
I. Ìåòîäû ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé

Ïðèìåð

1) Îòäåëèòü êîðíè óðàâíåíèÿ x3−x−1 = 0 ãðàôè÷åñêè èëè àíàëèòè÷åñêè;

2) âû÷èñëèòü îäèí èç íèõ ñ òî÷íîñòüþ äî 0.001

à) ìåòîäîì ïîëîâèííîãî äåëåíèÿ,

á) ìåòîäîì õîðä,

â) ìåòîäîì Íüþòîíà.

Ðåøåíèå.

1) Ñòðîèì ãðàôèê ôóíêöèè y = x3 − x− 1:

Èç ãðàôèêà âèäíî, ÷òî óðàâíåíèå èìååò îäèí êîðåíü (îáîçíà÷èì åãî x∗),
ëåæàùèé â ïðîìåæóòêå [1; 1.5], ïðè÷åì íà ëåâîì êîíöå îòðåçêà y(1) < 0, íà
ïðàâîì y(1.5) > 0.

Ïðè îòñóòñòâèè âîçìîæíîñòè ïîñòðîèòü ãðàôèê ôóíêöèè âîñïîëüçóåì-
ñÿ àíàëèòè÷åñêèì ìåòîäîì: âû÷èñëÿåì çíà÷åíèÿ ôóíêöèè â ðàâíîîòñòîÿ-
ùèõ òî÷êàõ, íàïðèìåð,

f(0) = −1, f(0.5) = −1.375, f(1) = −1, f(1.5) = 0.875.

Íà îòðåçêå [1; 1.5] ôóíêöèÿ èçìåíèëà çíàê. Çíà÷èò, êîðåíü ïðèíàäëåæèò
ýòîìó îòðåçêó.

2à) Âû÷èñëèì ýòîò êîðåíü ñ òî÷íîñòüþ äî 0.001 ìåòîäîì ïîëîâèííîãî
äåëåíèÿ. Âû÷èñëåíèÿ óäîáíî ïðîèçâîäèòü, èñïîëüçóÿ òàáëèöó:

1



n an (y(an) < 0) bn (y(bn) > 0) xn = (an + bn)/2 y(xn)

0 1 1.5 1.25 −0.2969
1 1.25 1.5 1.375 0.2246
2 1.25 1.375 1.3125 −0.0494
3 1.3125 1.375 1.3438 0.0826
4 1.3125 1.3438 1.3281 0.0145
5 1.3125 1.3281 1.3203 −0.0188
6 1.3203 1.3281 1.3242 −0.0022
7 1.3242 1.3281 1.3262 0.0063
8 1.3242 1.3262

Òàê êàê b8−a8 6 2×0.001 = 0.002, òî çà ïðèáëèæåííîå çíà÷åíèÿ êîðíÿ

âîçüìåì x∗ ≈ a8 + b8
2

≈ 1.325.

2á) Òåïåðü âû÷èñëèì ýòîò êîðåíü ñ òî÷íîñòüþ äî 0.001 ìåòîäîì õîðä.
Îïðåäåëÿåì çíàê âòîðîé ïðîèçâîäíîé ôóíêöèè y = x3 − x − 1 íà îòðåçêå
[1; 1.5]:

y′ = 3x2 − 1 ⇒ y′′ = 6x

è íà ðàññìàòðèâàåìîì îòðåçêå y′′ > 0. Òàê êàê çíàê âòîðîé ïðîèçâîäíîé
ñîâïàäàåò ñî çíàêîì y(1.5), òî çà íà÷àëüíîå ïðèáëèæåíèå áåðåì x0 = 1 è
b = 1.5 è äëÿ âû÷èñëåíèé ïðèìåíÿåì ôîðìóëó

xn+1 = xn −
y(xn)

y(b)− y(xn)
(b− xn) = xn −

y(xn)

0.875− y(xn)
(1.5− xn).

Çàì å ÷ à í è å. Â ìåòîäå õîðä íåïîäâèæíûì îñòàâëÿþò òîò êîíåö îòðåçêà [a, b], äëÿ
êîòîðîãî çíàê ôóíêöèè ñîâïàäàåò ñî çíàêîì åå âòîðîé ïðîèçâîäíîé, è ïðèìåíÿþò îäíó èç

ôîðìóë

xn+1 = xn − y(xn)

y(xn)− y(a)
(xn − a), xn+1 = xn − y(xn)

y(b)− y(xn)
(b− xn).

Âû÷èñëåíèÿ óäîáíî ðàñïîëîãàòü â òàáëèöå:

n xn y(xn) hn = y(xn)(b− xn)/(y(b)− y(xn)) xn+1 = xn − hn
0 1 −1 −0.2667 1.2667

1 1.2667 −0.2344 −0.0493 1.3160

2 1.316 −0.037 −0.0075 1.3234

3 1.3234 −0.0055 −0.0011 1.3245

4 1.3245 −0.0008 −0.0002 1.3247

Òàê êàê ðàçíîñòü |x5 − x4| = 1.3247 − 1.3245 = 0.0002 < 0.001, òî çà
ïðèáëèæåííîå çíà÷åíèå êîðíÿ áåðåì x4 = 1.3245 ≈ 1.325.

2â) Òåïåðü âû÷èñëèì ýòîò êîðåíü ñ òî÷íîñòüþ äî 0.001 ìåòîäîì Íüþòî-
íà. Îáîçíà÷èì êîíöû îòðåçêà [1; 1.5] : a = 1, b = 1.5. Òàê êàê

f(a)

f ′′(a)
= −0.167 < 0,

f(b)

f ′′(b)
= 0.097 > 0,
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òî çà íà÷àëüíîå ïðèáëèæåíèå áåðåì x0 = b = 1.5 (òàì ãäå çíà÷åíèå ðàñ-
ñìîòðåííûõ îòíîøåíèé ïîëîæèòåëüíî). Ïðèìåíÿÿ ôîðìóëó

xn+1 = xn −
y(xn)

y′(xn)
,

ïîñëåäîâàòåëüíî íàõîäèì

x1 = 1.3478, x2 = 1.3252, x3 = 1.3247.

Òàê êàê |x2 − x3| = 0.0005 < 0.001, òî èñêîìûé êîðåíü ≈ 1.325.

Èíäèâèäóàëüíûå çàäàíèÿ

Äëÿ ñîîòâåòñòóþùåãî óðàâíåíèÿ

1) îòäåëèòü êîðíè ãðàôè÷åñêè;

2) âû÷èñëèòü îäèí èç íèõ ñ òî÷íîñòüþ äî 0.001

à) ìåòîäîì ïîëîâèííîãî äåëåíèÿ,

á) ìåòîäîì õîðä,

â) ìåòîäîì Íüþòîíà.

Âàðèàíò 1. x3 − 3x2 + 9x− 8 = 0 Âàðèàíò 2. x3 − 6x− 8 = 0
Âàðèàíò 3. x3 − 3x2 + 6x+ 3 = 0 Âàðèàíò 4. x3 + x− 5 = 0
Âàðèàíò 5. x3 − 3x2 + 9x+ 2 = 0 Âàðèàíò 6. x3 + 3x+ 1 = 0
Âàðèàíò 7. x3−3x2+12x−9 = 0 Âàðèàíò 8. x3−3x2+6x−2=0
Âàðèàíò 9. x3+3x2 + 6x− 1=0 Âàðèàíò 10. x3 + 4x− 6 = 0

II. Êâàäðàòóðíûå ôîðìóëû

Ïðèìåð

Ñðàâíèòü òî÷íîñòü âû÷èñëåíèÿ èíòåãðàëà I =
6∫
2

dx√
2x− 3

= 2 ïî ôîðìóëàì

òðàïåöèé, Ñèìïñîíà è Ãàóññà ñ ïðèâåäåííûì òî÷íûì çíà÷åíèåì.

Ðåøåíèå.
Â ðàññìàòðèâàåìîì ñëó÷àå a = 2, b = 6. Ðàçáèâàåì îòðåçîê íà 6 ÷àñòåé

h = 4/6 = 2/3.
Ñîñòàâëÿåì òàáëèöó çíà÷åíèé óçëîâ è çíà÷åíèé ïîäûíòåãðàëüíîé ôóíê-

öèè â ýòèõ óçëàõ (âû÷èñëåíèÿ âûïîëíÿåì ñ ïÿòüþ çíàêàìè ïîñëå çàïÿòîé):
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k xk f(xk)

0 2 1
1 2.66667 0.65465
2 3.33333 0.52223
3 4 0.44721
5 4.66667 0.39736
6 5.33333 0.36116
7 6 0.33333

Ïî ôîðìóëå òðàïåöèé ïîëó÷àåì

I ≈ 2

3

(
y0 + y6

2
+ y1 + y2 + y3 + y4 + y5

)
= 2.03286,

à ïî ôîðìóëå Ñèìïñîíà

I ≈ 2

9

[
y0 + y6 + 2 (y2 + y4) + 4 (y1 + y3 + y5)

]
= 2.00547.

Â êâàäðàòóðíûõ ôîðìóëàõ Ãàóññà

1∫
−1

f(t) dt ≈
n∑

k=1

Ckf(tk)

êîýôôèöèåíòû Ck è óçëû tk (k = 1, . . . , n) ïîäáèðàþòñÿ òàê, ÷òîáû ôîðìóëà
áûëà òî÷íîé äëÿ âñåõ ìíîãî÷ëåíîâ íàèâûñøåé âîçìîæíîé ñòåïåíè.

Ïàðàìåòðû êâàäðàòóð Ãàóññà äëÿ ñòàíäàðòíîãî îòðåçêà [−1, 1] è n = 7:

tk Ck

−0.949 107 912 0.129 484 966
−0.741 531 186 0.279 705 391
−0.405 845 151 0.381 830 051

0 0.417 959 184
0.405 845 151 0.381 830 051
0.741 531 186 0.279 705 391
0.949 107 912 0.129 484 966

Ñ ïîìîùüþ çàìåíû ïåðåìåííîé x =
a+ b

2
+

b− a

2
t ïåðåõîäÿò ê ôîðìó-

ëàì íà ïðîèçâîëüíîì îòðåçêå [a, b]:

b∫
a

f(x) dx ≈ b− a

2

n∑
k=1

Ckf

(
a+ b

2
+

b− a

2
tk

)
.
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Â íàøåì ñëó÷àå ôîðìóëà Ãàóññà ñ ñåìüþ óçëàìè ïðèâîäèò ê ñëåäóþùå-

ìó ðåçóëüòàòó

(
f(x) =

1√
2x− 3

)

I ≈ 2
7∑

i=1

Cif(4 + 2 ti) = 1.99998.

Ñðàâíèâàÿ ñ òî÷íûì ðåçóëüòàòîì, ïîëó÷àåì, ÷òî ôîðìóëà òðàïåöèé äà-
åò ïîãðåøíîñòü 0.03286, ôîðìóëà Ñèìïñîíà � 0.00547, à ôîðìóëà Ãàóññà �
0.00002.

Èíäèâèäóàëüíûå çàäàíèÿ

Ñðàâíèòü òî÷íîñòü âû÷èñëåíèÿ èíòåãðàëîâ ïî ôîðìóëàì òðàïåöèé, Ñèìï-
ñîíà è Ãàóññà ñ ïðèâåäåííûì òî÷íûì çíà÷åíèåì:

Âàðèàíò 1.

5∫
2

√
x− 1 dx =

14

3
Âàðèàíò 2.

4∫
3

dx√
3x− 8

=
2

3

Âàðèàíò 3.

9∫
2

dx√
x+ 7

= 2 Âàðèàíò 4.

3∫
2

√
7x− 5 dx =

74

21

Âàðèàíò 5.

4∫
0

√
2x+ 1 dx =

26

3
Âàðèàíò 6.

3∫
1

dx√
4x− 3

= 1

Âàðèàíò 7.

8∫
1

dx√
5x− 4

= 2 Âàðèàíò 8.

1∫
0

√
8x+ 1 dx =

13

6

Âàðèàíò 9.

6∫
3

√
3x+7 dx =

122

9
Âàðèàíò 10.

5∫
4

dx√
9x−20

=
2

9
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