK™', ux HeoOGXomuMo ycwnTh. JIJIs 3TOM 1menu MChoJjib3yeTcs mpeoOpazoBaTelb
yactoTsl (ITH), cocTaBisirommii BMmecte ¢ A/l CUITOBYIO 4acCTh 3JIEKTPOIIPUBO/IA.

Haubonee ynuBepcaabHBIMU M 4aCTO MPUMEHSAEMbBIMU SBIISIFOTCS ITpeoOpa3oBa-
TEJIM YaCTOThI C MPOMEKYTOYHBIM 3BEHOM MOCTOSIHHOTO Toka [57] (cMm. puc. 5.3). B
npeoOpa3oBaTesAX JaHHOIO THUIA MEPEMEHHOE HampshkeHue nurarouied cetu U,

CHayaja mpu nomouy Beimpsamurens (B) mpeoOpa3yeTcs B MOCTOSIHHOE HANpPSIKEHHUE
U pc, KoTopoe 3areM mnonaércs Ha uHBepTop Hampsbkenus (MH), dopmupyrommii

TpEX(asHyl0 CUCTEMY CHUHycouAanbHbIX HampsbkeHuil U ,,Ug, U, aMIIITYyAbl U

JaCTOTbl KOTOPBIX 3aAdat0OTCA COOTBCTCTBYIOIIMMU YIPABIIOIHUMHA CUTHAJIaMU

U,, Uy, U, , TOCTYNAIOIIAMU HA BXOJ HHBEPTOPA.

[TpocreiimM cniocoboM GOpMUPOBAHUS TAKON CUCTEMbI HANIPSHKEHUH SIBIISIET-
¢ mWUpOTHO-uMIyIbcHass Monyssinus (ILIMM). Eciu ocymectsisiercs MM cuny-
COMAAIBHOTO CUTHAJA, IPU KOTOPOW YacTOTa NMEPEKIIFOUEHUSI BEHTUJIEN (TpaH3UCTO-
POB WJIM TUPUCTOPOB) HHBEPTOPA (HECYILIASsl YACTOTA) CYIIECTBEHHO BBIIIE BBIXOIHOM
4acTOThl MHBEPTOpA (Y4aCTOTHI MOIYJSIMU), TO B CHEKTPE BBHIXOJAHOTO HAMPSHKEHUS
KpOM€ OCHOBHOW TapMOHHUKH MPUCYTCTBYIOT JIUILIb TAPMOHUKHU BECbMAa BBICOKHUX I10-
PSAIKOB, KOTOPBIE JIETKO OT(HUIBLTPOBBIBAIOTCS WHAYKTUBHOCTSIMU JBUTATENs. biaro-
napsi 3Tomy Tok B AJl mpakTUYeCKHW CHUHYCOMJAJEH, YTO MO3BOJSIET OOECHEUYUTH
00JIBILION THana3oH peryInpoBaHus ckopoctu [57].

[ToguepkHeMm emie pas3, YTO MPUHIMUIHAIBLHON OCOOEHHOCTHIO CHCTEMBI BEK-
TOPHOTO YIpaBJIeHUsI puUcC. 5.3 SABIAETCS MCHOJIb30BAHHE ABTOHOMHBIX PETYJISITOPOB
PII, PC, nanmpumep, ¢ 3akoHamu oOpaTtHOM cBs3u (5.113), oCyIIECTBISIONIUX pa3-
NEIBHOE PETryJIMPOBAaHUE MOTOKOCIEIJIEHUS pOTOpa ABUTATENS U €ro CKopoctu. B
pabote [59] ympasistomee BO3AEHCTBUE U, () TIOTY4EHO pEIIeHUEM Uil OOBEKTa

(5.102) 3agaun ONTUMATIBHOT'O YIIPABIEHUS 110 KPUTEPHIO
Ji=[an(w! -y (t)rdr . (5.114)
0

COOTBETCTBEHHO yMpaBICHUE U, (1 )HAUJEHO aHAIOTHYHBIM 00pasoM i 00beKTa

(5.103) mipu ucrnoab30BaHuM (QYHKIIMOHAA KaueCcTBa
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J, =Tq44(a)0—w(t))2dt . (5.115)

[Ipumenenue nrMHEapU30BaHHBIX aBTOHOMHBIX noamozenei (5.102) u (5.103), a
HE TMOJHOW MOJENM JAUHAMHUKM acUHXpOHHOro asuratens (5.101), uckmoumino npu
CHUHTE3€ YKa3aHHBIX PETYJISTOPOB YUET JCUCTBUS HEIMHEHHBIX NMEPEKPECTHBIX CBA3CH
MeXy (pa3oBbIMH KOOpAMHATAMH aCHHXPOHHOT'O MPUBOJA. ITO, HA B3I aBTOPOB,
SIBJISIETCSL CYIIECTBEHHBIM YNYIIEHUEM JAHHOTO MOJX0/a MOCTPOEHHUSI CUCTEMBbI BEK-
TOPHOI'O YIIPABJIEHHUS, TaK KaK yKa3aHHbIC HEJIWHEHHBIC B3aUMOCBA3M KOOPJMHAT
AIIEKTPONIPUBOJA OTPAXKAIOT MPHUHIUIIUAIBHBIE OCOOCHHOCTU (PYHKIIMOHUPOBAHUS
acuHXpoHHOTO nBuratens. C 1enblo yuera ACHCTBUS MEPEKPECTHBIX CBs3EH, pac-
cmatpuBasi AJl Kak MHOTOCBSI3HBIH HENMHEWHBIH OOBEKT, cHOPMYyIHUpPYEM CIEaYIO-
Y10 3a/1a4y ONTUMAJIBHOTO YIIPaBJICHUS KaKk 0000IeHNe yKa3aHHBIX BBIIIE IBYX 3a-
nau AKOP.
3aoaua cunmeza onmuManrbHO20 PeSyiamopa cKoOpocmu: B Kilacce KyCOYHO-

HENIPEPBIBHBIX  HAIPSDKEHUM, YAOBJIETBOPAIOIINX OrPaHUYECHUAM ‘usd( t)‘SUm,

u,(t )‘ <U,,, vaiitu ynpasnenust u,( X ), u, (X ) B hopme 0OpaTHBIX CBs3EH, Ie-

peBoasiume AJl, onuceiBaembiil ypaBHeHUsIMH (5.101), U3 HAYAIBHOTO COCTOSIHUS B

0
KOHEYHOEC, ONPEACIIAEMOC 3alaHUAMU MarHUTHOTO IMMOTOKa ¥/, , CKOPOCTH ap Hu CO-

OTBCTCTBYIOIIMMHU MM HAIIPAKCHUAMU CTAaTOPHBIX 00MOTOK I/t?d, I/tO C MHHHUMAJIb-

sq’
HBIM 3HAYE€HHEM KBaJIpaTHUHOTO (PyHKIMOHATa 0000mmenHoi pabotsl A.A. Kpacos-

CKOT'O
Lan(w v (1) +qu (@ —a1)) +
o= [+l —u, ()7 +(ul,—u (1)) ]+ |dt . (5.116)

0 2 0 2
+r[( Msd - Msd ()pt( l )) +( qu - usq ()pt( l )) ]
3HaquI/Iﬂ BE€COBBIX K03C1)(1)I/H_H/I6HTOB KpI/ITepI/I}I qll , q44 , I > O B I[aﬂbHeﬁHIeM BbI-

OuparoTcsi B IPOIIECCe MOJICTUPOBAHUS CUHTE3UPOBAHHOW CHUCTEMBI YIIPABIICHHUS U3
YCJIOBHSI TIOTyYCHHUS JIJIs1 Hee TPpeOyeMoro xapakTepa nepexoaHbIX MPOIEeCCOB.

Hwxe npuBomarcs mnpuOIMKEHHBIE penieHus CcHOpMYITHMPOBAHHOW 3aadyd
AKOP, yuutpiBaromye xapakTepHble HEIMHEHHOCTH YIpaBisieMoro oobekTa. OHU B
HEKOTOPOUN MEpE MO3BOJISIOT OTBETUTH HA CIEAYIOIIHNE aKTyalbHbIE ISl AJIEKTPOIPH-
BOJIa BONPOCHLI: 1) KaKOBBI CBOMCTBA U BO3MOKHOCTH ONTHMAJIbHBIX CUCTEM YIIPaB-
JICHUSI HEJIMHEHHBIM MHOTOCBSI3HEIM 00bekTOM (5.101); 2) HACKOIBKO OJIM3KU IIc-
PEXO/IHBIEC TMPOIIECCHI, 00ECIeUnBacMble YKa3aHHBIMU aBTOHOMHBIMU PETYJSTOpaMu
MOTOKOCIIEIJICHUSI U CKOPOCTH A/, K ONTUMaJIbHBIM Ipolieccam ?

5.6.2. CuHTe3 KBa3MONTHMAJIBHOTO PEryJsSiTOPa CKOPOCTH
JJIS ACHHXPOHHOTI0 3JIEKTPONPHUBOJAA
Metoa MaTpUYHBIX CTETIEHHBIX PSAOB MPUMEHHUM JIUIIb K O0BEKTaM yIpaBiie-
HUA C MOJMHOMUAJIBHBIMA HEJIMHEHHOCTAMHU. [103TOMY HENTMHEWHYIO CUCTEMY ypaB-
Henuit (5.101) npuBeneM Kk noJuHOMHaNbHOMY BuUay. C 3TOM 1ENbIO OCYIIECT-
BUM JIMHEHHYIO alllPOKCUMAII0 00paTHON (QYyHKIIUU
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Loy ivw, v,=33 v =-24. (5.117)

.
['padpuueckum noctpoeHueM (cM. puc. 5.6) MOKHO yOEIUTHCA, YTO HA JOCTATOYHO
mupokoMm untepBase 0.35-y, <y, <1.05-w, usmenenusa noroxocuemneHus AJl ot-
HOCHUTEJIbHAS MOTPEIIHOCTh annpokcumanui (5.117) ve npesimaet 17 %.

5 T T T T T T T T T

W |

DD.2 03 04 03 06 07 02 0o 1 1.1 12
X

Puc. 5.6. JIuneitnas anmpoxkcumarus Gyakoun f(x) =1/ x

[ToncraBuB (5.117) B (5.101), mosiyyuM NOJIMHOMUAIBHYIO MOJAEIb JUHAMUKHU
ACHHXPOHHOTO JABUTATEJIS:

di 1 : : K 2
=y ——i tp @i +—"—W +R -K Y, i +

ar LT O
+Rr.Kr.Yl.l.szy'l//r’

di 1 1 K

dsy :LK 'usy_T*'isy_p'a)'isx_L*r'p'a)'Wr_Rr'Kr'YO'isx'iSy_
1

s s s (5118)

—R -K,-Y,-i i v,

dy 1

“Tr=R.K i —-w,

d[ r rooUsx 7; Wr

do 1 (3

“Z=——|Z.K -pi -w-M_ |

dt J (2 r p sy l//r c)

B makere Mathcad 2001 ObUTO MPOBEICHO MOJEIUPOBAHME IIpoIlecca MycKa
neuratenss AUP56B4 ¢ napamerpamu [61]

P =180 Br, U, =220/380 B (A/Y), I, =1.09/0.63 A (A/Y),
M, =127HwMm M__/M =22 M_ /M =23,

o, =141 pag/c, n=0.64, cos(p)=0.68,

R, =55 Om, R, =29 Owm,

L _=12255Tn, L =1.4295 I'n, L =1.2545 T'n,

J=0.00079 xr-m°, p=2,

IIyCK

(5.119)
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onuceiBaemoro mozensimu (5.101) u (5.118), npu HomMuHaNbHOU Harpy3ke. Pe3ynbTa-
THI TOKa3aJIk, YTO MpPUMEHEeHHe ammpokcuManuu (5.117) BHOCHUT HEOOJBIIYIO TIO-
IPELIHOCTh, HAIPUMEDP, MAaKCUMAaJIbHAsI Pa3HUIIA OCHOBHBIX PETYJIUPYEMbIX MepEeMEH-
HBIX ¥ (1) 1 @ t) (cM. puc. 5.7) He nipeBbiaet 7 %.

Fr, BA

1 F I I I I I I I I I

o 002 0.04 0.0& 0.0z 01 012 0.14 016 01z 02

100

a0

I | 1 | | | | 1 |
1] 0oz 0.04 0.06 0.0z 01 01z 0.14 0.16 013 nz

Lt
0
Puc. 5.7. MoaenupoBaHue mycka ABUTaTesl C HOMUHAIBLHOW Harpy3Kou
JUTS ONIPEACIICHUS] BIUSIHUS TIOTPEIIHOCTH allllPOKCUMAIK 00paTHON (PyHKIUU:
a — MOTOKOCIIETNIEHUE POTOpa; O — yrioBasi CKOPOCTh BpaIlleHUs IBUTATENs

Ha puc. 5.7 npunsatel o603Hauenus: 1 — koopauHara o mojaenu (5.101), 2 — xoop-
nuHata 1mo mojenu (5.118).

Tak kak B xoxe pemenus 3agaun AKOP cuHTe3upyeTcs yrnpaBiieHUE, MPU-
3BaHHOE MapUPOBATh OTKJIOHEHUS IBIKEHUS 00BEKTa OT 3aJaHHON TPACKTOPUHU, MO-
JeNIb JUHAMUKH 00BEKTa TaKKe CIEAYEeT 3alncaTh B OTKIIOHEHUSX OT 3aJaHHOrO pe-
’KHuMa paboThl. B kauecTBe Takoro pexunma BbIOEpeM yCTaHOBUBIIHMICS pexXuM pado-
Tel AJ] Ha XOJIOCTOM XOJy C 3aJaHHOH YII0BOI CKOpOCTBIO @’ U 3aJaHHBIM MOTO-
KOCIIETUIEHMEM POTOpa Y/, :

M. =0, o=0a', y,=vy,, i, =i, i, =i. (5.120)

N3 ypaBuenuii (5.118) npu paBeHCTBE HYJIO MPOU3BOIHBIX BHITEKAET B3aUMO-
CBSI3b KOOPJIMHAT B YCTAHOBUBIIEMCS PEKUME:
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— 0 0 _
lsd - l//r ’ lsq - O’

—1 .
R -K, T

i ) (5.121)
L K p-L
0 _ ‘ 0 0 _ ‘ 0 0
usd_(R K TT T*_?r .lr//r’ usq_ R KTT +pKr lr//ra)
r ) r ’ r ’ S r r ) r ) r
OTHOCUTEBHO BBI6paHHOFO pexKnuMa pa6OTBI B OTKIIOHCHUAX
. .0 0 0
X =y =y, 5=V V., W =Uy—Uy,
. o 0 0 (5.122)
Xy =l =iy, X,=0-0, u,=u,—u,

Moaens AJl 3amuinercs ciuenyromum obpaszoMm (moxactasisieM (5.120) — (5.122) B
(5.118)):

d. 1 1 K
iz_*'ul_ *-x1+p-u)0-x2+*—r-x3+R,-K,-(Y0+Y1-lll(r))-x§+
dt Ls ) s Lr
+p-x2-x4+R,~Kr-Y1~x§-x3,
dxy _ 1 0 0. Y1 (o) p-K, 0
—S=—Uy—p-O x| —+—VY,+—\y, ] |y ——L-® x3—
i L 2~ P 1 T, v T (‘I’) 2 r 3
P pKr 0 0
- + x4 —R,.-K,-\Yy+Y;- “X| Xy —
Rr'Kr'Tr Ls; Y, Xy r r (0 1 Wr) 1 2
- _h _ L —R,-K,-Y,
R - WXyt X3 X3 X TR by X X X,
r s
d. 1
ﬁ—Rr'K}, .xl__ .X:S,
dt .
dx, 13 0 13
—=——p-K, Y, - xy+—-=-p-K, x5 x3. (5.123)
72 p VX I p 243

Tak kak MMCP npumennm k pemenuto 3agaun AKOP He Ko BceM OJTMHOMH-
albHBIM O0BEKTaM, a JIMIb K BBIACICHHOMY KJIacCy 3TOr0 MHOYKECTBa — K KBaJpa-
TUYHBIM HECUMMETPUYHBIM 00beKTaM (5.6) U K KyOUYECKMM CUMMETPUYHBIM O00BEK-
tam (5.7), To HeoOxoauMo npuBectu onucanue (5.123) k Buay (5.6) umu (5.7). Hau-
0oJiee TIPOCTHIM BapUaHTOM BUIUTCS MPUBEICHUE MOJYYeHHON Moaenu K Buay (5.7)
nyTéM IepeBojia BCeX KBaJpPaTUYHBIX WICHOB B KyOMUYECKHE 3a CUET UX YMHOKCHHS
Ha HEKOTOPYIO KOOPJAMHATY X5, MMEIOLIYI0 BO BPEMEHHU IOYTH MOCTOSHHOE 3Haye-

Hue, paBHoe enuuuiie. Omucanue (5.123) MoxHO ObITO0 OBI MpUBECTH U K BUY (5.6),
HO JIJIs1 3TOT0 MPUIIOCH Obl BBOAUTH HE OJHY — @ BOCEMb JOTOJHUTEIbHBIX KOOP/IU-
Hat. Kpome Toro, npusons onucanue (5.123) x Buny (5.7), cnenaem Matpuny A, au-

HEWHOW YacTH 00bEKTa JMArOHAJILHON 3a CUET YMHOKEHHUS YacTH JUHEUHBIX cllarae-
MBIX Ha x52 Y BBEJCHUSA KOOPAMHATHI X, B IIOCJIECAHEE YPABHEHHUE. JTO MO3BOJUT CY-

IIECTBEHHO YMEHBIIUTh O0OBEM BBIYMCICHUN MPU OOpAILEHUH MATPUIl, BXOMASIINUX B
anroputM cuHTe3a (5.54). B pe3ynbTare nojiydum Cieayrouyo moaeinb AJl:
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d 1 K
ﬁ:——*-xl+p-m0-x2-x§+*—r-x3-x52+Rr-Kr-(YO+Y1-\|;9).x§-x5+
dt s s "Ly

+p-x2-x4-x5+Rr-K,~Y1~x%-x3+—*~u1,

S
dx, 0 2 |1 X 2 p-K, o 2
r 1% 1 X5 — Ts T \Vr T (\l’r) La; 5
P p-K, 0
- Xy - X2 —-R.-K, - \Y;+Y;- “ XXyt Xg —
[Rr‘Kr‘Tr Ls ]\Vr 4" X5 (o 1\l’r) 1% " X5
Y0 p-K
—p-xl-x4-x5—?l-\|1r-xz-x3‘x5——*r-x3-x4-x5—
r 'S
1
_Rr'Kr'Yl'xl’XZ'x3+_*.u2’
S
d)C3 2 1
_:R .K .x .x —_.x’
dt r r 1 5 Tr 3
dx, 1 3 1 3
— == K, - X X2 A — = K, xy x3-x5—ay,-x,+a xx(5124)
dtJ2p \l’rzsjzp 2" X3t Xg =gy Xy Ty Xy X5,
d
7)65 =—ds55 X5, ds5 _>0, x55(t=0) =1.
t

B nanHoll cucreme ypaBHeHUH K03()(PULUMEHTY a,4 MOMKHO IpHUIATH JIH0O0E

3Ha4YCHUE, TaK KaKk OH HE U3MEHSIET MaTeMaTHYECKYIO 3alliCh YPaBHCHUN JUHAMHUKHU
IBUTATEINSI, HAIPUMeEp, duy =5. Mogens AJl (5.124), 3anucaHHas B OTKIOHEHMSX

(5.122) ot HekoTOporo 3agaHHoro (6azoBoro) pexxuma padotsl (5.120), (5.121), ot-
BEUYAET OMUCAHUIO (5.7) C COOTBETCTBYIOIIUMHU MAaTpULIaMU A; U Aj.

Ha ocHoBe maremaruueckoud mopaenu (5.124) Bo3mym€HHOro ABMKEHUS A/l
OCYIIIECTBUM CHHTE3 KBazuontumaiabHoro mo @OP (5.116) perynstopa CKOPOCTH U
notokocuerienus s apurarens AUP56B4 ¢ napamerpamu (5.119).

C aTOi1 1eNBI0, TPUMEHSISI METOJI PAaBHBIX BKJIAJIOB MAKCUMAJIbHBIX OTKJIOHE-
HUU (cM. paznen 4.3), ompeaeinseM TapaMeTpbl KpuTepus 0000IEHHONH pPadbOThI
(5.116) (B mocnencTBUM YTOUHEHHBIX B Pe3yJIbTaTe LieJICHANPABICHHOTO epedopa):

100 0 0 0 0
0 100 0 0 0
10
Q=0 0 100 0 o0} R=( j
i 0 1
0 0 0 10° 0
0 0 0 0 0
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[Ipn yxazaHHBIX IapamMeTpax ABUraTellsl, KpUTEPUs KauecTBa U (PUKCHPOBAHHOM 3a-
JAIOIIEM BO3JEHCTBUU II0 OTOKOCUEIUIEHUIO ‘If(r) = (0.8 BO HaxoauM ¢ UCNOJIB30Ba-
HHUEM IIPOrpaMMBbl IPUIOKEHUS | 3aKOH KBa3MONTUMAJIBHOTO YIIPaBICHHUS
U(X)=(u( X ), u( X)),
u(X)=-55510"-x,-991-10°- @ - x, +3.04-107 - x, - x, - x, - x, +

(5.125)

+3.07-107 @ - x, - x, - x, —3.14-107* - x7 - x2 —9.59-10—6-(a)°)2 Xy —

-9.25-10"°
~1.05-107"
-3.01-107*
+1.38-10™
-2.09-10
+1.36-10™
~1.62-107-
(X )=17.1

Xy x2—8.43-107 - x,-x2 ~8.60-107 - (a) - x, -

‘X, x2 —6.96-10* - x, +3.57-107" - x2 - x, —

xx0x —1.70-10° @ - x, - x, —1.82:107 - @ - x, - x, +
@ x, x; +3.55:107"  x, - x5 - x, —9.75-107° - x] —

x; —1.88-107 @’ - x; - x, —6.48-107 - @’ - x, - x, +

‘X, %0 x, —1.80-107 - x, - x, - x, +7.58-107 - x, - x, - X, —

x,-x,—1.63:107 - @’ - x,,
410" x, - x, - x, =3.01-107 - x7 - x, - %7 —1.62-107 - x, - x, —

~2.57-10°-x, —5.00-10% - x, —6.23-102 - x - x> —=9.08-10° - &’ - x* —

~1.63-107-
~8.60-107
—8.44-107
-2.77-107
+1.81-10™
-6.28-10™
+1.52-107°
~6.48-107°
+4.68-10°

X, %, —4.19-107" - x, - x,—2.79-107 - @ - xJ —
x5 x,—1.05-10™ - x - x, +7.35-107 - x) - x, +
x7ox, +1.84-107" @ - x +3.55-107 - x) - x, - x, —

x %, x5 — 17010 @ x, - x, +4.72:107 - @ - x5 - x, +

@ -x,—1.04-107 - @ - x;,—9.01-10° - x - x, —

0

2 3 3 2
@) x,-6.07-10° - x, - x,—3.58-10° - x, - x] —

xpxyox, +1.38107 @ - x, - x2 +7.58-107 - x, - x; x, —
@ x, x,+1.36-107 - x, - xF - x, +1.53-107 - @’ - x7 - x, +
‘X3 Xy x, —2.17-107 - x5 —=5.90-10% - x, - x,.

[Tosry4eHHBIA 3aKOH PEryJIMpOBAaHMS MMEET JOCTATOYHO MHOIO CJIaraéMbIX U
MO3TOMY CJIOKEH ISl MPAKTHYECKOW peanu3aluu. YNpocTuM ynpasienue (5.125),
OCTaBUB B HEM JIMIIb HEOOJIBIIOE KOJUYECTBO CIAraeMblX, UMEIOIIUX HaUOOJbIINE
110 MOJAYJIO 3HAYEHUs KOA()PUIIUEHTOB:

u(X )=-5.55-10° - x,—6.96-10" - x;,
u,( X )=-2.57-10*-x, —5.00-10% - x, —
—6.07-10° - x, - x, —5.90-10% - x, - x, —3.58-10% - x, - xZ.

Jlnst cpaBHeHus 3akoHOB perynupoBanus (5.125) u (5.126) B cucreme
Maple 9.5 npu pemenun paccmarpuBaemoit 3agaun AKOP ¢ pa3nuuHbIMH Haydalb-

(5.126)
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HBIMHU yCT0BUsIX ObLM Bhlunciienbl BenmnuuHbl DOP (1.19) nns (5.125) u (5.126). Pe-
3yJbTaTHI IPECTaBIICHBI B Ta0M. 5.1.

Tabmuma 5.1
CpaBHEHME MOJHOTO U YNIPOIIEHHOTO 3aKOHOB YITPABJICHUS
Beanuunsr ®OP
HauyanbHsble ycjoBus
W 3a/1aHHe 110 CKOPOCTH IPpH HCNTOJb30BAHUH 3aKOHA pery- IPpH HCNTOJb30BAHUH 3aKOHA pery-
JupoBanus (5.125) JupoBanus (5.126)
X, =(-0.1,-0.5,0.1,5,1)T,
2412.152 2412.158
o =10.
X, =(0.3,0.2,-0.4,30,1)T
59253 59268
®? =60.
X, =(0.4,-0.3,-0.5,90,1)T
273740 277180
®® =100.
X, =(0.3,-0.2,-0.5,140,1)T
697499 723230
o’ =140.

N3 tabnuipl BUIHO, 4TO Haubosbinas pa3uuna (3.6 %) B pe3yiabTarax mpume-
HeHusl nojiHoro (5.125) u ynpoménHoro (5.126) 3akoHOB peryanpoBaHus HaOJrO/a-
eTcst pu padore A/l B Auanazone ckopoctel OJIM3KUX K HOMUHAIBHOM.

J171st OLIEHKM KadyecTBa yIpaBJICHHs, 00€CIIEYUBAEMOI0 CUHTE3UPOBAHHBIMU 3a-
koHamHu (5.125) u (5.126) B makete Simulink (B coctaBe MATLAB 6.5) 6b1510 ipoBe-
JIEHO CPaBHUTEIIbHOE MOJICIMPOBAHUE CUCTEMbl BEKTOPHOTO YIPABIICHHUSI, ONMKHCAHUE
KOTOpOU mpeacTaBieHo BoipaxeHusamu (5.106) — (5.112) (cwm. puc. 5.3), npu UcnoJib-
30BaHUU PA3JIMYHBIX 3aKOHOB OOPAaTHOMU CBSI3H:

I) 3akona perynupoBanus (5.125), pazpadborantoro ¢ ucnosnbzoBannem MMCP;
IT) 3akoHa perynupoanus (5.126), noxyyenHoro u3 (5.125) nytém orOpachsiBaHUS
CJlaraéMbIX ¢ HE3HAYUTEIbHBIM BECOM;
III) 3akona perynuposanus (5.113), npegnoxennoro A. B. Cagossim [59];
IV) IIN]/I-3akoHa perynupoBanus [62]:

=Ky y -y O+ Ky b, -y

Kuv 0 (5.127)
Uy () =K, - (w(t)—w0)+i-(tj)(co(r)—mo)dHKM -%(w(t)—coo),

e K, =12000, K,, =01, K,, =13, K,,=210 K,,=067, K,,=008.
HpI/I MOACIIMPOBAHHUN CHUTHAJIbI ynpaBHCHI/Iﬁ Ha BBIXOAC KaXXAOI'0 PEryJIATOpa

OrpaHUYMBAINCh BennuuHon U, = J2-200B IIyTEM INPUMEHEHUS YIIPaBIISIOLINX
CUTHAJIOB B KQU€CTBE apryMEHTa (PYHKIUU
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+U_ npu x>U_,
sat(x)=qx npu -U_<x<U_,
U, mpu x<-U,_.
byaem paccmarpuBate AJl B COCTaBe CHIIOBOTO 3JIEKTPOIPHUBOJIA AHTCHHBI Pa-
JMOJIOKAIIMOHHON CTaHIMU, paboTaloIIell B pexUME MOUCKA 1eNd (CKaHUPOBaHUA).
JInst TaHHOTO peKMMa XApaKTEPHBI YaCThIE U PE3KUE U3MEHEHUS 3aaHusA 110 CKOPO-
CTU IPHU MOCTOSSHHOM MOMEHTE Harpys3kd. 3a4acTylo, Bayl JBHUraressi ObIBaeT IMOJ-
BEP)KEH TAK)KE JEUCTBUIO PA3JINYHBIX CIyYalHBIX BO3MYLICHUN, HAIIPUMEDP, OT BET-
POBOM HArpy3KH Ha aHTEHHY. B CBsI3M € 3THM paccCMOTpPUM CHEAYIOLIUE PEKUMBI pa-
0O0THI IPUBO/IA:
a) pabora  gBurarens ¢ IIOCTOSHHOM  Harpy3koil  Ha  Baiy
M.=08-M,,, =1H-M npu ckaukooOpa3HbIX U3MEHEHUSX 3a[JaHUs 110 CKOPOCTHU B

ana3oHe OT o’ =0.15- O, =20 pag/c no o’ =0.85- O, =120 pan/c;
0) pabota pUBOJIA c IIOCTOSIHHOM Harpy3Kou Ha 1:%:010%
M,=08-M,,, =1H-M nox neiicteueM BO3MYLICHUH, IPEACTABICHHBIX JOIOIHH-

TEJIbHBIM MOMEHTOM HAarpy3KH, BEJIMUYHMHA KOTOPOTO M3MEHSETCS CiydailHbIM oOpa-
30M ¢ wactorol f, =201'm m pacnpesneseHa 0 HOPMAJIBHOMY 3aKOHY C HYJIEBBIM

MaTeMaTUYeCKUM OKuJaHueMm u aucnepcueid 6, =0.04, npu ckaukooOpa3HbIX W3-
MEHEHUSIX 3aJ]aHus MO CKOPOCTU B JUAMA30HE OT o’ =0.15- O, =20 pag/c no
o’ =0.85-0,,, =120 pag/c.

['paduyeckue pe3ynbTaThl MOJACIUPOBAHMS ICKTPOIPUBOAA IIPEACTABICHbI Ha
puc. 5.8, Ha KOTOPOM IIPUHSATH 0003HAUCHUS:

1 — 3aanue Mo CKOpOCTH, 2 — MOMEHT HArpy3KH Ha BaJly JBUTATENs,
3 — CKOPOCTh JABUTATENS MO BO3JAEHCTBUEM 3aKoHa (5.125),
4 — CKOpOCTb ABUTATENA MO BO3/ieiicTBUEM 3akoHa (5.126),
5 — CKOpOCTb JIBUTaTelis moJl Bo3jaeiicTBreM 3akoHa (5.113),
6 — CKOpOCTb JIBUraTesis 1MoJi Bo3aeicTBueM 3akona (5.127).

[Tonyuaemoe KauecTBO PEryJMPOBAHUSI CKOPOCTH OLIEHUM C MOMOUIBIO KBaJl-
patuuHoro ¢yHkiuonana (5.115), onpeneneHHOro Ha UHTEpBaie BpEMEHH [t;, tp] =
[0, 0.4], u BenuuuHbI nepeperyaupoBanus. [loquepkHeM, 4To HaIM4YKE NEPEPEryIin-
poBaHUs B pabOTE IAEKTPOINPUBOJIA AHTCHHBI PAIMOIOKAIIMOHHON CTAaHIIUU HEAOMYC-
tuMo. B Tabn. 5.2 npuBeaeHsl BennunHbl GyHKIMoHana (5.115) u nepeperynupoBa-
HUsg nipu padore AJl, obecreuynBaemMble yKa3aHHBIMH 3aKOHAMH PETryJHPOBAaHHS B
BBIJICJICHHBIX PEKUMaX PaOOTHI.

N3 npuBenéunoi TabiMIbl BUJHO, YTO CHHTE3WPOBAHHBINA 3aKOH KBAa3WOITHU-
MaJIbHOTO ynpaBieHus (5.125) u ero ynpouéHuslii BapuanT (5.126) mo3BoJAOT A0C-
TUTaTh JOCTAaTOYHO KAaYECTBEHHOTO PETyJMPOBAHHUS CKOPOCTH B PEXHMax padOThHI
AJl, xapaKTepu3ylOUIUXCsl PE3KUMHU U YaCThIMU U3MEHEHUSIMU 3aJIaHUs 110 CKOPOCTH
MpU MOCTOSHHOM MOMEHTE Harpy3kH Ha Bajldy M MPU MOMEHTE HArpy3KHu, UCKaXEH-
HOM ITOMEXaMHU.
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0

Puc. 5.8. MonenupoBanue padotsl A/l Mo Bo3aeiicTBuEM
PAa3JIMYHBIX 3aKOHOB PETYJIMPOBAHUA B PA3IMUHBIX PEKUMAX:
a — pabota AJl B pexume a; 6 — pabora A/l B pexxume 0
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Tabauna 5.2

IMoka3aTeu KayecTBa PeryJHPOBAHUs CKOPOCTH ACHHXPOHHOI0 Y)JIeKTPONPHBOIA

3HaveHNs MoKa3aTeJiell KauecTBa B Pa3JIMYHBIX PesKUMaxX padoThl

peXUM a pexuM 6
3
AKOHBI S — IepeperyJIMpoBaHue S — HepeperyJIupoBaHue
peryJ/u- (byHKIHO- MpU YBEIU- | MOPH YMEHb- (byHKIHO- IIpY YBEIU- | TPU YMEHb-
poBaHuUs Haa YEHUU CKO- | IIEHHH CKO- Haa YEHUU CKO- | IIEHHH CKO-
(5.115) pocTtu pocTtu (5.115) pocTt pocTtu
(5.125) 378.9674 - - 388.7281 - -
(5.126) 378.9679 - - 388.7286 - -
(5.113) 436.7916 - - 443.2857 - -
(5.127) 384.4257 0.3 % 9.3 % 395.1311 0.3 % 9.3 %

[To pe3ynbraTam cpaBHeHHMH (cM. puc.S5.8 W Tabm. 5.2) 3aKOHBI yIpaBJiICHUS
(5.125) u (5.126) obOecneunBaroT OoJiee KAYECTBEHHOE PETYIMPOBAHUE CKOPOCTH B
cpaBHeHUHM ¢ 3aKoHamu (5.113) u (5.127).

MM IO UX BEKTOPHOMY apTyMEHTY.

KoHTpoJibHBIE BOPOCHI
1. Chopmynupyiite ompeneneHue KPOHEKEPOBCKOTO MPOM3BEICHUS MATPHIIL.
Io 3aaHHOMY BEKTOPY X 3aIMIIKTE KOOPIUHATHI BekTopa X!/,
2. YKa)XuTe OCHOBHBIE CBOMCTBA KPOHEKEPOBCKOTO MTPOU3BEICHHU S MATPHIL.
3. 3anummute Gpopmyisl quddepeHIIUPOBaHNS CKAIIPHON M BEKTOPHOU (DYHK-

4. 3anumure dopmyny auddepeHIrnpoBaHUsT KPOHEKEPOBCKOM CTENEeHU XM
10 BEKTOpY X.

5. [aiiTe onpenenenre HOpMbI (METpUKH) BekTopa. [IpuBeaute npumepsl.

6. Chopmynupyiite omnpeaeneHue HOpMbI MaTpulbl. [IpuBenure npumepbl
MAaTPUYHBIX HOPM.

7. Kakue BeKTOpHBbIE U MaTpUYHBIE HOPMBI HA3bIBAIOTCS COTJIACOBAHHBIMU?

VYKaxxuTte Takue HOPMBI.

8. ChopMynupyiiTe OCHOBHbBIC MMOJIOKEHUS METOJa MAaTPUUYHBIX CTEMEHHBIX
panoB B peuienuu 3aaaun AKOP.
9. Vkaxute ycimoBue, Ipu KOTOPOM OCYIIECTBUMA PEKYpPpEHTHas Ipolenypa
pacuera kodpbunurenTor ¢pyukiuu JIsmynora MMCP.
10. 3anummTe ycnoBUs CXOAMMOCTH MATPUYHBIX CTENEHHBIX PSAOB, UCMOJIb-
3yEMBIX B PELIIEHNH paccMOTpeHHbIX 3a1ad AKOP.
11. YkaxuTe OCHOBHBIE JOCTOMHCTBA METOJA MATPUYHBIX CTEHEHHBIX PSAJIOB
pemenns 3agaun AKOP.
12. B 4emM cOCTOAT NPUHLMIHAIBHBIE Pa3audusi 0OO0OIIEHHOIO0 METOoJa CTe-
MIEHHBIX PAOB OT CTAaHAAPTHOIO MeToAa?
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NMPUNOXXEHMUE 1

INnctnHr nporpammbl MMCP B cpeae MATHCAD 2001

MeToa maTpuyHbIx cTeneHHbix pagos (MMCP) B 3agade AKOP
Kpacosckoro A.A. KOHTpOsbHbIN nNpumep.

1. BBOA ncxoaHbIX OaHHbIX
ORIGIN =1 n:=?2
1.1. MaTpuupbl o6bekTa ynpasneHnsa d X/dt=A1X+A2(X*X)+B1u(X)

w21 e

00 0 O
A2 =
0 0 0 -1

1.2. Matpuubl Q, R kBagpatnyHoro OP

Q2:=(1 0 0 1)

1
R:= (05 0)-
o5 0,
2. lMpoepka ycTonumBocTn matpuubl Al1. P - BEKTOp COGCTBEHHbIX 3HAYEHUN.

P := eigenvals(A1)
(—a1j
P =
-3
3. Pacuet dyHkumn JlanyHosa.
KpoHekepoBckoe npoussegeHne matpuy A 1 B pasamepHocTen

na-mb u nb-mb.
for iael1,2..na
for jae1,2.. ma
for ibel,2..nb
for jbel,2..mb
ic «— nb-(ia—1) +ib
ic—mb-(ja-1)+jb

Cic,jc < Aia,ja'Bib,jb

KRP(A,B,na, ma,nb, mb) =
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3.1. PacyeT kBagpaTUYHbIX YNeHoB oyHKUMK J1anyHoBa.

10
IM = matrix(n,n,é) IM = (0 1)

A1 := KRP(IM,A1,n,n,n,n)
A1l .= KRP(A1,IM,n,n,n,n)
IA1S = IA1 + A1l
-02 1 1 0
-31 0 1
IA1S =
0 =31 1
0 0 0 -6
C2:= -Q2-1A1S™!

C2=(5 1613 1.613 0.704)
MpoBepka - cm. npumep 4.4.
-Q21 1

2-A11

A1l =5

A12 = -2-A1; »-

A1l =

A11
(A11’1+A12’2)

A12 = 3.226
—Q21 4+ A1 -A12
P L RRLUTGL
2-A13 »
A22 =0.704

3.2. Pacyet kybudecknx yneHoB dyHKUUK J1anyHoBa.
krp(iM, A2, n.n,n,n?)

A2 .=
( 2 o)

A2| .= KRP\A2,IM,n,n",n,n
IA2S = IA2 + A2|

000 0O OO0 0 O

000-1000 0
IA2S =

0 0O 00 -1 O

00O 00 0 =2

2 := KRP(IM,IM,n,n,n,n)

2A1 = kRPlI2, AT n%.n% n.n)
112 = kRP(A1.12.n.n.n% n?)
A1 = KRP(IM. A11.n.n.n2.n%)

12A1S = 12A1 + A1l + A1I2
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C3:= —C2.1A2S-12A1S ™!

C3=(0 0 0 —0.26441 0 0 -0.26441 -0.21527)
A112 := C3; 2+ C3; 3+ C3; 5

A112 =0
A122 = C3; 4+ C31,6+C31 7
A122 = -0.529

[MpoBepka - cM. Nnpumep 4.4.

A111:=0
A112:=0
A122 := A2 4- —A12
’ (A11,1+2-A12,2)

A122 = —0(.529 )

—(A11 2-A122 + 2-A2 4-A22
A222 = TAT,
A222 = -0.215

3.3. PacyeT 4uneHoB dyHKUMM JIanyHOBa YeTBEPTON CTEMEHW.

2A2 = KRPl12. A2.n2.n2.n.n2)

a2i2 = kRP(A2.12.n.n2.n2.n2)
a2l = krPlA2. M. n.n%.n.n)

A21 = KRP(IM . A2l n.n.n2.n3)
I2A2S = [2A2 + IA2] + A2I2

3= krPi2. M. n2.n%.n.n)

A113 = KRP(A1.13.n.n.n% n’)
a112 = kRPUAT . 12,02 0% 02 0%
2a1l = kRP(12, A1l 0%, n2 % n?)
31 = kRPUI3.AT.n%.n% n.n)

NSNS

, N
5n b
3

I3A1S = A113 + IA112 + I2A1] + I3A1
C4 = —C3.12A2S-13A1S !

C4 = i 2 [ 3 [ 456 [ 7 [ 8 o9

1 0 0 0 0 0 0 0(0.0581

4. Pac4eT 3akoHa ynpasfieHuna

U(x)=-05R"B"(X)Y C..(xT®1)

i=1
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u(X) := | Xl «KRP(X,IM,n,1,n,n)
IX « KRP(IM,X,n,n,n, 1)
s1 « C2.(XI + IX)

X2 « KRP(X,X,n,1,n,1)

x2l  KRP(x2.1M.n%. 1.n.n)
XX  KRP(x1.X.n2.n.n. 1)

x2  kRP(IM . x2.n.n.n2. 1)
$2 « C3.(X2] + XIX + IX2)

x3 — KRP(x2,x,n2,1,n, 1)
x3l — KRP(X3, 1M, n,1,n,n)
x2IX  KRP(x2,1X,n?, 1,n%, n)
x3 — KRP(IM, X3, n,n,n°, 1)

XIX2  KRP(XI. X2 n?.n.n?.1)
s3 « C4-(X3l + X2IX + XIX2 + IX3)

S« (s1+ 32+33)T

u<——0.5-R_1-B1T-s

1.5
X = ( . j u(X) = (—4.839)

5. OueHka paguyca obnacti cxogumMocTu psaa.

i=1.n j::1..n2

2

A 0
VAZ = " [A2 VA2:(1j

j=1
norma(A2) := max(VA2)

normi(A1)
r=———>=-— r=3
norma(A2)

norma(A2) =1

6. MogenupoBaHue cUcTeMbl yripaBreHns.
6.1. OnucaHne cuctemsl B popme Kowun.
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F(t,Y) = X « submatrix(Y,1,n,1,1)
F1 « A1-X+A2-KRP(X,X,n,1,n,1) + B1-u(X)

f2 « Q2-KRP(X,X,n,1,n,1) + 2-R-u(X)>

stack(F1,f2)

6.2. HavarnbHble ycroBus MHTErpupoBaHnS.

2.5
YO=| O
0
t0:=0
tk := 3.0
nn:= 1000
j:==1..1000

6.3. NepexogHble npouecchbl CUCTEMbI.

Z1 = Bulstoer(Y0,10,tk,nn, F)
Z1 := Rkadapt(Y0,10,tk,nn,F)

40

30

Z1; 2 20

Z'Ij’l
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7. NpoBepka pelleHns Ha OCHoBe onpeeneHns oyHkuun bennmaxa

C2=(5 1613 1.613 0.704)
C3=(0 0 0 —0264 0 0 —0.264 —0.215)

C4 = 1 2 3 4 5 6 7 8 9 10
1 0 0 0 0 0 0 0(0.058 0 0

X0 := submatrix(YO, 1,n,1, 1)
25

-]
0

X2 := KRP(X0,X0.n,1.n,1)

x3 = KRP(Xx2.%0.n2.1.n.1)

x4 = KRP(X3.X0.n3. 1 .n. 1)
S(X0) := C2-X2+ C3-X3 + C4-X4

J = 211000, 4
S(X0) = (31.25)
J = 32.066
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NMPUNOXEHUE 2
JNuctnur nporpammbl OMCP B cpeae MATHCAD 2001

O606wWweHHbIN MeToa cTeneHHbiX psaoB (OMCP) B 3agade AKOP Kpacosckoro A.A.

3OTa nporpaMma oTnMyaeTcs OT NporpaMmbl NpunoxeHus 1 Tem, 4To ee 6ok 3.3 3ameHs-
eTCsl crnefyloLmM.

3.3. PacyeT 4uneHoB dyHKUMM JIanyHOBa YeTBEPTON CTEMEHN.

dopmumpoBaHue matpuy, ypaBHeHnn (5.93)

2A2 = KRPl12 A2 n2. n2. n.n2)

p212 = kRP(A2.12.n.n2.n2.n2)
A2l = kRPlA2. M. n.n%.n.n)

A21 = KRP(IM . A2 n.n.n2.n3)
I2A2S = [2A2 + IA2] + A2I2

3 = krRPl12. M. n2.n% . n.n)

A113 = KRP(AT.13.n.n.n3.n3)
112 = KRP(1A1 . 12.n2 2. n2 . n2)
2A11 = KRPU2 A1l n% 02 02 nd)

3A1 = kRPUI3. AT n®.n% n.n)
I3A1S == A113 + IATI2 + I2A1] + I3A1
3A2 = kRPU3. A2.n% . 0% n.n?)
2A21 = kRPl12a2. M. 0% .n* n.n)
a212 = krRPUA2I M. n 0% n.n)

A213 = KRP(A2 13 n.n2 n3 . n3)

IBA2S := A2I3 + 1A2I2 + 12A2] + I3A2

dopmupoBaHue Hyneson MaTpuLbl

i=1 j:=1.. n5 MO;j,j:=0

dopmupoBaHme maTpuy, ypasHeHnn MHK (5.95)

AA := augment(I3A1S, IBA2S)
D := C3:12A2S DD := augment(D, MO0)

PeweHnne no MHK

cat = po-AAT (an.anT)

C41 = 1 2 3 4 5 6
1 0.049 0.015 0.016 5.984-10 -3 0.016|6.28-10 -3
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